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Abstract

We study the discrete-to-continuum variational limit of the antiferromagnetic XY model on
the two-dimensional triangular lattice. The system is fully frustrated and displays two families
of ground states distinguished by the chirality of the spin field. We compute the I"-limit of the
energy in a regime which detects chirality transitions on one-dimensional interfaces between
the two admissible chirality phases.

Mathematics Subject Classification 49J45 - 49M25 - 82B20 - 82D40

1 Introduction

Ordering problems in magnetism have been extensively studied by both the physics and
the mathematics communities. Researchers have been attracted by the rich phase diagrams
and critical behaviors of magnetic models which are often the result of difficult-to-detect
optimization effects taking place at several energy and length scales. The reason for such a
complex behavior can be traced back to the presence of many competing mechanisms which
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give rise to frustration. Frustration in the context of spin systems (here, as it is customary in
the statistical mechanics literature, we will often refer to magnets as to spins) refers to the
situation where spins cannot find an orientation that simultaneously minimizes all the pairwise
exchange interactions. Such interactions are said to be ferromagnetic or antiferromagnetic
if they favour alignment or antialignment, respectively. Often frustration occurs in those
systems where spins are subject to conflicting short range ferromagnetic and long range
antiferromagnetic interactions, as when modulated phases appear (see, e.g. the expository
paper [37]). For antiferromagnetic lattice systems, that is systems of lattice spins subject
to only antiferromagnetic interactions, frustration can also stem from the relative spatial
arrangement of spins induced by the geometry of the lattice. In this case frustration is often
referred to as geometric frustration. As a consequence of geometric frustration magnetic
compounds show complex geometric patterns that induce often unexpected effects whose
understanding is one of the primary subjects in statistical and condensed matter physics as
it can help to better explain the nature of phase transitions in magnetic materials [30,32,
33]. From a mathematical perspective, several interesting questions can be addressed. In
this paper we are interested in the variational coarse graining of the system, in the line of
what is by now addressed to as the “discrete-to-continuum variational analysis of discrete
systems”’. Within this line of investigation the analysis of spin systems turns out to be a difficult
nonlinear optimization problem requiring the combination of several methods ranging from
simple discrete optimization procedures to sophisticated techniques in geometric measure
theory and the calculus of variations. While models where frustration is induced by the
competition of ferromagnetic/antiferromagnetic interactions have been already studied from
a variational perspective (see, e.g. [1,12,20,24,28,36]), what we present here is the first
discrete-to-continuum result for a geometrically frustrated system.

We carry out the discrete-to-continuum variational analysis (at zero temperature) of a
geometrically frustrated spin model in a specific energetic regime and we characterize the
effective behavior of its low-energy states, that is states that can deviate from the global
minimizers (ground states) by a certain small amount of energy. More precisely we consider
a 2-dimensional nearest-neighbors antiferromagnetic planar spin model on the triangular
lattice, cf. [30, Chapter 1]. Despite being considered one of the most elementary geometrically
frustrated spin models, its variational analysis turns out to be quite a delicate task. More in
detail, we let ¢ > 0 be a small parameter and we consider the triangular lattice £, with
spacing ¢ (see Subsection 2.2 for the precise definition). To every spin field u: £, — S! we
associate the energy

Y (u(eo), uzd’)), (1.1)

eo,60' €L,
lo—o'|=1

where (-, -) denotes the scalar product. (Below, the energy will be restricted to bounded
regions in the plane.) This model is antiferromagnetic since the interaction energy between
two neighboring spins is minimized by two opposite vectors. Such an order in the magnetic
alignment, also known as antiferromagnetic order, is frustrated by the geometry of the trian-
gular lattice, which inhibits a configuration where each pair of neighboring spins are opposite
or, equivalently, where each interaction is minimized. This suggests that the antiferromagnetic
XY model depends substantially on the geometry of the lattice, which affects the structure
of the ground states, the choice of the relevant variables and of the energy scalings. Notice,
for example, that on a square lattice the system would not be frustrated, as opposite vectors
distributed in a checkerboard structure minimize each interaction. In fact, on the square lattice
a straightforward change of variable allows one to recast the antiferromagnetic XY model
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into the ferromagnetic XY model [2, Remark 3], which is driven by an energy with neigh-
boring interactions —(u(e0), u(ec’)). The latter model has been thoroughly investigated in
the last decade both on the square lattice [2,3,5,21,22] and on the triangular lattice [18,29].
Independently of the geometry of the lattice, it has been proved that spin fields that deviate
from the ground states by an amount of energy which diverges logarithmically as & vanishes
form of topological charges (vortex-like singularities of the spin field as those arising in the
Ginzburg-Landau model [10,35]), when subject to boundary conditions or external magnetic
fields. In [9] we show how such a phenomenon also occurs in the antiferromagnetic XY
model on the triangular lattice.

We now come back to our model (1.1). In order to identify the relevant variable of the
system, we first need to characterize the ground states of the antiferromagnetic XY system
in (1.1). To this end it is convenient to rearrange the indices of the sum in (1.1) and to recast
the energy as a sum over all triangular plaquettes T with vertices ¢i, €], ¢k € L,

> (uei), ule ) + (ule ), ulek)) + (u(ek), u(ei)))
T

1
= 5 2 (uei) +ute)) +ueh)l® = 3) . (1.2)
T

In each triangle 7' the energy is minimized (and is equal to —%) if and only if u(ei) +
u(ej) + u(ek) = 0, namely, when the vectors of a triple (u(gi), u(ej), u(ek)) point at the
vertices of an equilateral triangle. By the S'-symmetry, every rotation of a minimizing triple
(u(ei), u(ej), u(ek)) is minimizing, too. The ground states in this model feature an additional
symmetry, usually referred to as Z,-symmetry: triple obtained by from a minimizing triple via
a permutation of negative sign as (u(&i), u(ek), u(ej)) is also minimizing. This determines
two families of ground states, i.e., spin fields for which the energy is minimized in each
plaquette, see Fig. 1. These two families can be distinguished through the chirality, a scalar
which quantifies the handedness of a certain spin structure. To define the chirality of a spin
field u in a triangle 7', we need a consistent ordering of its vertices i, €j, ek. We assume
thatei € L), ej € L2, ek € L3, where £}, £2, L2 are the sublattices as in Fig. 1, and we set
(see (2.1) for the precise definition)

x(u, T) = 3j§ (u(ei)xu(e) + u(e j)xu(ek) + u(ek)xu(ei)) e [—1, 1],

where the symbol x stands for the cross product. We denote by x (1) € L% (R?) the function
equal to x(u, T) on the interior of each plaquette 7. The ground states are exactly those
configurations u that satisfy either x (1) = 1 or x (u) = —1, ¢f. Remark 2.2.

In this paper we analyze the energy regime at which the two families of ground states
coexist and at the same time the energy of the system concentrates at the interface between
the two chiral phases {x = 1} and {x = —1}. We fix Q C R2 open, bounded, and with
Lipschitz boundary and we consider the energy (1.2) restricted to €2, i.e., computed only on
plaquettes of £, contained in 2. We refer the energy to its minimum by removing the energy
of the ground states (—% for each plaquette) and we divide it by the number of lattice points
in €2 (of order 1/£%). We obtain (up to a multiplicative constant) the energy per particle given
by

Ec(u) =Y *u(ei) + ulej) + uek)*.
TCQ
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Fig. 1 A ground state uE"S with positive chirality and a ground state ugeg with negative chirality. Any other

ground state of the system is obtained by composing one of these two configurations with a constant rotation.

In the center: three points of the sublattices L}T, Lg, and ES in black, gray, and white, respectively

We are interested to the asymptotic behavior of the energy above as ¢ — 0 on sequences
of spin fields us: £, — S! that can deviate from ground states yet satisfying a bound
E;(u;) < Ce. To this end we define the energy F;(u) := %Ea (1) and study sequences of
spin fields with equibounded F, energy. Due to the S'-symmetry, the energy at this regime
cannot distinguish ground states with the same chirality, so that the relevant order parameter
of the model is, in fact, not the spin field but its chirality: in Proposition 3.1 we prove
that a sequence (u,) satisfying F(u.) < C admits a subsequence (not relabeled) such that
X (ug) — x strongly in LY () for some x € BV (R2; {—1, 1}), i.e., the admissible chiralities
in the continuum limit are —1 and 1 and the chirality phases {x = —1} and {} = 1} have
finite perimeter in 2. This suggests that the model shares similarities with systems having
finitely many phases, such as Ising models [1,17,34] or Potts models [23]. However, a crucial
difference consists in the fact that in our case the variable that shows a phase transition is not
the spin variable itself, but the chirality, which depends on the spin field in a nonlinear way.
This is a source of difficulties that will be explained below.

To describe the asymptotic behavior of the system it is convenient to introduce the func-
tionals depending only on functions x € LY(€2) defined by Fe(x) = inf{F.(u): u: Lo —
S! such that x = x(u, T) on every T C 2} (equal to +o0 if x is not the chirality of a spin
field). The main result in this paper is Theorem 2.5, where we prove that the I'-limit of .%,
with respect to the L'-convergence is an anisotropic surface energy given by

760 = [ewdn! fory e BV@: 1.1,
‘]X

extended to 400 otherwise in L' (), where Jy is the interface between {x = —1} and
{x = 1} and v, is the normal to J,. The density ¢ is given by the following asymptotic
formula

() = lim min {F; (u, 0"): u = ut on a0V, u=u; ond; Q}, (1.3)
where QV is the square with one side orthogonal to v, u5>* and uy® are the ground states
depicted in Fig. 1, and X Q" are a discrete version of the top/bottom parts of  Q”. Asymp-
totic formulas like (1.3) are common in discrete-to-continuum variational analyses and are
often used to represent I"-limits of discrete energies [6,8,12,14,15,31]. However, proving an
asymptotic lower bound with the density (1.3) for this model requires additional care and is
the technically most demanding contribution of this paper. We conclude this introduction by
describing the main difficulties that arise in the proof.
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Via a classical blow-up argument (see Proposition 4.1) we obtain an asymptotic lower
bound with the surface density

¥ (v) = inf {limigf Fe(ue, Q%) x(ug) — xv in L](Q”)} . (1.4)

where y, is the pure-jump function which takes the values x,(x) = %1 for +=(x, v) > 0.
Hence, the proof of the asymptotic lower bound boils down to the proof of the inequality
¥ (v) > ¢(v). To obtain the latter inequality, we need to modify sequences (i) with x (u.) —
xv in L'(QY) without increasing their energy in such a way that they attain the boundary
conditions required in (1.3). A common approach to deal with this modification consists in
selecting (via a well-known slicing/averaging argument due to De Giorgi) a low-energy frame
contained in Q" and close to d Q" where the sequence can be modified using a cut-off function
that interpolates to the boundary values. In our problem, instead, a cut-off modification of
x (ue) may generate a sequence of functions that are not chiralities of spin fields (and thus
have infinite energy .%.). Consequently, we have to operate directly on the sequence (i), on
whose convergence we have no information due to the invariance of the system under rotation
of the spin field (the S'-symmetry discussed above). We turn however the S!'-symmetry to
our advantage to define the needed modification. Inside a one-dimensional slice of L., a
spin field close to a ground state in one triangle can be slowly rotated to reach any other
ground state with the same chirality by paying an amount of energy proportional to the
energy in the starting triangle (see Lemma 4.5). This one-dimensional construction can then
be reproduced in the whole QV starting from triangles in a low-energy frame close to 9 Q"
in such a way that the modified spin field attains the fixed ground states u>"" and us© at the
(discrete) boundary. However, for this procedure to be successful, the usual slicing/averaging
method to find a low-energy frame close to 3 Q" is not enough. We need to improve it and
to find a frame with a better (smaller) energy bound. To this end, we proceed as follows.
In Lemma 4.3 we show that ¥/ (v) can be equivalently defined using in place of QY any
rectangle coinciding with QV along the interface, but with arbitrarily small height (similar
results appeared in different contexts, e.g. [16,17,19,25-27,31]). Hence the energy of any
sequence (u,) admissible for (1.4) concentrates arbitrarily close to the jump set of y,, i.e.,
the interface {(x, v) = 0}. (This is, in general, not true for discrete systems, as observed
in [11].) With this result at hand, in Lemma 4.4 we can apply the averaging method with
the advantage of knowing that in most of the space the total energy is going to vanish, thus
finally deducing the existence of a frame close to d Q" with the wished (small enough) energy
bound. Even at this point, to reproduce the one-dimensional interpolation along this frame
requires additional care. In fact, to conclude the argument one still needs to prove that the
winding number of the spin field in the low-energy frame can be properly controlled (Step 3
of Proposition 4.2).

2 Setting of the problem and statement of the main result

2.1 General notation

Throughout this paper £ C R? is an open, bounded set with Lipschitz boundary. For every
A C R? measurable we denote by |A| its 2-dimensional Lebesgue measure. With H' we
indicate the 1-dimensional Hausdorff measure in R?. Given two points x, y € R? we use

the notation [x; y] := {Ax + (1 — X)y: A € [0, 1]} for the segment joining x and y. The
set S := {v € R?: |v| = 1} is the set of all 2-dimensional unit vectors. For every such
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vector v = (v1, 12) € S! we denote by vl = (=vy, v1) € S! the unit vector orthogonal to v
obtained by rotating v counterclockwise by /2. Given v, w € S' we denote by (v, w) their
scalar product and by vxw = —(v, w) their cross product. We denote by ¢ the imaginary
unit in the complex plane. It will be often convenient to write vectors in S' as exp(10), 8 € R.
We denote by R, the rectangle of length £ > 0 and height & > 0 with two sides orthogonal

tov € S! given by
Ry, = {x e R%: [{x, v )| < £/2, [{x, v)| < h/2},

extending the definition to the case ¢ = 400 by setting R;o’h = {x e R%: |{x, V)| < h/2}.
Given p > 0 we define the cube centered at the origin with side length p and one face
orthogonal to v by Q) := R} . For p = 1 we simply write Q" instead of Q}. By L” :=
{x € R?: (x,v) = 0} we denote the line orthogonal to v passing through the origin, while
H) :={xe R2: (x,v) > O}and H® := R2\ HY stand for the two half spaces separated by
L". Given xo € R? we set QZ(xo) i=x0+ 0}, R}, (x0) :=x0+ Ry ;,, L"(x0) :==x0 + L"
and HY (xo) := xo + HJ.

2.2 Triangular lattices and discrete energies

In this paragraph we define the discrete energy functionals we consider in this paper. To this
end we first define the triangular lattice £. It is given by

L:={z1e1 +262: 21,22 € Z},

with ¢; = (1,0), and ¢; = %(1, \/g). For later use, we find it convenient here to introduce
e3 1= %(—1, V/3) as a further unit vector connecting points of £ and to define three pairwise
disjoint sublattices of £, denoted by £l 2 and 23 (see Fig. 1), by

L=z +é)+n@+é): e, L2=Lve, £2=r'16é.
Eventually, we define the family of triangles subordinated to the lattice £ by setting
T@R?) :={T =conv{i, j.k}:i,j.keLl, [i—jl=|j—kl=lk—il=1},

where conv{i, j, k} denotes the closed convex hull of i, j, k. It is also convenient to introduce
the families of upward/downward facing triangles

TER?) == {T =conv{i, j,k} e TR :ie L', je L2 ke L) £(j —i)x(k—i) >0} .

For ¢ > 0, we consider rescaled versions of £ and 7 (R?) given by £, := &L and
T (R?) := eT(R?), T (R?) := T+ (R?). With this notation every T € 7, (R?) has vertices
ei,ej, ek € Lg. The same notation applies to the sublattices, namely L% := eL£* for a €
{1,2,3}. Given a Borel set A C R? we denote by 7;(A) = {T € T,(R>): T C A}
the subfamily of triangles contained in A. Eventually, we introduce the set of admissible
configurations as the set of all spin fields

SFe={u:L; —>Sl}.

In the case ¢ = 1 we set SF := SF|. For u € SF, we now define the discrete energies
F;(u) as follows: for every T € T, (R?) we set

Feu, T) := elu(ei) + u(ej) + u(k)|?,
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and we extend the energy to any Borel set A C R? by setting

F.(u, A) := Z F.(u,T).

TeT:(A)

If A = Q we omit the dependence on the set and write Fg (1) := F¢(u, 2).

2.3 Chirality

In this section we introduce the relevant order parameter to analyze the asymptotic behavior
of Fg, namely the chirality y. More in detail, given u € SF, and T = conv{ei, ¢, ¢k} €
T,(R®) withi € £!, j € £2 and k € £3 we set

x(u, T):= (u(ei)xu(ej) 4+ u(ej)xu(ek) + u(ek)xu(ei)) . 2.1)

2
343
Moreover, we define x (u#): Q — R by setting x (#)(x) := xc(u, T) if x € intT. Given
ueSFe.and T = conviei, ej, ek} € T, (R?) it is sometimes convenient to rewrite Xe(u, T)
and F¢(u, T) in terms of the angular lift of . More precisely, let 8 (¢i), 8(ej), 0(¢k) € R be
such that u(ea) = exp(t0(e)), @ € {i, j, k}. Then

x(u,T) = 2 (sin (0(ej) — 6(ei)) + sin (0 (ek) — 6(e ) + sin (0 (ei) — O(ek))) .

33
(2.2)
Fe(u, T) = 3e + 2¢ (cos (0(e j) — 0(ei)) + cos (0(ek) — O(e ) + cos (6(ei) — 6(¢k))) .
(2.3)

The next lemma is useful to relate the chirality and the energy in a triangle.
Lemma 2.1 Let f, g : [0,27) %[0, 27) — R be given by

f(61,62) :=sin(#y) + sin(6, — 0;) — sin(Hy),
g(01, 62) := cos(01) + cos(62 — 01) + cos(62) .

Then f and g have the following properties:

(i) f61,60) € [-23,387 for every 61,60 € [0,21). Moreover, f(61,0) €

(=38, 38 ifand only if g(61,62) = —3.
(ii) f(01,601) = f(01,0) = f(0,62) = 0 for every 61,6, € [0, 27). In addition, for every

0, € (0, 2m) there holds f(-,02) > 0on (0,62) and f(-,62) < 0on (02, 2m).

Proof Since there obviously holds f(61,0;) = f(61,0) = f(0,6;) = 0, we only need

_3/3
2

to prove (i) and the second part of (ii). To prove (i) we show that min f = and

max f = % and we relate minimizers and maximizers of f to minimizers of g. To this end
we start computing

V(01 60) = (cos(Gl) —cos(02 — 6y) —sin(@y) + sin(6y — 91))

cos(6r — 1) — cos(92)> and Vg (6. 62) = (— sin(6, — 61) — sin(62)

A direct calculation shows that V f (61, 8,) = 0 for some (01, 67) € (0, 27)x (0, 27) if and
only if

[7) 6
0, = 52 +zim and 6 = ?l + zom, forsome z1, 22 € {0, 1}. (2.4)
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For (01, 62) € (0, 27)x (0, 27r) this can only be satisfied if
01,6 = (Z, %) or (6.6 = (F. Z). (2.5)
Then, since f = 0 on the boundary of [0, 277) x [0, 277), we deduce that

4 2 3V3
min f_f<( T n)):_«f and
[0,277) x[0,27) 3 2

Fo g 271 47\\ _3v3
[0,2)510,27) 3))7 2
Moreover, g((%”, 4T”)) = g((%”, ZTH)) = —%, which shows one direction of the second

part of (i). To prove the opposite direction, let us assume that (61, 6>) € (0, 27)x (0, 27)
is such that g((6, 62) = min g. Then necessarily Vg(@l 65) = 0, from which we deduce
that (81, 65) must satisfy (2.4) (the possibility that 61 = 7 or § = 7 are ruled out by the
fact that g(-, ) = g(, -) = —1). The pairs (61, 6,) satisfying (2.4) are elther 01,07) =

(27”, 4?”) or (61,67 = 4;, 2;) and in both cases it holds g(6,62) = —3. This yields
that min g = —% and that the opposite direction of (i) holds, upon noticing that g>—1lon

the boundary of [0, 27)x[0, 27). To complete the proof of (ii) let us fix 6, € (0, 27r) and
consider f (-, 6>) as a function of 6;. Then (2.4) shows that %(91, 6) = 0 if and only if

01 € {65, 6,°%}, where

;0 0>
o0 = 52 €0.0). 6,% =7+ O.2m). (2.6)
Moreover, upon extending f( -, 62) to an open interval containing (0, 27), we get
af af

0
—( 6)) = 7(271, 6) =1—cos(f) >0 and %(62, 6)) =cos(Br) —1 <O0.
1 1

In particular, from the intermediate value theorem we deduce that f( -, 6,) is strictly increas-
ingon (0, 65°°) and strictly decreasing on (95", 6,). Since inaddition £ (0, 62) = f(62, 6») =
0 this implies that f(-,6,) > 0 on (0, 6>). Arguing similarly on the intervals (6, 65 ) and
(0,8, 2r) we obtain f(-,6) < 0 on (62, 27), which proves (ii). O

Remark 2.2 Using the expressions of x (u, T') and F;(u, T) in (2.2)—(2.3) one can show that
X, T) e[—1,1]and x(u, T) € {—1, 1} if and only if Fy(u, T) = 0, i.e., configurations
that maximize or minimize x (-, T) are at the same time minimizers for F¢(-, T). This
follows from Lemma 2.1 (i) upon noticing that in (2.2)—(2.3) it is not restrictive to assume
that 0 (ei) = 0, since both x. and F; are invariant under rotations in . We observe that also
a quantitative version of this property holds. Namely, a continuity argument shows that for
every 8§ > 0 there exists Cs > 0 such that for every u € SF, and every T € T;(R?) the
following implication holds:

xw, Tye(=1+4+46,1-968) — F.(u,T)> Cse. 2.7)

Remark 2.3 As a consequence of Lemma 2.1 (ii) one obtains the following characterization
of the sign of the chirality. Let 8(ej) € [0,2m) be the angle between u(ei) and u(ej)
and let O(¢k) € [0,2m) the angle between u(ei) and u(ek). Then x(u, T) > O if and
only if 0(¢j) < O(ek) and x(u, T) < O if and only if 8(¢j) > 6O(ek). In other words, a
positive chirality on 7 = conv{ei, €, ek} corresponds to a counterclockwise ordering of
(u(ei), u(ej), u(ek)) on S!, while a negative chirality corresponds to a clockwise ordering
on S! (Fig. 2).
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u(eg
ek (€3) ek

—
7 I u(ei) u(ei)
ei €] u(ek) s / < u(ek)

u(zj)

Fig. 2 On the left: a configuration of vectors with positive chirality which shows the criterion explained in
Remark 2.3. On the right: negative chirality

Fig.3 Discrete boundary of the square Q"

2.4 Statement of the main result

Notice that x (1) € L(£2). We then extend F; to L' () by setting
Fe(x) =inf{Fe(u): u € SFe, x(u) = x}, (2.3)
with the convention inf ¥ = +o0.

Remark2.4 If x € LY () is such that x = x(u) for some u € SFg, then the infimum in
(2.8) is actually a minimum.

To state the main theorem we need to introduce two ground states, that we name ub>", ug © €

SF, which have a uniform chirality equal to +1 and —1, respectively. They are given by

exp(.0) ifx el exp(.0) ifx el
b (x) = exp(12m/3) ifx € llg, up B(x) == exp(tdm/3) ifx € ll?,
exp(4r/3) ifx e L}, exp(i2r/3) ifx e L},

for every x € L.. We also set uP* := ullm, u"t = urlleg. The ground states uP° and u

will be used as boundary conditions on the discrete boundary of the square Q" given by (see
Fig. 3)

neg

BSiQ” ={xeL:: £(v,x)>3e, dist(x,d0") < 3¢}. (2.9)
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149 Page 10 0f 36 A.Bachetal.

Theorem 2.5 The energies F.: L' (Q2) — [0, +o0] defined by (2.8) I'-converge in the strong
LY (Q)-topology to the functional F: L' () — [0, +00] given by

dH' i BV(Q:; {—1,1D),
PO = /fop(vx) ifx € BV(; { D 2.10)

+o00 otherwise in L1(2),
where ¢: S' — [0, +00) is defined by
p(v) = lirr})min {Feu, 0"):u=ul” on 80", u=u*ond; 0"} . (2.11)
e—
The proof of Theorem 2.5 will be carried out in Sections 4 and 5 , where we prove

separately the asymptotic lower bound (Proposition 4.1) and the asymptotic upper bound
(Proposition 5.1), respectively.

Remark 2.6 By standard arguments in the analysis of asymptotic cell formulas (see e.g. [4,
Proposition 4.6]) one can show that the limit in (2.11) actually exists, so that ¢ is well
defined. Note that, by the symmetries of the interaction energies, there holds ¢ (—v) = ¢ (v).
Moreover, one can show (cf. [4, Proposition 4.7]) that the one-homogeneous extension of ¢
is convex, hence continuous.

Remark 2.7 By a scaling argument we note that for all p > 0 there holds
. s _
p(v) = lim , min {Fe, Q) u=u"ondf 0}, u=ui®ond; Q). (212

where 8;[ Q;’) are defined according to (2.9) with Q; in place of Q".

3 Compactness

Proposition 3.1 Let (u.) be a sequence of spin fields u, € SF, satisfying
sup Fe(ug) < +00. 3.1
&

Then there exists x € BV (2; {—1, 1}) such that up to subsequences x (us) — x in L' (Q).

To prove Proposition 3.1 we first estimate from below the energy of a spin field # on two
neighboring triangles where y (1) changes sign. Given a triangle T € 7, (R?) we introduce
the class N (T) of its neighboring triangles, namely those triangles in 7; (R2) that share a
side with 7. More precisely, we define

No(T) = {T' e T(RY): H/(TNT) =¢}. (3.2)

Lemma3.2 Let u € SF; and suppose that TP, T"8 € T,(R?) with T"¢ € N,(TP%) are
such that x (u, TP*®) > 0 and x (u, T"8) < 0. Then F,(u, TP° U T"°¢) > %8.

Proof Itis notrestrictive to assume that 7P% = conv{ei, ¢ j, ¢k} and T"*¢ = conv{ci, ¢ ', ek}
with i € £, j,j/ € £* and k € £3. Moreover, we can assume that u(ei) = éy,
that is, 6(ei) = 0 according to the notation in (2.2)—(2.3). Then, using the function
g:[0,27) x [0,27) — R defined in Lemma 2.1, we can rewrite Fg(u, TP U T"®¢) as

Fe(u, TP U T"8) = 6¢ + 2¢ (g (6(c)), 0(ck)) + g (0(ej), 0(ek))) .
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Moreover, thanks to Lemma 2.1 (ii) the chirality constraint reads 0 < 0(ej) < 0(gk) <
0(ej’). Thus, the statement is proved if we show that for all 8y, 6, 635 € [0, 2x) with
0 < 61 < 6, < 63 there holds

W W

6+2(g(01,62) + g(63,62)) = (3.3)

We first observe that (3.3) trivially holds if 6o = 0 or 8, = m. Indeed, if 6o = 0, then
also 1 = 0, hence g(01,6,) + g(03,02) = 4 + 2cos(63) > 2, thus (3.3) is satisfied. If,
instead, 6, = m, then a direct computation shows that g(0;, 62) + g(63, 62) = —2 for every
01, 03 € [0, 2m), which directly gives (3.3).

Suppose now that 6, € (0,2m) \ {r} and let us minimize g( 6») on the two intervals
[0, 82] and [02, 277). As in the proof of Lemma 2.1 we obtain that gggl (61, 62) = 0if and only

if 6; € {037, 0,°} with 65, ;% as in (2.6). Moreover, we have

828 08 (92) 32g ne, <92)
—20P 09,) = —2cos | = and —2 (05, 0,) =2cos | =) . 3.4
39]2( b, 02) 5 8012( SN > 34

Thus, either 9;03 € (0,6,) or Ogeg € (02, 2m) is a minimizer for g(-, 6»), depending on

wether 6, € (0, ) or 0 € (m,2m). Suppose first that 6, € (7, 2m). Then (3.4) implies
that g( -, 6») is minimized in [0, 6») by 95%, while in [6», 277) it attains its minimum on the
boundary, that is at 6,. This yields

pos

0
8(01,02) + g(63,602) = g(0; ", 02) + g(62,02) = 2cos <52> +3cos(2) +1. (3.5

for every 61 € [0, 62] and 63 € [0>, 27r). Using the equality cos(6r) = 20082(%2) — 1, the
estimate in (3.5) can be continued via

0 %
g(01,62) + g(63,6,) > 6 cos’ (52) + 2cos (Ez) —2. 3.6)

Since the mapping # > 6¢> + 2 — 2 admits its minimum at t = —1/6, from (3.6) we finally
deduce that

13
g(01,02) +g(63,0,) > o

which is equivalent to (3.3). Eventually, the case 8, € (0, 7) follows similarly by exchanging

the roles of 6] and 63 and replacing 95 * by 9; e O

Based on Lemma 3.2 we now prove Proposition 3.1.

Proof of Proposition 3.1 We divide the proof in two steps. First, we construct a sequence (X )
of auxiliary functions ¥, : @ — {—1, 1} whose level sets {5, = 1} have uniformly bounded
perimeter. Second, we show that the constructed auxiliary functions are close in L!(£2) to
the original chirality functions y (1) defined according to (2.1).
Step 1. (Compactness of the auxiliary functions) Let ¢ > 0 and define %, : @ — {—1, 1}
by

R {1 if x(ue) > 0,

Xe =

—1 otherwise.
We claim that for every Q' CC Q we have
H' (% =1} N Q) < CFe(ue) . (3.7)
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Then the uniform bound (3.1) together with [7, Theorem 3.39 and Remark 3.37] yields the
existence of a function x € BV (R2; {—1, 1}) and a subsequence (not relabelled) such that
Re = x in LY(Q). To prove (3.7) it is convenient to consider the class of triangles

TP® =T € T,(2): x (e, T) > 0and x(ug, T') < 0 for some T’ € No(T) N T()},
where NV, (T) is as in (3.2). Let Q' CC 2. By the very definition of . and of x (u.) we have

ge=nn@col|l |J 7).

pos

TeT;

provided V3e < dist(Q, 9Q). Estimating the '-measure of the latter set in terms of the
cardinality of 7" we thus infer

HY(O{Fe = 1} N Q) < 3e#TF . (3.8)
The last term in (3.8) can be bounded using Lemma 3.2. Indeed, from Lemma 3.2 we deduce
that

5
ST < 3 Y R TUT) =3F (), (3.9)
TeT(Q) T'eN(T)NT: ()

where the additional factor 3 comes from the fact that each triangle is counted 3 times. Thus,
(3.7) follows from (3.8) and (3.9).
Step 2. (Closeness to y (u¢)) We claim that for every § > 0 and every Q' CC £ there holds

gi_r}})\{l)?s—x(ua)l >8NQ|=0, (3.10)
i.e., the functions ¥, — x (u.) converge to 0 locally in measure. Since || X — x (i¢) |l 0o < 2, this
implies that (¥, — x(ue)) — 0 in L'(£2), which concludes the proof of the Proposition 3.1

thanks to Step 1. It remains to prove the claim (3.10). Let Q' cC € and § > 0 and let Cs be
given by (2.7). Setting

D= (T € T(Q): x (e, T) € (~1+8,1-9),
for ¢ sufficiently small we deduce that

3 3 3
%82#7;8 < £8C5_1 > Fe(u,.T) < %é:CS_IFS(ug).

HIXe — x(ue)| > 8} N Q| < 2
TeTp

Hence, (3.10) follows from the uniform bound (3.1).

4 Lower bound

In this section we start proving the main result of our paper, namely Theorem 2.5 by presenting
the optimal lower bound estimate on the energy .#,, the technically most demanding part of
our contribution. We begin with a blow-up argument that gives us a first asymptotic lower
bound.

Proposition 4.1 Let %, be as in (2.8). Then for every x € LY(Q) we have
I- 11m1nfjg(x) > Z(x),
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where F is given by (2.10) and the T'- lim inf is with respect to the strong topology in L' (S2).

Proof Let xo — x in L'($2). We assume that lim inf, .%, (x.) < +00, otherwise we have
nothing to prove. Moreover, upon extracting a (not relabeled) subsequence we can assume
the liminf to be a limit and hence sup, .%;(x:) < +o0c. In view of Remark 2.4 we can find
a sequence of spin fields u, € SF, with x () = x. and F.(x.) = Fe(ue). In particular,
sup, F¢(ue) < +oo. Thus, from Proposition 3.1 we deduce that x € BV (2; {—1,1}). Asa
consequence, to prove the statement of the proposition it suffices to show that

lim inf F (ue) > /(p(ux)dHl, (4.1)
E—>
‘IX

where ¢ is as in (2.11). To prove (4.1) we consider the sequence of non-negative finite Radon
measures (L, given by

pe =y eluc(ei) + uc(ef) + ue(ek)*8e ,
TeT: ()

where §;; denotes the Dirac delta in ¢i. From the condition sup, Fg(ug) < 400 it follows
that sup, ue(£2) < 400, hence there exists a non-negative finite Radon measure p such that

up to subsequences (not relabeled) us—*\,u. By the Radon-Nikodym Theorem the measure i
can be decomposed in the sum of two mutually singular non-negative measures as

/L:MjHll_JX + s
Then, to establish (4.1) it is sufficient to show that
1 (x0) = @(vy (x0)) for H'-ae.xo € Jy, (4.2)

where v, (xo) denotes the measure theoretic normal to J, at xo. To verify (4.2) we choose
xo € Jy satisfying

, dp . H(Qp(x0))
(1) wjlxo) = m(xo) = ;1_1)110 T, where we have set v := v, (xo),
1 1
(i) lim — / [xe(x) — 1]dx =0 = lim — / | xe(x) + 1] dx,
p—0 p2 p—0 ,D2
0% (x0)NHZ (x0) 0% (x0)NHY (x0)

and we notice that (i) and (ii) are satisfied for H!-a.e.xo € J  thanks to the Besicovitch deriva-
tion Theorem and the definition of approximate jump point, respectively. Moreover, since ©
is a finite Radon measure, we can choose a sequence p,, — 0 along which (9 Q}’)n (x0)) = 0.

Thanks to [7, Proposition 1.62 (a)], the convergence ,ue—*\ 1 together with (i) implies that

Qb o) se(QY (x0))
nj(xo) = lim ————— = lim lim ————
n—+00 Pn n—-+00 ¢—0 Pn
1
> lim_limsup — Fe (ue, Q) (x0)) , 4.3)
n—>+00 o, n "

where the last inequality follows from the positivity of the energy. Notice that foreveryn € N
there exist sequences (p;;) and (x;) with lim, p; = py,, lim x§ = xo, x§ € Le, and

T.(Q% (x§)) C T(QY, (x0)) . (4.4)
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In fact, if we write x( in terms of the basis €1, €5 as xg = a1€] + azeé, for some ay, ar € R,
we obtain the required sequence (x§) by setting

x5 = £Lﬂjé1 +8{a—2J22 c L.
e e

Then, upon noticing that |x5 — xo| < 2e, it suffices to set p; := p, — 4e. Indeed, if
T e TE(QZS (xg)), by definition we have that for every x € T
&€ &
e —xbov)l < 22 and [(r — g0 < 2
2 2
so that for any x € T there also holds
0
[(x — x0, V)| < |{(x — x{, V)| + |x§ — xol < 7"
and similarly |{x — xo, vb)| < pn/2,hence T € ’Z}(Q‘;)n (x0)). As a consequence, (4.4) holds
true. In particular, we obtain the following estimate

&€

1
oFilue, O o) 2 T ST ueed) +usle]) + us(eh)

" " TeT, (03, (§) @5
P . : '
=" Z O';|U£.n(0',fl) + Ug,n(a,fj) + UE,n(O',kazv
Pn TeT,e(0Y)
where we have set o) = &/p} and v ,(z) = ug(xj + p;z) for every z € Lye. Let

xv: R? — {—1, 1} be given by

if (x,v) >0,

X = <o,

Then (ii) ensures that x (ve,) — Xy In L! (QV) as first e — 0 and then n — +00. Thus,
gathering (4.3)—(4.5) and applying a diagonal argument we find a sequence o, := &,,/0n,,
converging to 0 as m — oo such that for v, := vs,, »,, thereholds x (v,,) — x» in Lo
and
wj(xo) = liminf Fy, (v, QV).
m——+00

For £, h > 0 let us finally introduce the minimization problem

1
v, h,v) = 7 inf {lign_)i(r)lf Fe(ue, Rz’h): x(ue) = xypin Ll(RZh)} , 4.6)

so that the sequence (v,,) is admissible for ¢ (1, 1, v). Then (4.2) follows from Proposition
4.2 below, concluding the proof of Proposition 4.1. O

Proposition 4.2 Let i be the function defined in (4.6). Then ¥ (1,1,v) > @(v) for every
vesh

To prove Proposition 4.2 it is necessary to modify admissible sequences for the infimum
problem defining v (1, 1, v) in such a way that they satisfy the boundary conditions required
in the minimum problem defining ¢ (v), without essentially increasing the energy. This will be
done by a careful interpolation procedure based on several auxiliary results and estimates that
we prefer to state in separate lemmas below. As a first step towards the proof of Proposition
4.2 we show that (¢, h, v) is independent of £ and /2, which in turn will allow us to conclude
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that the energy of admissible functions for ¥ (1, 1, v) concentrates close to the line segment
LV (see Lemma 4.4 below).

Lemma4.3 Lety: (0, +00)x (0, +00)xS' — [0, +00] be given by (4.6); then Y (-, -, v) is
independent of £, h for every v € S'.

Proof Letv e S be fixed. To show that 1/ (-, -, v) does not depend on £, A it suffices to show
that for every £, h, A > 0 the following identities hold

YL, h,v)y =y h,v) and Y, Ak, v) =Y, h, ). 4.7
Let us fix £, h > 0. We first observe that

Y, Ah,v) > (€, h,v) forevery A € [1,+00), (4.8)
v, h,v) >yl rh,v) foreveryr € (0,1), 4.9)

since F; is increasing as a set function. The proof of (4.7) is now divided into three steps.
Step 1. v is invariant under dilations, i.e.,

Y(AL, Ah,v) =Y, h,v) forevery L > 0. (4.10)

Let (u,) be any sequence of spin fields u : £, — S! with x (us) — ¥y in Ll(R;f“h). We
define the rescaled functions v : Lg/) — S! by setting v (z) := ug(Az) for every z € L.
Then x (ve) = xv in L' (R} ;) and

€ . .

Fee RU) = 3 SIoeGi) +ve(5) +veGRP

TeTe (R} )

1 ) ) 1
=2 Y el o)) + (R = 5 el Ry

TeTe (R} 5)

Setting n := ¢/A — 0 as ¢ — 0 and passing to the infimum over all admissible sequences
(ug) we deduce that

1
v (AL, Ah,v) > 7 inf {li;n_)i(r)lf Fy(vy, R;’h): x(y) = xvin Ll(RZh)} =y, h,v).

The opposite inequality and hence (4.10) follow by observing that
Yl h,v) =T, ANk, v) = (AL, AR, ).

Note that thanks to (4.10) it suffices to show the first equality in (4.7). In fact, if the first
equality in (4.7) is true, from (4.10) we directly deduce that

Y, Ah,v) =y, h,v) = Y€, h,v) forevery A > 0.
Step 2. We continue establishing the first equality in (4.7) by showing that
Y(NEC h,v) =y, h,v) forevery N € N. (4.11)

For N e N fixed let (u.) be a sequence of spin fields satisfying x (u.) — x, in L! (Rl"w!h).
We subdivide the rectangle Ry, , in N open rectangles of the form

N —

1
Ry ), (xm)  with x,, := (m— )z‘;iforme{o,...,zv—l}.
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Notice that x € RZ ; (xm) if and only if

N N -1 ¢ h
|(x, vy = (m——— )¢ << and [(x,v)] < =,

2 2 2
and therefore th(xm) - RXM,h forallm € {0, ..., N —1}. By choosing mg € {0, ..., N —
1} such that F (u,, Rz,h(xmo)) < Fe(uq, th(xm)) foreverym € {0, ..., N — 1} we obtain

the estimate
N-1
1 , 1 ) 1 )

g Fe e Rye ) 2 10 D Feltte, Ry (om) = & Fo (e, Ry (ximg)) - (4.12)

m=0

We now define a suitable shifted version of u, whose energy is concentrated in a rectangle
centered at zero. To this end, as in the proof of Proposition 4.1 it is convenient to write the
vector v+ in terms of the basis {1, &2} as vi = a1é] + a2é; for some a;, a; € R and to
introduce the vector x;, € L, given by

— N=1)p — N=1y,p
. ::%MFI “[MJ”

We then define spin fields v.: £, — St by setting ve(z) = u.(z + x,fm). As in the
proof of Proposition 4.1 we notice that |xfn0 — Xmgl < 26, x(ve) — xv in LI(RZ,h)
and RZ_4S,h_4S(xfno) - th(xmo). Let us fix A € (0,1) and &, > O sufficiently small
such that ¢ — 4¢, > AL, h — 4e, > M\h. Then for every ¢ € (0,¢,) there holds
ITE(RX[’M, (x;io)) - %(Rz’h(xmo)), hence

1 1
ZFS(U&‘? RKZ,Ah) = EFS(MSa Rz,h(xmo)) .

Moreover, since v, is admissible for (A€, Ak, v), we have
1
Ay (AL, A, v) < — liminf Fe(ve, R); ;) - (4.13)
£ -0 ’

Combining (4.10) in Step 1 with (4.12)—(4.13), in view of the arbitrariness of u, we finally
obtain
AP, h,v) = Ay (AL, Ah,v) < Y (NE, h,v).

Thus, by letting A — 1 we deduce that ¥ (¢, h, v) < ¥ (N¥, h, v). Finally, (4.11) follows
from (4.10) and (4.9) by observing that

YL 7, v) S YWNE R ) =Y, 5,0) S Y ).

Step 3. We prove the first equality in (4.7). Suppose first that 1 € (0, +00) N Q. Then
A = N/M for some N, M € N, hence applying twice (4.11) yields

YL Ry =Y (3l h,v) = Y (ol hv) = Y (M (350, h,v) = Y (€ h,v) . (4.14)

Suppose now that & € (0, +00) and let (A,,) C (0, +00) N Q with A,, — X asn — 400,
An > X for every n € N. Thanks to (4.10) and (4.14) we deduce that

W()‘gv h’ \)) = 1/’()%@, th U) = W(Z5 %}L V) Z Iﬁ(& h5 V) ’

where the last inequality follows from (4.8), since A,, /A > 1. To prove the opposite inequality
it suffices to take a sequence (A,) C (0, +00)NQ converging to A with A,, < A. Then, arguing
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Fig.4 The grey region depicts a possible element S; , € ﬂ’g‘fa

as before and now applying (4.8) we obtain
YL b, v) = (L, 5, v) S YR, ),

hence equality follows.
]

On account of Lemma 4.3 we show that for a sequence (i) realizing the infimum in the
definition of v/ (1, 1, v) the energy concentrates close to the line L". As a consequence, we
obtain that outside a small neighborhood of LV there exists a suitable strip on which the
energy is of order o(g). To be more precise, for fixed v € S', 8§ > 0, and every & > 0 we
introduce the class 5”;? s Of strips

Sy = {Q‘,’HZS V(2 uﬂa) re(1—381— 25)} . 4.15)
We denote the elements of .7 by S (see Fig. 4). Then the following result holds true.
Lemma4.4 Letv € S! and let (uy) be a sequence such that x (us) — x, in L'(Q") and

Fe(ug, QV) — (1, 1,v). Then for every § > O there exists a sequence o — 0 (depending
on8)and a strip S¢ = S, € 5”;5 such that

Fe(ue, Se) + 1 x (ue) — xvllpi(s,) < €0e. (4.16)

Proof Letv € S! and (u,) be as in the statement and let § > 0 be fixed. For every Borel set
A C QY set

Ge(ug, A) := Fe(ug, A) +/ [x (ue) — xvldx.
A

We consider for ¢ small enough the family of pairwise disjoint strips Sg ,m € ys‘f s with
rf' =1-384+12meandm € {0, ..., L%J — 1} and we notice that

L2 1-1
L Sern €O} 55\ (Q) 3 UR 5 C Q"\ R} 5.
m=0
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This implies in particular that

Ge(ug, Sa,r;”) < G¢ | ug, Ss,rg’ < Fe(ue, Qv\ﬁ‘f,s)"‘ f [x(ue)—xvldx.
m=0 m=0 v
Q"\Ry 5
Averaging overm € {0, ..., Ll%J — 1} we thus find m (¢) such that the strip Sg o) satisfies
(S -1 v —V
Gulte, S, o) = | 13| (Felwes @ \RYp) + 1) = tullin ) - 17)

Notice that Fg (ug, Q¥ \fll)’ s) = 0as e — 0.In fact, Lemma 4.3 together with the choice
of (u.) yields

v(l,1,v) = lirr}) Fe(ug, QV) > lim sup Fg (u, R1 5) > 11m1nf Fe(ug, R1 s)
&—>

e—0

%

v, 8,v)=v(,1,v),
from which we readily deduce that F (u,, Rij,s) — ¥ (1,1,v) as e — 0, hence
Feltte, Q" \ R 5) < Felue, Q") — Fe(ue, R} 5) — Oase — 0.

Thus, in view of (4.17), it suffices to set o, := 153 (Fe(ue, QY \F; 8) Flxwe) = xvllpicovy)
and r, =1l ") to find the required strip S; ,, € .7, s satisfying (4.16). m]

We are now in a position to start with the interpolation procedure mentioned before. The final
interpolation procedure will be based on a one-dimensional construction that we introduce
below.

4.1 One-dimensional interpolation
To define the one-dimensional interpolation we consider slices in the triangular lattice. To

this end, let €1, €2, and €3 be as in Section 2.2. Given « € {1, 2, 3} we consider the orthogonal
vector éj; to é, and we define the slice in the direction ¢, by

E"‘::[séa—l—téi‘:se]R,te[O,ﬁ]].
Given z € Z, we define
zt = 2 4 Prop = [se +1etis e R, e (B B}

Finally, for every ¢ we set
TPl i= X% (4.18)

We shall define the one-dimensional interpolation in a slice ¢ starting from a triangle
Ty € T(R2) such that Tp € X“. Let us denote by iy € ch, Jo € L2, ko € £ the vertices

of Tp. Note that (ip, é ), (jo, € ) (ko, e ) e {0, ﬁ}. We define the lattice points ij, € Ll
jn € L2, ky, € £3 and the triangle 7, w1th the following recursive formula: we set 7(0) := 1,
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Fig.5 Example of interpolation from u to uP° in the slice £% (T) starting from the triangle Ty (in grey)

r(@) :=—landforh € N

iht1 = 1ip + €q + ea + t({ip, €, ))%ie ,
i1 = jn + 8o + $éa + T((jns & ))%ei, 4.19)
kit = ki + éq + Loq + T ((kn, o1 Lék,
Tt == conV{ini1, ju+1, knt1} C 2
(see Fig. 5). Observe that t({ipy1, € ) = —t({in, e, 1Y), the analogous equality being true
also for jj and k. Moreover, T, = To + 3heég,.
We define the half-slice £%(7p) of the lattice £ starting from Tp by
2%(Tp) := conv{Tj: h € N}. (4.20)

Givenu: £ — S'and N, m € N, we now define in the half-slice ©%(T) a one-parameter
family (parametrized by m) of spin fields which coincides with # on Tp and with the fixed
ground state uP° on Tj, for & > N. We construct the interpolation in such a way that the
configuration of spins rotates a fixed amount of times by 2w. To make the construction
precise, we first say that the three angles 6(ip) € R (not necessarily in [0, 21)), 6 (jo) €
[6(ip) — 7, 60(ip) + 7) and O (ko) € [0(jo) — 7, O (jo) + 7) represent a lifting of u in Ty
if u(ip) = exp(t0(ip)), u(jo) = exp(tf(jo)) and u(ko) = exp(t6(ko)). We then define the
interpolated angles 6 (i), 0 (jn), 0 (ky) for h =0, ..., N by

2rm — 6
0(in) = 0(i) + h”mT(’O) (

1 h 9(')—|—h2
N io Nn'm,

2mm + 2 —60(jo) h h h 27
0(jy) = 0(]j h 3 1—-— )6 —2 ——, (4.21
n) (jo) + N ( ) (jo) + N Tm + ¥ 3 4.21)

2mm + 4T — 6k h h h4
o = (°)=<1 N)e(k0)+—2nm+——”,

0(kp) := 0 (ko) + h V3

and 0(iy) := 2mwm, 0(j) = 2rm + &, 0(ky) = 2rm + *F for h = N + 1 (see Fig. 5).
Eventually, we define V" : £ N %(Ty) — S! by setting

uM " (ip) = expd(in)) . u™"(n) = expd(in)) . u™ " (ky) = exp(0 (k) -
(4.22)
Note that u™¥-" = 4P on T}, for h > N.

In the next lemma we estimate the energy of the interpolation on X% (7p) in terms of the
energy on the initial triangle Tp plus an error depending on the number of steps N and on
m. We assume that the configuration of spins in the initial triangle is sufficiently close to a
ground state with chirality 1 (not necessarily uP°*).
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Lemma4.5 Let Ty € T(R?) be a triangle of vertices iy € ch Jo € L2, and ko € L3. Let
u: L — Standletf(ip) € R, 8(jo) € [0(io) —7, O(io)+m) and 8 (ko) € [0(jo) —, 0 (jo)+
1) be three angles representing a lifting of u in Ty satisfying

. . 27 1 ) 2 1
0G0 =00 = 5| = 7. |00 0G0 - 5| = 7 (4.23)

Let N, m € N and assume that
2mm > 10(ig)| + 27 . (4.24)

Let u™M™ be the interpolation on £%(Ty) defined according to (4.22). Then there exists a

constant C > 0 independent of N and m such that

2
Fi™™, £%(Ty)) < C <NF1(M, To) + %) .

Proof 1t is not restrictive to assume that jo — ig = ¢, as in Fig. 5. We shall estimate each of
the terms in the sum

N—-1
Fr@ " 2(To)) = Y ™" Gn) + 1" Gn) 4w Gen)
h=0

N—1
A 1N ) + uN " G + N ) 2 (4.25)
h=0

N—-1
+ 1N ) + uN " G + 1N )1,
h=0

where we used that for 4 > N we have that
™ (i) A+ 1 i)+ u " R [P = 1P )+ P ) + uP )P = 0,

being uP% a ground state. Adopting the notation for the angles used in the construction
in (4.22), we recast the energy in the first term of the sum as

™" ) A+ u™N " G 4w ) 12

4.26
= 3 2c080(in) — ) + 2eos(O(hy) — O) + 2c0s(0(is) — 00k)).
Note that, by (4.21) and (4.23),
2 2 1
60 =66 — | = |oGio —0G0 - 5| = .
. 2 . 2 1
o) — 06 — 5| < Jotko) =00 - 57| < 7. (4.27)
000 — 0 — | < |otko) — 06i0) - | < 3
31~ 31— 27

By Taylor’s formula, there exists ¢ € [¢, 27 /3] such that 1 + 2 cos(¢) = —«/g(qﬁ - 27”) +
%(qﬁ — 27”)2 + % sin(¢) (¢ — 27”)3. As a result we obtain the estimates

1 27\ 27 2 27\ 27y 1
§(¢_?) §1+2005(¢)+«/§<¢—?>§§(¢—?>, f0f‘¢—?‘§§~
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Analogously,

1 . 4n2<1+2 @ —3(s 4 <2¢ 4 \? ; ‘¢ 4n‘<1
= - = cos(¢) — - = = - — ), for|¢p — —| < <.
3 3 )~ 3)°3 3 3 2

Then by (4.26), (4.27), and the two previous estimates we infer that
™ (i) A+ i)+ )

2 , , 27\? , 27\? , 4 \?
< 3 (9(1;.) — 0@ — ?> + (9(kh) —0(jn) — ?> + (9(kh) —0@p) — T)
2 , , 27\? o2\ , 4 \?
3 (9(10) —0(io) — 7) + (9(ko) —0(jo) — 7) + (9(k0) —0(io) — 7)

2
§3IMN’m(i0) + u™ " Go) 4+ uN " (ko) |? = 2F1(u, Tp) .

IA

This proves that

N-1
D 1N ) A+ ul " G+ uN " ) [P < 2N FL (s, T)
h=0

Let us now consider the second term in the sum in the right-hand side of (4.25). For every
h=0,...,N—1wehave

™" (i) 4w ) 4w ) 1P
< 2™ () 4+ u " G+ u " Ga) P4 21N ) — u TGP
The first term is estimated as via 2F (i, Tp). As for |u™N"" (ip1) — u™ ™ (i1)|2, by (4.21) we

have that

N (i) — N (i) P =2 — 2¢08(0(ing1) — 0(in)) = 2 — 2cos (M> :

N
Using the fact that 1 — cos(t) < % we deduce

2wm — 0(ig) )2 m?

N,m-: _ N.mg: 2 <
™" (1) — u™" ()| _( N

since |0 (ig)| < 2mm. Hence

N—1 2
m
> N Gpgn) + uN " G + uN " ) [P < CNFL(u, To) + C
h=0

The third term in the right-hand side in (4.25) is treated analogously using the inequality

2mm + 4 — (ko)
N 1) — ulN ™ ep) 2 = 2 = 2c08(0 (kpy1) — Okp)) = 2 — 2 cos (fv

2em+ 4 — k) m?
</l @ <C—,
- N - N2

where we used (4.23) to get that [0 (ko) |+ % < |0Gi0) |+ 5+ < |0Gi0)|+27m <27 (m+1).
]
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We are now in a position to prove Proposition 4.2 and thus conclude the proof of the lower
bound in Proposition 4.1.

Proof of Proposition 4.2 For the reader’s convenience, we recall here the definitions of ¢(v)
and ¥ (1,1, v):

p(v) = Eli_r)%min{Fg(u, 0" :u=utondfQ"andu =u;*ond; Q"},

¥(1,1,v) = inf llimi(l)lf Fe(ug, OV): x(ug) — x»in LI(Q”)] .

Let us fix a sequence (u.) such that x (u:) — x, in L'(QY) and F, (ug, Q¥) — v(1,1,v).
The aim of this proof is to define a modification i, of u, such that

e, =ut” ond} Q" and it = uy S ond; Q" (4.28)
lim sup Fe (i1, Q") < lim Fe(ue, Q") . (4.29)
e—0 =0

This allows us to conclude that ¢ (v) < ¥ (1, 1, v).

The construction of the modified sequence (i) is divided in several steps.
Step 1. (Choosing a strip with low energy). We begin the construction by exploiting the
property that the energy of (u.) concentrates close to the interface Q¥ N LY in order to
choose a strip with low energy. Given 6 € (0, %), we consider the family of strips Ya‘f s
defined in (4.15) and we apply Lemma 4.4 to deduce the existence of a strip S, = S¢,, =

0y 1126\ (@Z Uf‘f’(g) € .7} such that
Fe(ue, Se) + |l x (ue) — Xv”Ll(Sg) = &0g, (4.30)

where o, — 0. The modification 7 of u, will coincide with 15" and u}® in Q¥ \ (QL sU
F;’ s) (notice that the square Q]_s contains the closure of S, cf. (4.15)). In the triangles
contained in S, the energy is low and thus u, is close to ground states, yet not necessarily
uP® or up®. There i, will start to interpolate from the configuration u, until it reaches the
fixed ground state u5>* or us°® close to the boundary.

We shall describe in detail how to define #; in the top part of the cube given by Q) =
Q' N {x: (x,v) > 0}, where the chirality of u, converges to 1. The construction in Q¥ N
{x: (x,v) < 0} is completely analogous.

Step 2. (Choosing triangles with low energy). We show here how to choose the triangles with
low energy where to start the modification of u.. Let us consider the line

Ly :={x e R*: (x,v) = & + 3¢},

which cuts in two the top part of the strip given by the rectangle

SeP = RY o (5 +3e)v) = (Le + B3 (0) N R | C 5. (4.31)
We describe now how to start the modification in Si’”. The modification in the other parts
L —
SEt = R (5 4360 ) \ Ry 5.,

vl

- _
f =R ¢ (—(%” + 38)VL) \ Ry,

cf. Figure 6, will be only sketched since it is completely analogous.
We consider now the slices (X°%).c7 of the e-triangular lattice defined in (4.18). We
choose o € {1, 2, 3} such that [{¢, V)| > ?, namely the best approximation of v in the
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Fig.7 A chain of triangles (T3),c7,

set {é1, €2, é3}. Equivalently, | (¢4, v1)| < % where v is the direction of L,. (For S;'gm and

S}f’f‘ we consider a different direction, namely 8 € {1, 2, 3} such that |(ég, vy > ?.)
We can find a chain of closed triangles which intersect L, such that each slice in the
direction ¢, contains only one triangle of the chain. Specifically, there exist (7}) <z, satisfying

T, e TF(R?, T,CS%, T.NL:#0, T,NT1 #0, (4.32)

for every z € Z, cf. Fig. 7. We prove this statement in Lemma 4.6 below, since the geometric
argument is irrelevant for the present discussion.

The modification of u, starts in the triangles 7, of the chain contained in S;OP. For this
reason it is convenient to consider

;"P ={z€Z: T, C SEOP} and zp € argmin Z;Op.

For future purposes we observe that

Ci

3
Beopzr | | 1) <1sP =6 66— 42 < (433)

1
ez,

for some positive constant C; and for £ small enough.

Step 3. (Estimating the maximal winding number). The energy regime we are working in
does not rule out the possibility that inside the strip S, the configuration of spin field displays
global rotations. However, the bound of the energy in S, allows us to estimate the maximal
number of complete turns of 27r. To present precisely the estimate, we define in the triangles
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chosen in Step 2 the liftings 6, € R of u, according to the following recursive argument.
Given z € Z;Op wedenoteby i, € L1, j, € L%k, € L3 the points in the sublattices such that
iy, € j;, €k, are the vertices of the triangle 7, (some points might have multiple labels). We
now define recursively angles 6, (¢i;), 0. (¢ j;), 0 (€k;) in suitably chosen intervals of length
27 satisfying u (gi;) = exp (W0s(eiz)) , ue(€j;) = exp (e (£ )2)) , ue(ekz) = exp (10: (k;))
as follows. We choose

O (eiz,) € [0, 2m),

s (€ jzy) € [0c(eizy) — 7, 0 (eizy) + 1),
s (ekzy) € [6s(8jzy) — 70, 0p(€jzy) + 70),
O (gizy1) € [0 (eiy) —m, 0 (giy) + 7).

The choice of 6, (¢ j,) and 6, (¢k;) is made according to the same recursive procedure above,
but taking as starting point (instead of 0, (¢i,)) the angles 6; (¢ j,) and 6, (¢k,, ), respectively.
We claim that

1 . . . . [o

= sup {|95(glz) - 98(3110)| s 1O (e )z) — Qe(gjzo)l . 10 (ek;) — 96(5k10)|} < ?E s
zlop
=

(4.34)
for some positive constant C;. To prove the claim, let us fix z, € ZEOP, Zs > z0. Note that
Zx — 20 < % by (4.33). Jensen’s inequality implies that

|0 (ei,) — Oc (gizy)|?
2

Z5—1 Zs—1
< (Z |6e (1) — as(eizn) < (2o —20) ) 10c(eizy1) — Oc(eir)
=20 =20
x—1 Zx—1
C % ' . C % . ‘ (4.35)
< — Y 10e(eizin) = Oc(eir) P < = Y 2 =205 (0c (i 41) — Oc(eic))
€ =20 € =20
C Z*_l
== D lue(eizg) — ue(eir)
=20

for some positive constants C, where we used the fact that 1 — cos(¢) > ﬁq&z for every
|¢| < . We start observing that the regular hexagon H_ containing 7, and 7, is contained
in S,. Indeed, let x € H, andlet y € T, N L, C S&P. Then dist(x, L,) < |x — y| <
diam H, = 2¢ < 3e. Hence, ¢f. (4.31), x € (L + B3:(0)) N R;’ﬁm’l C S;. Let us show that

2
lue (8izp1) — ue(eir))* < ~Felue, Ho) . (4.36)

Indeed, if T, N T, 1 = {ei,} = {ei 41}, then |ug(ei 1) — ue(eiy)|> = 0;if T, N Ty q =
{ej.} = {ej.+1} (and analogously if T, N T,+1 = {eck,} = {ek,+1}), then we let T’
be the third triangle in conv{T,, T,4+1}. The triangle T’ is either conv{ei,, ¢j;, ek 11} or
conv{ei, 1, €j;, €k;} and is always contained in H;, see Fig. 8. Letting ¢k be its vertex in
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€lzt1

Ea,z+1
Tz+1 ek €

T H: e
ek, e,

Fig.8 Triangle 7’ in a possible configuration of 7; and 74|

Lz (either ek, or ek;41) we have that

. L2
lug (€izq1) — ue(€iz)l

< 2 fue(Eig1) + e (8 for1) + up(€h)|? + 2 ug(eiy) + e (e jiz) + ue (k)|

IA

2
gFg(ug, H;).

Then we estimate the last sum in (4.35) using (4.36) by

Z*—l Z*_l

. . 2 C
E lue(eizy1) — u5(811)|2 = E —Fe(ug, Hy) < —Fe(ug, Sg) < Coy,
=20 =20 ¢ &

for some positive constant C. In conclusion, by (4.35) we have that

O,
|0£(8iz*) - 98(8i20)| =< C‘l f .

Arguing in an analogous way for [6:(¢j,,) — 6:(€ )| and |0 (ek;,) — O:(eky,)], we
conclude the proof of the claim (4.34).
We consider the bound on the maximal winding number given by

me = [CZ\/iw +8, 4.37)

where [ Cp,/ % 7 is the smallest natural number grater than or equal to C3,/ % and C; is the

constant given in (4.34).
Step 4. (Modification on slices). We define the modification on the slices % starting from

triangles 7, with z € ZEOP by reproducing the construction in Lemma 4.5. Here we make
precise the choice of the parameters for this construction and the notation. Let us assume,

without loss of generality, that (¢, v) > ? (if, instead, (éy, v) < —‘/7§ we work with —e,,).
Forz € ZEOP we let i? =i el!, jz0 = j. € L2, k? =k, € £3 where ¢i., ¢ j., ek, are the
vertices of T,. As in (4.19), we define the lattice points i;’ el jzh € L2, ki’ € £3 and the
triangle Tzh with the following recursive formula: for 2 € N we set

R R R (R (N Bt
= by + Loy + T, ALD[
K=k ey + Yoo 4+ T((RD, %))%éa

htl . htl g ihtl pphit] @,z
T, = conv{ei; ", &; ek; T} C TT,

(4.38)
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where 7(0) :=1, T(?) := —1. As in (4.20), we define the half-slice X2*(T7) of the lattice
L starting from T, by £2*(T;) = conv{Tzh: h e N}.

Number of interpolation steps. The number of interpolation steps will be defined by finding
the first shifted triangle TZ%" in the half-slice = ’ZO(TZO) that is well contained in R;o,l_ s\

f;o,l—Z(S' Specifically, we define

Ne :=min{2h: h € N, T2 C R | 554 \ Rog 175/} -

o0
Given another z € Z;Op, we have that
=’
TN C Ry _s \ Roo1_2s - (4.39)

Indeed, let y = yo + 38%@0, € TZNS with yo € T;. Let xo € T,y N L, ¢f. (4.32), and let
X = X0+ 38%@0( IS TZ](YS. Since yg € L, + B3.(0), we have that |(yg — x¢, v)| < 3& and
thus [(y — x, v)| < 3e, i.e., y belongs to the 3e-neighborhood of R;o,1—58/4 \Ezo’1775/4,
which is contained in Ry, | 5\ FZO,I—Z(S'
Observe that
Cs

Ny < — (4.40)
e

for some positive constant C3. To prove this, let xg € Ty, and x := xo + 38%&1 € TZI(YS.
The segment [xo; x] is fully contained in R;o,l—é \f;o,l_% and thus § > |(x — xq, V)| =
35%(@01, v) > 38%‘/75.

Winding number. We choose m, given by (4.37). We consider the angles 0. (¢i;), 0.(¢j;),
0. (¢k;) introduced in Step 3. By (4.37) and (4.34) we infer that

2nmg > 21 Cy %e + 16 > 27 |0: (i) — O (eizy)| + 16w > 2|0, (ei)| + 27,
V e

hence (4.24) is satisfied.

Checking the assumptions on the angles. We check that the assumptions (4.23) are satisfied.
First, we claim that for ¢ small enough the configuration u, has positive chirality in every
triangle T € 7, (R?) contained in Si . To prove it, let us start by showing that the sign
of the chirality is constant arguing by contradiction. Assume that there exist two triangles
T, T" c S with a common side such that x (u;) < 0in 7’ and x (uz) > 0 in T”. Then
by (4.30) and Lemma 3.2 we would get

5
g0y > Fg(ug, S¢) > Fe(ug, T'U TN) > 58»

which contradicts the condition o, — 0. Therefore yx (u.) has constant sign in S;Op. In fact,
x(ue) > 01in SeP. If instead x (us) < 0in Si, by (4.30) we would have that
£0e = X (e) = Xl 1 grov) = /(1 — X)) dx = || = 687 = 65 (5 — 39)
sLop
top

which contradicts o, — 0. In conclusion, x (u.) > 0in Sg .
Letnow z € Z;Op. We have

. . 1 1
lue(iz) +ug(ejz) + u5(8k1)|2 = gFe(uas T;) < gFa(ua, Se) < o0¢.
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Since x (ug) > 01in Ty, for &€ small enough u, is close to a ground state with chirality 1 and
therefore, using (2.3) and Lemma 2.1 (see also (2.5)),

1
0c(ejz) — e (i) — Oc (ek;) — O (g ;) — 3 = 1 (4.41)

2w ‘

— < -,
3174
Definition of the interpolation. We are in a position to define the interpolation. We repro-
duce the one-dimensional construction of Lemma 4.5 by suitably translating and scaling it,
providing the precise notation as it will be useful for later estimates. We shall define the
interpolation only on slices starting from every other triangle 77, for the constructions on two
slices X% and Zg'z"'z completely determine the values of the modified spin configuration
in XY 2+l For this reason, let z € Z;O be such that z = zg mod 2. We then define the
mterpolated angles 9(81”) 9(8] ), O(Skh) for h = 0,..., Ne as in (4.21) by (recall that

?—lz’]z _]Z’k =kz)

. . 2nme — Og (i) h h
95(812) = Og(giy) +h% - <1 Ne) Oc (i) + N —2mmg,
. , 2rme + 2Z — 6s(e ;) h , h h 2w
95(5Jz},l) =0g(ej;) +h ]3\[5 = (1 - FS) Og(gjz) + N. —2ame + — N, 3 s
2mme + 2T — 64 (sky) h h h 4n
Oc (k) = O, (eky) + h —= 13\/5 - =(1 N >9£(skz)+ N 2T
(4.42)

and Gg(szh) = 2mmeg, 9@(81 ) :=2mwmy +2 3 , 0 (skh) =2mmg + 47” forh > N + 1.
Eventually, we define u, wop. L NZPNT,) — St by setting

ug)p(si?) = exp(t@(sié’)) , utg()p(sjzh) = eXp(tO(Sth)) , u?p(skf) = exp(t@(ski’)) .
By (4.39) we have that

uPlr = ul™r i T C (T \ Rog s - (4.43)

Estimate on “even” slices. We observe that the construction of utg()p is simply a translation
and a scaling of the construction in Lemma 4.5. As the assumption (4.23) is satisfied, cf.
(4.41), we can apply Lemma 4.5 to deduce that

2
m

Fe(u®, Z¢4(T)) < € (Nng(ug, T.) + sﬁ> (4.44)

&
Estimate on “odd” slices. We estimate the energy on the missing half-slices. Let us fix
Zz+1,z4+2€ Z® withz = zp mod 2. Let T be a triangle contained in X% (T,41).
Then T shares two vertices with one triangle contained in X%*(7;) or with one triangle
contained in Eg’HQ(THz). Let us assume, without loss of generality, that the two shared
vertices are the vertices sj < L2 and ek’ € £} of some triangle 7/ C X%%(T;). The third
vertex of 7" is of the type ez e El forsome b’ € N Moreover, the third vertex of T is shared
with a triangle T+2, h e N, and is of the type zszz+2 € Lg. We remark that |’ — h| < 2.

Indeed, by (4.38) we have that

ho_ 134 351
=i,+h jeaiéea,

lZ
-h . 34 340
ity =lz42+h5e, £ gea )
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From the assumptions on the position of the two triangles together with the definition of

iy Lz it follows that

’

0= (" —i", eq) = (i:—izg2, 8a)+ (W —=)3 = | —h|=3|(i;—iz42,8a)| <2,

where in the last inequality we used the fact that 7, N 7,41 # @ and T;41 N T;4p # D.
We estimate the energy in the triangle 7 by

Fo(ue®, T) = elug (eil ) +ue (2 ) + us (k)
< 2elu® (i) + u® () + us® (k) + 2e|u (ei) — ug P (il )

= 2F u®, T') + 26 uP (el ) — P (eill )P
Note that (4.34) and (4.37) imply
10 (6iz42)| < 10 (eiz2) = Oc (eizg)| + 10 (€izg)| < 10e(Eiz42) — O (eizg)| + 2 < 27, .

From (4.42), from the previous estimate, and since |’ — h| < 2 it follows that

. N% . Ny . Ny 2
lueP (ei) — usP (eil )P = 2 — 2cos (G, (ei) — (20", 5)) < [6e(ei®) — O (eil', )]

’

—‘ 1= 6uein) — 0, i ))+h_
= N & Z & z+2

Qrme — O, (eiz 1)) \

< 206, (i) — Bu(einsn)|* +2| 98(8!&2)’

] . 2
< 2|95(81Z) — (95(812+2)| + CNi‘;
13

It remains to estimate !95 (ei;) — O (giz42) |2‘ Using the fact that 1 —cos(¢) > ll—zqf)z for every
|¢| < 7 and by (4.36) we obtain that

, . 2 . . 2 . . 2
|95(81z) — 95(8l1+2)| = 2|95(€lz) - 98(8l1+1)| + 2|95(8lz+1) - 68(812+2)|

. . 2 . . 2
< Clug(eiz) — ue(eiz4)|” + Clug(eizgr) — ue(iz42)|

IA

C
; (Fe(ue, Hy) + Fe(ue, Hz11))

where H, is an hexagon containing 7 and 7,41 and H, is an hexagon containing 7,4
and T,4». In conclusion, we have that

2
top C ©op s mg
Fe(ug™,T) < Fe(ug , T7) + Fe(ug, Hy) + Fe(ue, z+1)+8N2 .

Summing over all triangles in £&*(7;41) (their number is C N,) we deduce that

Fe(ug®, 28N (Toq)

< C(Feuf® SE4T) + Fo@® S22 (Ta0) + NeFolts H) 4 s

2
mg

+ NeFe(ue, Hyy 1) + 57) .
N
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Final estimate on top part. By (4.45), (4.44), summing over z and by (4.30), (4.33), (4.37),
and (4.40) we conclude that!

> Fe(us®, BE(T))

1
e 2P

2
m
<> c <F5<u‘£", SEUT)) + NeFelue, Hy) + Ne Felue, Hop1) + eﬁ)

top 3

€2
z=zp mod 2
m? (4.46)
= Z C | NeFe(ue, T;) + NeFe(ue, Hy) + N Fe(ue, Hy 1) + 8?
€20 ‘
z=zomod 2
2 e Cy

2
c
< CN.Fo(uy. So) + Ce etz < 02, 4 Ce (/T +4) £
Ng £ £ Cs ¢

<C(o:+e¢).

Step 5. (parts of the square). The modification starting from Séeﬁ and S;ight is completely

analogous. We recall that 8 € {1, 2, 3} is such that |(ég, vhy| > ‘/7§ We consider chains of
triangles contained in S Ef‘ and S?gm given by Lemma 4.6 (suitably adapted). In half-slices in
the direction ég starting from triangles of these chains and approaching the boundary 3 0",

ight .
we define ul;’ft and ug®" as in Step 4.

We are finally in a position to define i, in QY. We fix § € (0, é) and we consider the
two-barred cross-shaped set (the white region in Fig. 9)

-V
Ps:=Ry_s5 1 U(R] 1_s55 \ Ry 35) -

Given T € T,(R?) such that T C Q", we distinguish some cases.

Case T C PsN Q;’E+6£: We set

T CPsNQY gt el i=ttelr (4.47)

Case T C R 55, \@;}E (part of the cross-shaped set Ps aligned with v): We give the
definition in the case T C QY (the case T C QY being analogous). Let yo € T. Let us
consider the slice %% such that 7 C X% and let us show that z € Z;Op. Letx € T and first
of all note that x € L, + B3.(0). Since T and T, are contained in the same s&:e, by definition
of £%% we can find s € R such that xo := yo + sé, € T;. Since yy ¢ Q:E, the segment

[x0; yol is contained in RZ_ | \fgoyrg,thus |s|§ < Is||{€q, V)| = |{x0—y0, V)| < %(1 —7e),
ie.,|s| < %(1 —r¢) < +/38. Then, using that | (&, vt)| < 3,

[(x, vE)] < [x — x0, v + [(x0 — yo, v5)| + {30, v5)]

<etlsllea v+ —36<s+ Lo+l —Js<t 351,

' In this estimate it becomes evident that it was crucial to prove that the energy concentrates close to the
interface. A classical averaging/slicing argument would only provide a bound on the strip S¢ of the type
Fe(ug, S¢) < Ce. This would not suffice to conclude that the modified sequence does not increase the energy,
as the right-hand side in this estimate would end up to be a constant.
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(SIS
I
[J[S
(o9

Fig.9 Definition of i in Q' : in the hatched regions it is equal to «P°%; in the white region enclosed by Q‘r’g L6e
right

P u}fﬂ, and ug > constructed with

it is equal to u; outside of Q) it is defined through the interpolation us®,
the slices in the lattice directions &y and eg

ie,x € R;’g,l and hence x € (L; + B3.(0)) N R;’g,l = S;Op. We set

usP|lyr if T C TEA(Ty),

) (4.48)
uc|r  otherwise.

if T CRY_s5,\ Oy, : felr = {

The definition is consistent with the previous case: if T C Q;’s 16e \ @:ﬁ, then T is not
contained in any half-slice X3*(7;) (because 7; N 8Q;’€+6£ # () and thus |7 = uel7,

in accordance with (4.47). f T C Rj_s5 \ a‘;& but 7 is not contained in any half-slice
Y3%(T;), then T C S;. In particular, by (4.46) and (4.30) we infer that

Fo(ile, RY 551\ Qy) < D Fo(ue®, BXTL)) + Fe(ue, Se) < Clog +8).  (4.49)

€2

Case T C (R} | _s; \§]1),35) \@Z (part of the cross-shaped set Pj aligned with v1): As
in the previous case, assuming 7 C Qi, we define u;|r = ulfft|r if T is contained in a
half-slice starting from a triangle in Séeﬁ, el = ugghtlT if T is contained in a half-slice

starting from a triangle in S;ight, and u;|r := ug|r otherwise. As before, the definition is
compatible with (4.47). Similarly to (4.49) we obtain that

Fe(iie, (R} _s5 \ Ry 35\ 0,.) < C(ox +¢). (4.50)

Case T N (R? \ Ps) # @: let x be a vertex of 7 and assume that x is not the vertex of a
triangle T’ covered by the previous cases. Then we set U (x) := uP% (%) if (x,v) > 0and
We(x) := up ®(x) if (x, v) < 0. In particular,

pos

if T C QY \ Ps: lelr =ut |7,

R “51)
if T C QU \Ps: Helr = ue I

We remark that

5
T C Q":TNIPs £P) < Cde = #T CQ':TNIPs#£W} <C- (452
&
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and 5
#{TcQ”\E:TmL“;é@}gcg. (4.53)

Let us check that iZ, attains the desired boundary conditions (4.28). Let T C oY \@11}_ 5
IfT C (Q4\ Q) ) NR}_s; , (and similarly if 7 C (Q% \ Q}_5) N (R} _s5\ R 35)), then
we are in the case covered by (4.48). By (4.43) we have ti; |7 = ulg°p|T = ul®|7. Otherwise,
if TN (R?\ Ps) # @, let x be a vertex of T and assume that x is not the vertex of a triangle 7"
covered by the previous cases. Then, by definition, @, (x) := ub" (x). We argue analogously
ifT c Q% \@11:5. Finally, if T N LY # @, then T C L + B».(0) and thus it is not relevant
for the boundary conditions by the definition of discrete boundary 8 Q".

Step 6. (Energy estimate). By (4.52), (4.51), and (4.53) we have that

Fs(ﬁa7QU)SFS(ES»PB)‘FFS(;I&,QU\?B)"‘ Z FS(ESaT)
TN Ps#W)

< Fo(ils, Ps) + Fo(ul, 0%, \ Ps) + Fo(us %, Q" \ Ps)

+ ) FelT)+Cs
TCQ"\Ps
TNL"#(

< F. (i, Ps) + C§.
Moreover, by (4.47), (4.49), and (4.50) we deduce that

Fs(ﬁav Ps) < Fe(ue, Ps N Q;}g+6s) + Fs(ﬁ& Rll),sa,l \@,‘:) + Fa(ﬁaa (Riqufsg \EY,%) \6:5)
< Fe(ue, QU) + C (0: +¢) .

In conclusion,
lim sup Fe (i1, Q") < lim F,(u., Q") + C$§.
e—>0 =0
Eventually, letting § — 0 and with a diagonal argument, we construct a sequence which
satisfies (4.29).
O

In the proof of Proposition 4.2 we applied the following lemma.

Lemma 4.6 Let X2°* be the slices of the triangular lattice defined in (4.18). Let L be a line
in R2 orthogonal to v and assume that |(é4, v1)| < L Then there exists a chain of triangles

2
(T;);cz satisfying for every 7 € 7
T,e T,F(R?), T,C X%, T.NL#W, T,NT,41 #0. (4.54)

Proof 1t is enough to prove the following:
Claim:Letz € Zand let T, € ’Z;“'(Rz) be such that 7, C £%* and T; N L # ¥. Then there
exists T;41 € 7,7 (R?) such that T, € Z%H T,y NL # @, and T, N T;41 # . (The
analogous statement with X%~ in place of £%**! holds true.)
With the proven claim at hand it is immediate to define a chain of triangles (7;).c7z which
satisfies the properties in (4.54) by initializing the construction from a triangle Tz, € 7," (R?)
which satisfies T,y N L # ¥ and T;, C 2%, Such a triangle always exists since the set
RZ\ UTd? (&2 T is the union of disjoint open triangles, thus cannot contain L.

To prove the claim let us denote be ég, ¢, the remaining two unit vectors connecting points
of £ and introduced in Section 2.2 and let us set g := sign(ég, éj), 7, = sign(é,, éj).
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L

Fig. 10 On the left: the triangles 77, T8 and T7, the line L, and the segment [x/g; Xy ]. On the right: if x ¢ T,
the angle between L and s¢' belongs to [0, %)

For later use we observe that 7g = 7, if and only if o # 2, that is if and only if (ég, é4) =
—(éy, éy). In particular, we always have

T5(0p, 6a) = —Ty (6,, 80) and Tp(ep, 64)Ty (6, Ca) = —1/4. (4.55)

Suppose now that 7, € 7,7 (R?), T, C %% with T, N L # §. The triangles T# :=
T.+etgép € TP (RY) and T7 := T, +et, 6, € T,F(R?) satisfy T,NTP # Gand T,NT7 # @.
Moreover, they are contained in £%**1. Indeed, for x € T, we have (¢, x + etgég) =
(L, x) + s15(6k, 05) = (64, x) + £ € [e (2 + 1), 6 ( + )], hence T# C T+
(analogously 77 C T+,

The triangle T, has one side contained in d X%, i.e., either in sg = Rey, + s?zéé— or
o = Rey + 8‘/75(2 + 1)él. Let us assume, without loss of generality, that the side is
contained in s¢. The line L intersects s in a point x. We claim thatx € 7. Indeed, if x ¢ T,
then the angle in [0, %] between the lines L and s¥ belongs to [0, ?), since L intersects also
T, see Fig. 10. Let us fix y € T, N L # (. Then we have |(x — y, &y)| > %|x — y|. This
contradicts the fact that |(x — y, &) = |x — y|[(vt, &)| < 4|x — y|since [(v1, &)| < 4.In
conclusion x € T, Ns¢. Then xg := x +e18ép € Th ﬂsg‘_H, Xy =x+ere, €TV ﬂsg‘+1.
The line L intersects the segment [xg; x|, and thus either T8 or T. To see this, we let
ya = Axg + (1 — A)x,, for A € [0, 1]. Note that

in s%

~

(Yo — ¥, v) = eT, (8, v) = 7, (&, &2) (6, v) + (65 80) (e V)

=c¢ (\/g(éL

) asv>+7y<éyvéa>(ém V)) ,

and analogously (y; — x,v) = ¢ (@(éé, v) + 18(ép, €q) (Ca, v)). In combination with

(4.55), this yields

3
--=0, 4.56
3 (4.56)

oo | W

3. 1 .
(yo — x, V) (y1 — x,v) = & (Z<ei, v)? — 7 (e v>2) <

where we used that (61, v)? = (&,, ) < 1 and (¢, )% > 3. Now (4.56) together with
the continuity of the mapping A — (y, — x, v) implies that there exists A € [0, 1] with
(y» —x,v) =0, hence y, € (TPUTY)NL.

O
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5 Upper bound

It remains to prove the I'-limsup inequality to complete the proof of Theorem 2.5.
Proposition 5.1 Let %, be as in (2.8). Then for every x € LY() we have
I-limsup Z(x) < Z(x), (GR))

e—0
where .7 is given by (2.10) and the I'-lim sup is with respect to the strong topology in
LU(Q).

Proof Tt is not restrictive to assume that x € BV(Q;{—1, 1}). Moreover, thanks to
Remark 2.6, the density result [13, Corollary 2.4], and the L'-lower semicontinuity of the
I"-limsup it suffices to prove (5.1) for x € BV (L2; {—1, 1}) such that J, is polygonal, i.e.,
Jy = UQ’ZI I, where T, are line segments satisfying H' (I, N 82) = 0. To simplify the
exposition we restrict ourselves to the case J, = 'y UT'; with I'y = [xo; x1], I'2 = [x1; x2],
X0, X1, X2 € R2, i.e., the two segments have one common endpoint. The general case then
follows by repeating the construction on each line segment.

Step 1. (Construction of a recovery sequence) Denoting by £;, £ the length of I'y, I'; and
by v1, v the outer unit normal to the set {x = 1} on I'1, I'2, upon relabeling we can assume
that x; = xo + Elv%, Xo = Xx1 + szzl. Moreover, we have

F () = tipv) + Lap(12), (5.2

where ¢ is as in (2.12). Let p > 0 be sufficiently small and let u;p e SF, and u?qp e SF;
be admissible for the minimum problems defining ¢(v1), ¢(v2), respectively with

: 1 _ : 2 _
lim Fo(uf . O)) = po(v) and lim Fo(u? . OF) = o). (53)

We now start constructing a recovery sequence for x by subdividing I'; and T'; into
segments of length of order p and suitable shifting ! e.p> Uz, p along these segments. In doing
so we need to leave out a small region close to the common endpomt x1. Namely, denoting by
0 € (0, 7] the angle between ' and ', we choose ¢ = ¢(vy, 12) > 0 withc¢ > % + % cot(%)
and we only subdivide the smaller segments [xq; x| — cpvf-] and [x| +c¢ pvj-; x2] as follows.

We set Msl’ pi= Lij;gf 1, Mg pi= L%;gf | and we choose lattice points

X5 1 € By (x0+m(p+58)vf) Nncl form e {O,...,Mal,p},
X2 € B (31 + (o + m(p +5eNvd ) N LL form e (0, M2},

Note that the constant ¢ and the lattice points x¢
small enough,

m.1 X x¢ +  are chosen in such a way that, for &

M., Mz,
U= @y ennv U ere
m=0 m=0

is a union of pairwise disjoint cubes, see Fig. 11. This allows us to define u, , € SF; by
setting

up ,(x —x5 1) ifer”‘(xj”),me{O,...,Mg]’p},

1
&p
o () = fz,’i( xE,) ifx € QR (xf,) ., me{0,.... M2},
ug  (x) 1fxe{)(_l}\U,
up 2 (x) ifxe{x=-1}\U,.
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%)

Q2 (75,.2) QyH(75,.1)

Fig. 11 Covering the segments I'1 and I'> with cubes of side p in the I'-lim sup construction

We observe that since x° , belong to the sublattice E the boundary conditions satisfied

m, 1’
by the shlfted functions u,, p( - xmql), ug p( — xm,z) are compatible one with each other
and with u?® and ug"® on Q \ U,. In particular, if x € € is such that dist(x, J,) > p/2 then
X (ug p)(x) = x(x), which implies that || x (ue,p) — xll1(@) < Cle(JX) —0asp — 0.
Step 2. (Energy estimate) In order to estimate F; (i, ,) we start by rewriting the energy as

M, M2,
Fe(ue,p) = ZFE Ug,p, Q (xm 1) +ZF£ Ug,p, Q (xm 2)) Z Fs(”a,p’T),
m=0 m=0 TeT(2)

TN(Q\U,) #4

54
and we estimate the terms on the right-hand side of (5.4) separately. Let us first consider the
energy on triangles T € 7, (2) with T N(2\U,) # . Suppose that dist(7', J,) > 5Se. Then,
if T C Q\U, we have u, , = = ub® oru, o= =u,% on T, so that Fe(ue,p, T) = 0. If instead
TNU, # @, the fact that dist(T', J,) > Se ensures that T intersects a cube in U, in a region
where the boundary conditions are prescribed. Thus, using once more the compatibility of
the boundary conditions, we infer that F (i ,, T) = 0. This implies that

D Felue,. T) < 36#{T € To(Q): T N (Q\ Up) # 0, dist(T, J,) < 5¢)
TeT. (@)
TO(Q\Up) 0
=Clp+e/p), (5.5)

where to obtain the first inequality we used Fe(u. ,, T) < 9¢, while the second inequality
follows by counting triangles contained either in ([x1 — cpvf-; x1]U [x1; x1 + cpvé‘]) +
Be:(0) orin (dU, N Jy) + Bee(0).

Combining (5.4), (5.5), and (5.3) we deduce that

lim sup F () < Tim sup (M, oo+ D Fe(ul,. Q0 +limsup (M7, + 1) Fo(u} ,. 012)
e—0

e—0 e—0

+Cp < (L;lJ + 1) p o) + (L%J + 1) pe(2) +Cp.

(5.6)

Since the latter term converges to £1¢p(v) + £2¢(v2) as p — 0, thanks to (5.2) and (5.6), a

diagonal argument provides us with a sequence (u;) = (Ug,p(e)) With x (ug) — x in LY(Q)
and satisfying lim sup, F;(u.) < .#(x), from which we finally deduce (5.1).

m}
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