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Abstract: We present an exponentially convergent numerical method to approximate the solution
of the Cauchy problem for the inhomogeneous fractional differential equation with an unbounded
operator coefficient and Caputo fractional derivative in time. The numerical method is based on the
newly obtained solution formula that consolidates the mild solution representations of sub-parabolic,
parabolic and sub-hyperbolic equations with sectorial operator coefficient A and non-zero initial
data. The involved integral operators are approximated using the sinc-quadrature formulas that
are tailored to the spectral parameters of A, fractional order « and the smoothness of the first initial
condition, as well as to the properties of the equation’s right-hand side f(t). The resulting method
possesses exponential convergence for positive sectorial A, any finite ¢, including t = 0 and the whole
range o € (0,2). It is suitable for a practically important case, when no knowledge of f(t) is available
outside the considered interval t € [0, T]. The algorithm of the method is capable of multi-level
parallelism. We provide numerical examples that confirm the theoretical error estimates.

Keywords: inhomogeneous Cauchy problem; Caputo fractional derivative; sub-parabolic problem;
sub-hyperbolic problem; mild solution; numerical method; contour integration; exponential convergence;
parallel algorithm

MSC: 34A08; 35R11; 34G10; 35R20; 65L05; 65]J08; 65]10

1. Problem Formulation and Introduction

In this paper, we consider a Cauchy problem for the following fractional order differ-
ential equation:

FutAu=f, te[oT] 1)

Here, df denotes the Caputo fractional derivative of order a with respect to ¢

1

Hult) =ty O/(t )Ty (5) ds,

where (") (s) is the usual integer order derivative, n = [«] is the smallest integer greater or
equal to w and I'(-) is Euler’s Gamma function. The operator 9§ provides a generalization of
the classical differential operator % = 9}. For non-integer a, the action of Caputo fractional
derivative is essentially nonlocal in time. In addition to that, the memory kernel from
df, & < 1 has a mild singularity at 0. These two facts have a profound impact on the
analytical and numerical properties of solutions to fractional differential Equation (1). If
« < 1, this equation is called sub-parabolic. Similarly, when « > 1, the equation is called
sub-hyperbolic. We direct the reader to [1] for a more concise introduction into the subject
of fractional derivatives and the theory of associated ordinary differential equations.
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The coefficient A in (1) is assumed to be a closed linear operator with the domain
D(A) dense in a Banach space X = X(| - ||, ©2) and the spectrum Sp(A) contained in the
following sectorial region X(ps, ¢s), that is commonly called a spectral angle:

Z(ps, @s) = {Z = Ps +Pei9 : p€0,0), 0] < (PS}- ()

The numbers p; > 0 and ¢s < 71/2 are called spectral parameters (characteristics) of A. In
addition to the assumptions on the location of spectrum, we suppose that the resolvent of
A: R(z,A) = (zI — A)~! satisfies the bound

Jor-ar] < 2 >

14|z
outside the sector £ and on its boundary I's. Following the established convention [2],
we will call such operators strongly positive. We accompany Equation (1) with the usual
initial condition

u(0) = ug, (4a)

for the solution and additional condition for its derivative, when 1 < a < 2:
u'(0) = uy. (4b)

The theory of fractional Cauchy problems for differential operators was developed
in the works [3-5]. The abstract setting, considered here, has been theoretically studied
in [6-8] for « € (0,1) then in [9] for & € [1,2) and, most recently, in [10]. In the current
work, we focus on the numerical evaluation of the mild solution to problem (1), (4) that is
given by the following result.

Theorem 1 ([10]). Let & € (0,2) and A be a sectorial operator with the domain D(A) and the
spectral parameters ps > 0, s < Zmin{1,a71}. If f € WY([0, T}, X) and up, u; € D(A),
then there exists a mild solution u(t) of problem (1), (4) that can be represented as follows:

t

w(t) = Su(t)ttg + Sua(t)tt1 + JuSa(t) F(0)+ / Sult — 8)Juf'(s)ds. 5)

0

Here, ], stands for the Riemann—Liouville integral

t
1 zx 1
Joolt) = gy [ (=) o(s)ds, ©)
0
the initial vector uy = 0 for « € (0,1] and S, p(t) is defined by
- "t a—pB 0 -1 >
Sap(t)x zm,i/e 2P+ A) xdz, B>1. (7)

with Sy (t) = S,,1(t) for short. The contour I is chosen in such a way that the integral in (7) is
convergent and the curve z*%, z € T is positively oriented with respect to —X(ps, @s ).

The bulk of the existing research is devoted to the particular cases of (1) when A
is specified as a strongly elliptic linear partial differential or, more generally, pseudo-
differential operator with the domain D(A) that is dense in X [4,11,12]. These cases also
include the fractional powers of elliptic operators are encompassed by the class of strongly
positive operators [13] considered in Theorem 1 and below. In this regard, the shape of
Sp(A) justifies the choice of the range (0, 2) for a, as a maximally possible for the considered
class of A (see [10] for a more detailed discussion).
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There exists a considerable body of work devoted to numerical methods for evolution
fractional differential equations (see [14—17] and the references therein). Philosophically,
it can be subdivided into methods that directly approximate the components of (1), or its
integral analogue, and those that make use of more elaborate solution approximations.
The methods from the first class are sequential in nature and have algebraic convergence
order that typically does not exceed 2, even for the multi-step methods [18], due to the
intrinsic fractional-kernel singularity [19]. In addition, at each time-step, these methods
need to query the entire solution history in order to evaluate 0} or J,, numerically. In the
consequence of that, they are computationally costly and memory constrained. Nonetheless,
the methods from this class are popular due to their simplicity [20], numerical stability [18]
and the ability to handle non-smooth initial data [21]. The second class of numerical
methods is represented by the works [22-26], to name a few. These methods are based
on the clever solution approximations that result in a time-stepping scheme requiring
only a small number of previous solution states for the next state evaluation. With some
exceptions (e.g., [25]), these methods are also O (h?).

Spectral methods from [27-30] deserve a separate mention. Although formally be-
longing to the second class, they make use of the exponentially convergent contour-based
propagator approximation, which permits to evaluate the transient component of the
solution to the linear problem without time-stepping. The authors of these works, how-
ever, do not apply it to (1), (4) directly. Instead, they consider a special proxy problem
o+ 1Ay = g where I* is a nonlocal operator equal to 9%, if & < 1, or to %, otherwise.
It was shown in [28], that the existing methodology for parabolic problems [31-33] can
be transferred to the mild solution of such proxy problem with all important numerical
features of the solution algorithms preserved, including uniform exponential convergence
fort € [0, T| and the capacity for multi-level parallelism. Despite being simple and efficient,
the proxy-problem idea has certain ramifications when applied to (1), (4). Firstly, there is no
easy way to incorporate the initial condition from (4b) into the proxy problem formulation,
so all existing works consider 1’(0) = 0. Secondly, the methods from [27-29,34] operating
on the Laplace transform image of the right-hand side g are prone to errors when the
original f from (1) is not given in the closed form. Hence, they are unsuitable for many
applications. Meanwhile, formula (5), which serves as a base for our numerical method,
does not require any additional knowledge about the right-hand side f € W'1([0, T], X)
beside the values f(0) and f'(t), t € [0, T]. In addition to that, the rigorous analysis
from [28,30] addresses a version of the proxy problem where 9, is a Riemann-Liouville
(RL) fractional derivative. Cauchy problems with RL derivative are simpler in the sense
of propagator representation [10], but they are compatible with (1), (4) only under some
additional assumptions.

It is fair to point out that the majority of the mentioned methods are designed to
handle the nonlinear fractional differential equation, more general than (1). With the view
of similar nonlinear extensions in mind, in this work we would like to prioritize those
properties of the solution method for (1), (4), which will make such extensions possible.
Let us for the moment assume that f = f(t,u). Then, representation (5) can be used as a
base for the sequential time-stepping scheme [35,36] or as the fine propagator in a more
parallelization-friendly ParaExp-type scheme [37]. In both cases, the method will be free
of the issues with approximating dfu in the vicinity of t = 0, provided that the proposed
approximation of (5) converges uniformly. Such application scheme also justifies the use
of a moderate in size final time T. If, more generally, we assume that Au = A(t,u), then
the problem in question can be reduced to (1), (4) using collocation [2,38] or a similar in
nature time-stepping scheme, inspired by [39]. In such scenario, A(t, 1) is approximated by
A(ty, uy) having spectral characteristics that may vary drastically with k (see Cahn-Hilliard
equation from [40], for instance), and the right-hand side in the form A(ty, ux) — A(t, u),
which makes sense only locally. Thus, the solution method should be able to reliably handle
operators with arbitrary spectral parameters and right-hand sides that are unknown a priori.
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Taking the aforementioned properties into account, below we devise an exponentially
convergent approximation for (5) by building upon a well-established technique [31,41-43]
that involves the application of a trapezoidal quadrature rule to the parametrized contour
integral from (7).

In Section 2, we study a question regarding the choice of the suitable integration con-
tour for such parametrization. The proposed time-independent hyperbolic contour I' = I';
is valid for the wide class of sectorial operators A with fixed ¢; < Fmin{1,47!} and
arbitrary p; > 0. The parameters of I'; are derived using the set of constraints that utilizes
all available analyticity of the propagator, and therefore, maximize theoretical convergence
speed of the sinc-quadrature applied to S,(t). Section 3 is devoted to the development
and justification of the numerical method. Using the moderate smoothness assumption
ug € D(A7), v > 0, in Section 3.2 we propose an exponentially convergent approximation
of Sy(t)ug, that does not degrade for small ¢ like the similar methods from [24,44]. Addi-
tionally, the approximation is numerically stable for sectorial operators with the spectrum
arbitrary close to the origin. This new result is made possible by extending the idea of re-
solvent correction, originally introduced for S;(t) in [31], to the class of abstract integrands
with a scalar-part singularity; see Lemma 1, below. In Sections 3.3 and 3.4, we apply the
developed approximation of S (#) to turn solution representation (5) into the exponentially
convergent numerical method. A priori error estimates given by Theorems 2 and 3 charac-
terize the method’s convergence in terms of the smoothness of ug, f'(t), values &, ¢s and
the size of T.

The implementation details are provided by Algorithms 1 and 2 which are capable of
multilevel parallelism: at the level of solution evaluation for each of the desired t’s; at the
level of evaluating resolvents for the set of different quadrature points z,, and at the level
of solving stationary problem that pertains to the resolvent evaluation for the fixed z;,.

Algorithm 1 Algorithm for computing the homogeneous part approximation i (t).

INPUT: a, ug, Uy, tg, @s, N,y

OUTPUT:  {il ()}
1: Ni:= N; Ny :=ayN;
2: Calculate ay, by and hy, hy by (15) and (29)
3: form = —Nj to N; do

4:  Solve (z(mhy)*I + A)v = uy
5. Fppy = z(mhy)* 1o — z(nihl) U
6: end for
7: for each f; do
~ h Ny
8 uN(h) i=ug+ gk YL 2 (mhy)e2MmEE
m=—Np
9: end for

10: if « > 1 then
11:  form = —N, to N, do

12: Solve (z(mhy)*I + A)v = uy
13: By = 2/ (mhy)z(mhy)* 20
14:  end for
15:  foreach t; do
. N . N o N z(mhy)ty
16: Uy (tk) = Uy (tk) + 55 Y e Fom
m:7N2
17:  end for
18: end if

19: return {u (t;)}
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Algorithm 2 Algorithm for computing the inhomogeneous part approximation ﬁiﬁ(t).

INPUT: a, f(t), te, @5, N, x

OUTPUT:  {u}(t)
1: Calculate ay, by and Nj, h, h; by (15) and (47), (48)
2: form = —N to N do

3:  Solve (z(mhy)*I+ A)v = f(0)

4 Fry = z(mhy)* 1o — m

5: end for

6 My := [Nomin{1,a}]; My := [Nomin{%ﬂﬂ
7: for each t; do

‘\‘ M=z

Z (mh)etklp(ého)z(mh) Fl,m)

M,
. N o ethy h
8: Mih(tk) = ﬁ“o)[ ZM Treloyart f(0) + 2mi N

(=— m

9: end for
10: for each t; do

11: My = [Nymin{1,a}]; My := [szin{l 1”

MZ mhy £/ m
2 (k) = AN+ z¢(zh1)¢“(£h1) L Sl Culgma))
m=—M;

13: end for
14: for each t; do

15 My := [Nsmin{1,a}]; My := [NS min{%,l}—‘
16:  form = —Nj3 to N3 do

Ny My ing 41 i
7 i D 9 (Chg? (thy)eh IO ) SRRl
j=—M

18: Solve (z (mhg,)"‘l + A)U = fu
19: Fy = z(mh3)* 1o — Wf
20:  end for
21: u%(tk) = “ﬁ]\(tk) + % . ZN Z/(mh3)F1,m

=—IN3
22: end for

23: return {i) (1)}

The mentioned numerical properties are experimentally verified in Examples 1 and 2,
for the homogeneous and inhomogeneous part of the solution, respectively. Both examples
consider the negative Laplacian with tunable spectral characteristics in place of A and
a conventional eigenfunction-based initial data. Such restriction on the form of initial
data permits us to evaluate the space component of solution explicitly, thus removing its
contribution to the overall error. The restriction is relaxed in Example 3, which is devoted to
the experimental analysis of a fully discretized numerical scheme based on the combination
of the developed method with a finite-difference stationary solver. In all three examples,
a stable numerical behavior of the approximated solution is observed for a € [0.1,1.9]
and T <5.

2. Contour of Integration

It is well known that the choice of integration contour I' in (7) is critical to the per-
formance of the numerical evaluation of operator function based on the contour integral
representation [31,33,43,45]. Judicious contour selection involves the analysis of the inter-
play between the shape of the integration contour, analytical properties of the parametrized
integrand and their impact on the performance of a quadrature rule that is used to evaluate
the resulting integral numerically. The authors of [2] showed that the hyperbolic contour
is the most convenient choice for the quadrature-based numerical evaluation of abstract
functions with sectorial operator argument. Below, we extend their analysis to the case of
fractional propagator S, (t).

Let us consider the following hyperbolic contour:

I';:z(8) =ag —ajcosh(¢) +ibrsinh(g), ¢ € (—o0,00), 8)



Mathematics 2023, 11, 2312

6 of 35

with the parameters ay, aj, by that are called shift, first and second semi-axes, respectively.
Admissible range of values for these parameters is determined from Theorem 1 that enforces
the integration contour I' = I'; to encircle the singularities of the integrand in (7) for g = 1, 2.
The integral is convergent for t > 0 if Rz({) — —oo (& — o0), because in such case the norm
of integrand on I' will decay faster than the exponential. This observation transforms into
the condition a; > 0 for the first semi-axis of hyperbola from (8). The condition b; > 0 for
the second semi-axis is induced by the orientation of z* (). We also have to make sure that
this curve does not intersect the spectrum of —A. It is worth noting that, for any ¢ € [0, 77|,
the function z* maps the sector X(0, ¢/«) into the sector (0, ¢). Such mappings can be
associated with the Dunford-Cauchy representation of the fractional powers of A [2,46].
They are often studied in the theory of fractional resolvent families [47] and associated
Cauchy problems [48].

For non-negative ay, b;, the hyperbolic contour I'; is contained within the region
X(ap — ay, ¢1) \ Z(ag, ¢1). Here, ¢; is the angle between positive real semi-axes and asymp-

totes of I'y: ag + peii"’l depicted in Figure 1b, i.e., tan ¢; = —Z—;.

; -
] I -7/
Figure 1. Schematic plot of the complex neighborhood D = D; of R where the parametrized
integrand F,(t, {) remains analytic and exponentially decaying for any ¢t € [0, T] (a) along with the
image of D under the mapping v — z(v) defined by I'; (b) and the region z*(v), v € Dy (c). The
“forbidden” regions of complex plane are indicated by “beige” color). (x = 1.3, ps = —71, ¢s = %).

Consequently, the pair of positive contour parameters aj, by is admissible if
z(&) € £(0, =)\ %(a, %), for some a > ag, i.e.,

o

. b
taI‘lM < _711 ag—ajy > 0. 9)
1 aj

Next, we move on to derive exact formulas for ag, a;, b;. Let us assume that the chosen
set of parameters satisfies (9). The substitution of z(¢) from (8) into (7) yields

[ee)

Sltyx =5 - [ Falt@)xde, Folt,) = @@= @E@1+4) Y, 0)

—00
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where z/(&) = —aj sinh(&) + ibj cosh(¢). The illustration provided by Figure 1 shows that
both scalar and operator parts of the parametrized integrand F,(t,¢), t € [0, T| remain
analytic when ¢ is extended into a certain complex neighborhood D of R. According to
the general theory of numerical integration [49], an accuracy of quadrature formula is
characterized by a norm of the error-term in the Hardy space H? (D) of functions, defined
on the domain D C C. The shape of D depends on the chosen type of quadrature. For the
reasons that are soon to be understood, we approximate integral (10) by the sinc-quadrature

formula [31,50]:
N

h
Sa(t)x = T k:Z_N Fu(t kh)x, (11)
with the discretization parameter N € N and the step-size h = h(N, F,). Then, D is formed
by an infinite horizontal strip D, of the half-height d:

Dj={ze€C:—co <Rz < 00,|Fz| < d}.

The detailed error analysis of (11) will be presented in Section 3.2. For now, it is
sufficient to say that the error of sinc-quadrature decays as O(e~™/") if the integrand
is exponentially decaying and belongs to H? (D) [50]. Thus, in order to achieve a faster
convergence rate of quadrature (11), we need to maximize the height of the strip D, where
F& remains analytic, by tuning the parameters of I';.

Let us consider the family of curves I'(v) = {ag — aj cosh (¢ + iv) + iby sinh (§ + iv) :
¢ € (—o0,00)}, which extends the definition of I'; = I'(0) to the arguments with nonzero
imaginary part v. Observe, that for a fixed v > 0, the curve I'(v) is also a hyperbola, albeit
with different semi-axes a(v), b(v):

I'(v) ={ap—a(v)coshé +ib(v)sinh¢: ¢ € (—oo,00)}, 12)
a(v) =ajcosv+bysinv, b(v) =bjcosv —ajsinv.
Hence, the mapping w — z(w) transforms D into the region of complex plane bounded
by two hyperbolas z(& + id), z({ — id), which will be denoted as I's and I, respectively.

We choose parameters ay, aj, by, so that I's has the vertex at zero and its asymptotes form

T—Qs
14

the angle ¢s = min {n, } with R4, as shown in Figure 1c. In addition, we require that
the asymptotes of I'c form the angle ¢, € [%, ¢>S) with R, which will be called a critical
angle; see Figure 1b. The above requirements for I';, I's, I'; are codified in the following

system of equations:

Rz(id) =0, ajcosd + brsind = ay,

—=b(d) =a(d) tarz‘l’s/d) & (arsind —bycosd = agtan ¢s,
e Sz(E—i ind-b cosd

tange = lim 57 Uineecsd = tangde

which is sufficient to ensure (9) and will lead to the maximal possible d, when ¢, = /2.
The system composed from the first two equations is linear with respect to aj, by; thus,

a; = ap(cosd + tan ¢s sind) = cozo(p cos (d — ¢s),
S
(13)
_ . . __% . o
by = ap(sind — cosd tan ¢s) cos o sin (d — ¢s).

As a consequence of that the left-hand side of the third equation is transformed as

arsind +bycosd  sin2d —tan¢scos2d  tan¢s — tan2d — tan (24 — ¢.)
bysind —ajcosd  —cos2d —tan¢ssin2d 1+ tangstan2d Ps)s
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which, after back-substitution, implies tan (24 — ¢s) = tan ¢.. Due to the constraints on d,
¢c, ps we are interested only in the following solution of the last equation:

d— %(4% + s — 7). (14)

For ¢ = /2, and an arbitrary fixed a9 > 0 we obtain
. T — Qs s 7T
= r (7 d — 5 T i
¢s = min {n A } 2 1
a9

) ¢s T _ (s T
cos¢scos(2+4>' br= cosgbssm<2+4)'

Here, a« € (0,2) is the order of fractional derivative from (1), ¢s is the spectral angle
parameter defined in (2) and a9 € R is given.

(15)

3. Numerical Method

To begin with the description of the numerical scheme, let us introduce some notation.
We rewrite Formula (5) in the form

u(t) = un(t) + uin ().

Here, uy(t) denotes the solution to the homogeneous part (f(t) = 0) of the given
problem (1), (4) and u;, (t) the solution to the inhomogeneous part (ug = u; = 0):

t

up(t) = Se1(t)uo + Sup(H)ur,  uin(t) = JaSa(t)f(0) + / Sa(t —s)Juf'(s)ds. (16)
0

3.1. Alternative Propagator Representation

We consider the representation of the solution to the homogeneous part uy, () first. In
the seminal paper [31], Gavrylyuk and Makarov showed that the numerical method for
S1(t) = e~ naively obtained from representation (7) is unsuitable for small values of
because its accuracy degrades when ¢ approaches 0. They traced back the root cause of
this behavior to the fact that the considered representation of e~ is, formally speaking,
divergentat t = 0, which result in the unremovable error of the quadrature-based numerical
method for such t. It turns out that propagator representation (7) poses the same adverse
feature for any fractional a. One could learn more about its impact on a numerical solution
of (1) by analyzing the results of the works [24,44].

In order to get around the divergence issue, we propose an alternative formula for
Sx1(t), constructed in the vein of [31,51]. It is based on the following proposition, which
can be regarded as a generalization of Lemma 3.3 from [28].

Proposition 1. Let A be the sectorial operator satisfying the conditions of Theorem 1. If
x € D(A"™7) and z* ¢ Sp(A) U{0}, then for any v > 0

_ KO+ M)A 7x]
= T )

(17)

1 o Aky
k

X

tX—ﬁ O(I_A—l -
z"7P(z ) x = B

with some constant K > 0 and M defined by (3).
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-1
Proof. The function z*R(z%) = (I — Z%) remains analytic and bounded for any z* &

Sp(A) U {0}, so its Neumann series converges unconditionally. Therefore,
1o Ak 1 ANTD 1o oak

=B/ a7 _ -1_ = a0 - _ = i
ZP(" 1= A) B k;) Lk B (I Za) B kg)zak

1 (& Ak oAk 1 ANTh AamH
ﬁ<2ﬂ“i%wﬂw'ﬁo_ﬂ>ZWM>

k=0 k=
1

- | 1= 4| = gl -t

the last transformation is justified by the fact that R(z, A) and A'~7 commutes. Target
estimate (17) follows directly from the above formula, after we apply inequality (2.30)
from [2] withz = z%. O

It is worth noting that, if the argument x posses certain spatial regularity x € D(A7),
v > 0, estimate (17) guarantees a faster decay of the corrected term’s norm ||z%~F(z*] +
A)~lx — z7Px|| < C|z| P77, as z — oo, when compared to the norm of the original term
in (10) bounded by [|z*#(z*1 + A)~!|| < C|z|7F,C > 0.

The next result defines an improper integral representation for the components of
up (t) from (16) and shows the way in which the aforementioned correction is incorporated
into the formula for S, (t).

Lemma 1. Assume that the given A and w satisfy the conditions of Theorem 1. For any ug € D(AY),
v > 0and uy € X the operator functions S, (t)1g, Se2(t)u1 admit the following representation:

o

Su(t)uo = Zim / O Fy 1 (8)uo dE + up,
o (18)
aﬂ@—f@(ﬂ*@@W+m*—de,
_ i 2(&)
sﬂmm_zmée 'Faa(@)u1 42, )

Fup() = 2'(0)2"2(6) (=" I+ A) 7,

where z(§) = ag — aycosh({) + ibysinh(¢), & € (—o0,00) and ay, ay, by are specified by (15).
Moreover, for arbitrary finite t > 0 integrals in (18) and (19) are uniformly convergent.

Proof. Assume I is a contour fulfilling the conditions of Theorem 1. Due to the estimate

[Sa,p(t)x]| < Ce™ [; l‘i‘a‘z_'i dz from [10], the integral representation of operator function

Su2(t) is uniformly convergent for any bounded non-negative t. Formula (19) is obtained

as a result of the parametrization of (7) on the contour I'; defined by (8). In order to

prove (18), we apply the identity 5 [ e /zdz = Reg ¢“!/z = 1to rewrite (7) with f = 1 in
r =

the following manner:

zt

1 e
Salt)itg = Saa (Do — 5~ [ Suodz+ 1o

T
1 (20)

1
zt a—1/ -1
= — I+ A — =1 d .
27_[1,/@ (z (2" I+ A) . >u0 z 4+ up
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Proposition 1 and the inequality |e?| < max {e®(?)!,1},t € [0, T], T > 0 guarantee that the
last integral converges uniformly, so we are permitted to parameterize it on the contour
I' = I'; defined by (8). This yields representation (18). O

Lemma 1 is essential for all remaining analysis. Unlike (7) or (10), the new representa-
tion of S, 1(t) by formula (18) remains convergent at = 0. For that matter, it can be used as
vehicle for the uniformly convergent numerical method. We shall use the term “corrected
propagator representation” as a reference to (18).

3.2. Propagator Approximation

As we can see from Lemma 1, the task of approximating the homogeneous part uy, (t) of
the mild solution to (1), (4), defined by (16), is reduced to the task of numerically evaluating
improper integrals (18) and (19). In this part, we describe how this is achieved using
the trapezoidal quadrature rule. Then, we proceed to study the accuracy of the obtained
approximation using the theory of sinc-quadrature [50] along with its generalizations to
propagator approximations [31]. In what follows, symbols S’ i\] /s(t) are used to denote the

operators that approximate S, g(t). For some i > 0and N € N, let

h Y s h Y
:SVIIX\{] (t)x1 - E Z fa,](t,kh) + X1, 5012{2(15))(2 - Tm Z ‘7:0(,2(t/ kh), (21)
k=—N k=—N

Fup(t,8) =@, 5(&)xg, =12 x €D(AY), xmeX.
The functions Fy 2($), Fx2($), z(¢) and the parameter 1y in the above formulas for propagator
approximations have the meaning prescribed by Lemma 1. Similarly to S, (t), we use Sy (¢)
to denote 52{1 (t), where appropriate in the sequel. Recall that I'; is symmetric with respect

to the real axis; hence, one can further reduce the number of summands in (21) using the
following argument [2].

Remark 1. If the operator A is defined in such a way that R(z, A) + R(z, A) = 2R(Rz, A), for
any z € C\ Sp(A) and xg is defined over the field of real numbers, then

BN hi1 N
Y Fuplt,kh) = p (2@,,3(1%,0) + 3%{ ) ]:,X,ﬁ(t,kh)}>,

2t =y k=1

and the number of resolvent evaluations for SE\] ﬁ(t) in Formula (21) can be reduced from 2N + 1
to N +1.

The error of (21) admits the following decomposition:

15,8(£)xp = Sap (D]l = [1Su,p(t)xp — S (£)xp + Sep()xp — Ser () x|

1|7 o L
<o / Fopt0)de—h Y. Fuplt, )|+ - || ¥ Fup(tkh),
— k=—co |k|>N
where || - || is the norm of X, as before. This two-term representation of the error is common

in the analysis of the accuracy of sinc-quadrature (see Section 3.2 in [50]). The contribution
from the first term is responsible for the replacement of integrals of F, 4(t,¢) from (18)
and (19) by the infinite series §§¢o,5(t) of discrete function values F, g(t,kh). As such, it is
commonly called the discretization error. To determine the value of /1, one needs to balance
it with the contribution from a so-called truncation-error term, that comes second in the
formula above.
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Let H'(D;) be a family of all functions F : C — X, which are analytic in the strip Dy,
equipped with the norm

|Fllss o,y =tim [ IF )14z,
9Dy (€)

where D;(e) = {z € C: |Re(z)| < 1/¢, |Im(z)| < d(1 —€)} and 0D,4(€) is the boundary
of D;(e). The truncation errors of (21) satisfy the estimate [31,50]:

‘ S

Thus, in order to bound the truncation error, one needs to obtain estimates for the H' (D)
norms of the functions 7, g(t,z), B = 1,2. These are provided by the next lemma.

mtd/h
ap(t) — H < ana,ﬁ(t/')nﬂlmd)-

(22)

Lemma 2. Let A be a sectorial operator satisfying the conditions of Theorem 1. For any t > 0,
€(0,2), x1 € D(A7), x € X, v > 0 and arbitrary small 6 > 0

1Fa1(t )t (p, ) < Can(r,8)e™ A 2],

(23)
1Fa2(t Mo, ) < Canlr8)e™|x],
with constants Ciﬁ(’y,é) = Cop(7,0 —d) +Cyp(y,d—6)and
Kib(v
sz,l(')’fV) = ! ( ) Y ’
ay(a(v) —ag)rg (v) 28
b(v) (t*(v) + (a(v) — a0)*)"”*
CD(,Z(’)/I V) - K2 2 7
(a(v) — ag)*ro(v)
that are independent of t. Here, K1, Ky > 0 and ro(v) = inf r(,v),
r(&v) = 1 + | P*(v) tanh? & + (a(v) — 2\ (25)
’ cosh® ¢ cosh & '

Proof. To estimate the norms | Fys(t, )|l (p, ), B = 1,2 we start from (21), split out
1

the scalar part in each norm and use bounds (17), (3) for the operator-dependent parts,
correspondingly. As a result, we obtain

. (14 M)K
1Fea (18151 < |9 @) i T ey

O/ )|Z o 2M||Xz||
(1+1z(&) %)

@)ty

[AY 2,

[ Fa2(t, §)x[| <

When the variable ¢ is extended from the real line into the strip, the integration
hyperbola z(&), adopted here from Lemma 1, transforms into the parametric family of
hyperbolas I'(v) = {z(E+iv) : § € (—oo,00)}, v € [—d,d]. Letw = ¢ +iv € Dy_ for
some 4 > 0, then

a(v)sinhg —ib(v) coshg | \/ﬂZ(V) tanh” & 4 b%(v)
a(v)cosh& —ag —ib(v)sinh &| \/bz(v) kg + (a(v) - ﬂio)z
cosh ¢

7
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with a(v), b(v) are defined by (12). Consider the function #; (s, by) = %, with
some by independent of s. The derivative of this function with respect to s

2s(a*(v) —a(v)bo — b*(v)) (a*(v) — a(v)bo + b*(v))
(b?(v)s? + (a(v) — bo)?)?

25((a*(v) —a(v)b)® — b*(v))

(b2(v)s* + (ﬂ(V) —bo)?)?

determines the behavior of #; (s, by) for the values of by that belong to the interval (0, a9),

induced by the identity 11 (tanh g, coshg) _ ZZ/((W))

sign of a%(v) — a(v)bg)? — b*(v) < a*(v) — b*(v) = —agw. Therefore, for any

11 (s, bo) =

. The sign of 7} (s, by) is equal to the

cos?(¢s)
bg, the maximum of 71 (s, by) is attained at s = 0, whence
/
fe) M b
(@) oy )
({1(1/) B cosh@)
The norm ||F, 1 (¢, w)x| can be further estimated as
' 1+ M)K
< Rz(w)t z (w) ( 0%
”fa,l(t/w)H >e€ ( 1+|Z )|a)7HA X1||

(ag—a(v) cosh )t
B (5)(1/)00 ?1+ |z(w)[*) L+ MK| AT
b(V) (1 —‘rM)K@ ag—a(v) cosh &)t
a(v) — (r(&,v) cosh® &)7
1+M) b(v)2T
= (a(v) —ag)r7(¢,v)

Here, r(&,v) is a strictly positive bounded function that is defined by the equality 1 +
|z(w)|* = r(&,v) cosh® &. Solving it for r(, v) gives us (25).
Now, we turn our attention to ||, 2(t, w)x||. Let us consider a function #,(s, by) =

e )S(ZJ)F (2 J(rb)z (Vb) oS € [0,1]. Similarly to #1(&), this function satisfies the identity

12 (tanhg CoshC) coshzé =

(26)

[ AT x|

ag—a(v) cosh§)t—ay|g| | A xq]|.

. By inspecting the derivative

2s((a2(v) — a(v)by)? — 2b*(v) — a®(v)b? (v)s?)
(b*(v)s? + (a(v) — bo)?)?

we learn that its sign is also determined by a sign of the numerator with only one real

ﬂé (S, bO) =

root s = 0. Two other roots of 17&(5, byp) are non-real because the quadratic function
(a®(v) —a(v)bg)? — 2b*(v) — a®(v)b*(v)s? < (a*(v) — a(v)by)? — 2b*(v) < 2a*(v) — 2b*(v)
is negative for any s. Whence, we obtain ;;((Z)) < cosh( @)b(sg)—aoﬂ and

|Z |0¢ 2 Rz(w)t

[ Fap(tw)| < M|z (w |WHX2H

z’(w) |z(w)|"‘g(a0*a(v)cosh§)t
zz(w) 1+ |z(w)]* [[x2]l
«/2 (ag—a(v
< Mb(V) (bz(v ) — ao)z) elao—a(v) cosh )t sz”
(a(v) — ao) (coshg)l « 1+ |z(w)]*
b(v)(1*(v) v) —ag) )a/z e
< 2w ) e Jxal.
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The obtained estimates for ||]-',X,/;(t, w)||, B = 1,2 demonstrate that these norms are
exponentially decaying for any t > 0 as { — co. Consequently, the integral terms from
H}",x,ﬁ(t, w) HHl(Dd) over the vertical parts of dD,;_;(€) vanish in the limit e — 0 and we end

up with the following expression:

|| Fa,ﬁ(t")HHl(Ddﬂs) = /||Fa,ﬁ<tr€+i(5_d)>” + ||‘F“rﬁ(t/€_i<d_5))”d‘:-

After estimating the last integral using the bounds obtained above, we remove the de-
pendence of the integrands on (&, v) by bounding its value from below with a positive
function ro(v) < r(¢, v) and, subsequently, evaluate the obtained integrals explicitly. This
yields the pair of objective estimates from (23), with constants K; = (1 + M)K2*7*! and
Ky = 4M. The lemma is proved. [

Observe that the appearance of a7y in C, 1 (1, v) from (24) forces the discretization error
of Spx1, x1 € D(AY) to become unbounded in the limit y — 0.

Lemma 3. Assume that A and « satisfy the conditions of Theorem 1. Then, for any t > 0,
x1 € D(AY), x5 € X, v > 0 the truncation error of (2N + 1)-term approximations (21) with the
step-size h > O satisfies the estimate

h hCy1(7,0) e! ¥ Cy1(7,0) et 5
|| LT ()| £ 2™y g 140l < S50 AT
>
h KCaa(,0) _ent Cun(7,0) e
E |k‘2N.7:a,2(t/kh) S 7_[(1 — e—h) e(N+1)h ||X2 S = eNh HX2H,
>

where Cy (7, v) are defined by (24).

The proof of this Lemma relies on the established estimates for H}'“//g(t, w) H and is analo-
gous to the proof of the respective part in Theorem 3.1.7 from [50]. For brevity, we omit
it here.

We finally have all the necessary tools in place to proceed to an a priori accuracy
estimate of the constructed numerical evaluation formulas (21) for propagators of (1), (4).

Theorem 2. Let A be a sectorial operator with the domain D(A) and the spectrum Sp(A) C
X(0s,9s), ps > 0, ¢s < 1/2. Then, for any « € (0,2), x; € D(A7), xp € X, ¢ > 0, such
that agps < %,y € (0,1) and t € [0, T|, the sinc-quadrature-based approximations Si\{l(t)xl,

§IIX‘,’2(t)x2 converge to the values of the corresponding operator functions Sy (t)x1, Sy 2(t)xo at the

rate O(e’cm), c > 0,as N — co. Moreover, the following error bounds are valid

‘ Sa(t)x — §§{1(t)x1‘) < Crexp (—c\/wTN)eaotnAvle, 27)
‘ Swa(t)x — Syz(t)sz < Crexp (—C\/N)e”‘]tﬂxz”, (28)

with c = /2mtd, provided that the step-size in (21) is given by hy and hy, accordingly,

27td 27d
hl—\/m, hz_\/W' (29)

Here,d = #5977 ¢ = min{m, %} and ¢, € (£, %], ao are given. The constants Cp
from (27) and (28) are independent of t, N.
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Proof. To obtain error bounds for the approximants §£:j prwe depart from the previously
established decomposition

1S0,8(1)xp — Sep(Dxpll < [1Sup(t)xp — Saop()xpll + 1S5 (H)xp — Sarg () xgll,
and then use the results of Lemmas 2 and 3 to estimate the right-hand sides. This tran-

scribes into

_nd
e || Fap(t )Ml ;) Cap(y,0)e®||ATx |
2sinh 24 rtoye* Nk

td

R Ca1(7,0)
< aot Ci ,(5 € w,1 ’ Ary
= <“’1(7 )ZSinh%d—'—mx'yeMNh 1471l

+
< aot COCa,l(’Y’(S) Call(’)/,O) AT
Se€ o mtd + ayNh H X1H,
25 Tye

1w (t)2r = S (B)r || <

and
_omd  C ,0
ISalt)re - ol < e (02 + 20D Y,

with ¢g = (1 —exp Zhid)*l. Having the aim of balancing the order of error contributions

from each term inside the brackets, we make two involving exponential functions asymp-
totically equal as N — co. This yields two independent equations

2mtd 2mtd
T = lX’)/Nh, T = Nh,

with the solutions described by (29). After that, we substitute these expressions into the

previously established error estimates to obtain the following bounds:

ISty — SNy (Dl < (€ (7,6) + Cour(,0) ) e VI | 47

[Saa(t)x2 — SNa(t)xal] < (0G5 (7,6) + Cua(7,0) )e'e™ VTN 3y

which are reduced to (27) and (28) after denoting C; = COC;Sl (7,6) + Cp1(7,0),
Ca = c0Cyy(7,6) + Ca2(7,0). O
It follows from (27) and (28), that the value of parameter 4y can be used to control the

error contribution of the factor e®’. Throughout the rest of this work, we set ag = 71/6 to
make this factor reasonably bounded: et < 57/6 < 14,

3.3. Numerical Scheme for Homogeneous Part of Solution

We approximate the homogeneous part uy, (t) of the solution to (1), (4) defined by (16)
using the numerical methods for propagators approximation constructed in Section 3.2.
Then, for every fixed N > 0, the approximation i) () to uy,(t) is defined as

i (1) = SN (Hug + Sp3 (H)uy. (30)

The error of i} (t) is characterized by the following corollary, which is an immediate
consequence of Theorem 2.
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Corollary 1. Assume that the operator A, initial values 1, uy and the fractional order a satisfy the
conditions of Theorem 2 with x1 = ug, xp = uy. For any given N € N, the approximate solution
ul (t), defined by (30) with Ny = N, N, = ayN, converges to the homogeneous solution uy(t)
of (1), (4) and the following error bound is valid:

Huh(t) — N (t) H < C,exp (—chx’yN)eaotHA“Vxl Il (31)
The constant C,, is dependent on A, ug, and independent of t, N.

It is important to note that the smoothness assumptions for 1, enforced by Corollary 1
and Theorem 2, are compatible with the similar assumptions made in [2,51] for the Cauchy
problem with the integer order derivative. For a more concise discussion on the impact of
the initial data smoothness on the properties of solution to problem (1), (4) we direct the
reader to [21].

To compute the approximation ﬁﬁ] (), we suggest to use Algorithm 1 provided below.

In this algorithm, the evaluation of each propagator SNAI:]Z, B = 1,2 is decoupled into

two cycles. The first cycle is responsible for the evaluation of resolvents (z(mhy)*I + A)~!
at the quadrature points of I';. This amounts to the solution of 2Np + 1 linear equations that
are all mutually independent and hence can be solved in parallel. If A is the discretization of
a certain partial differential operator, every resolvent equation from line 4 of the algorithm is
actually a system of linear equations. When this is the case, one can leverage additional level
of parallelism here, as long as the size and the solution method of the resolvent equation
warrant that and the computing environment permits such possibility. Furthermore, the
total number of resolvent evaluations in Algorithm 1 can be reduced all the way down to
Ni + Np + 2 if the initial data and A satisfy the conditions from Remark 1.

Given the solution of resolvent equations obtained in the first cycle of Algorithm 1, the
second cycle computes the resulting propagator approximation. As we can see from line 8
of Algorithm 1, for every fixed t = t; this step amounts to calculating the weighted sum
of resolvents. Hence, its computation is apparently independent of the computed values
of solution at different times and can be performed simultaneously. Such feature of the
method alone results in the substantial computational advantage over existing sequential
time-discretization methods [15,23,26,52], because the average computation cost per ﬁ{:’ (tr)
forany k € {1,...,K} is independent on the value of t; € [0, T] and, unlike in the case of a
sequential method, this cost goes down when K grows. Even in the worst-case scenario of
K =1, t << 1, our method should still remain competitive with the mentioned sequential
methods due to its parallelization capability and the uniform exponential convergence. We
postpone a more detailed comparison with existing methods until Example 3, where a fully
discretized problem is considered. It is important to point out that the described multi-level
parallel evaluation strategy is well suited for the multi-node computing architectures, with
each node containing the combination of a central processing unit and multiple hardware
accelerators, which are ubiquitous nowadays.

For certain realizations of A (c.f. [27]) and large values of N, the resolvent evaluation
steps of Algorithm 1 may lead to the numerical instability when |z| is large. This problem
can be alleviated by modifying lines 4-5 and 12-13 as described by Equation (2.18) from [28].
Another noticeable feature of the above algorithm is its use of the resolvent evaluations with
the complex arguments. This may require additional attention from the implementation
point of view if the resolvent is evaluated numerically, for instance using the finite element
method software that does not support complex arithmetic. Alternatively, one could deal
with the complex resolvent arguments by redefining A via the embedding of its domain
into the real space of higher dimensionality. This is always possible, since the resolvent
equations from lines 4 and 12 of the algorithm are linear in z. Such modifications are
unnecessary for the numerical experiments conducted below; hence, we do not incorporate
them into the algorithms for simplicity.
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Example 1. Let us consider the standard example problem in which A is a one-dimensional
Laplacian accompanied by the Dirichlet boundary conditions on [0, L|:

2

Au = Vu € D(A),

—a@u,
D(A) = {u(x) € H*(0,L) :  u(0) = u(L) = 0},

(32)

where a > 0 is some predefined constant. The initial values g, 1y are chosen to be the eigenfunctions
of the operator A with indices ko, k1, correspondingly:

7rk1x

ug = sin ﬂlzox’ 1] = sin (33)

The exact solution of fractional Cauchy problem (1), (4) with such A, ug, u1 and f(t) = 0 can be
represented as follows (see Section 1.3 in [9]):

mtkox ki x

u(t,x) = Ey1(—A(ko)t") sin + H(a —1)Ey2(—A(ky)t*) sin

Here, Ey5(z) = kgo 1”(0;7:-/5) is the Mittag—Leffler function, A(k) = af—jkz, k = ko, ky are the
eigenvalues of A and H(-) is the Heaviside function, which is added to make the above solution
formula valid for all « € (0,2).

It is easy to verify that for any z € C \ Sp(A) and k € N, the resolvent R(z*, — A) sin 7kx

admits the following representation

mtkx 1 . Ttkx
Sin

. 7Tkx_ 1 .. o TIRX
R(z,fA)smT—(zlJrA) sin — BEESY() T

Hence, all the resolvent evaluations in Algorithm 1 for such ug, uy can be conducted explicitly. This
allows us to focus on analyzing the error contribution from the numerical method for uy (t), given
by (30), in the absence of the error associated with the discretization of spatial operator A. The
results, presented below, were obtained using the reference implementation (the code is available at
https://github.com/DmytroSytnyk/FCP2023 (accessed on 1 May 2023)) of Algorithm 1 developed in
Matlab. The standard double precision IEEE 754 arithmetic (and its extension to complex numbers)
is used for computations everywhere in this and other examples. The evaluation of E, g(z) was
performed via the contour method from [53], using the accompanied Matlab implementation. The
interested reader may also consider alternative methods from [54,55].

The behavior of the exact solution u(t,x) for the simplest case ¢ = 1, L = 1 is shown in
Figure 2, where it is plotted as a function of time for different values of « at x = 0.5. In the
sub-parabolic case &« < 1, the solution remains positive for positive uy and it is monotonously
decaying toward zero as t — T. More specifically, for small a (see graphs for « = 0.1,0.3 in the left
plot of Figure 2), |u(t)| has a fast initial decay which tends to be getting slower as t progresses. This
effect becomes less noticeable as a goes toward 1, at which point u(t,x) = Ey1(—7?t) sin mx =
et sin 7rx. In the sub-hyperbolic case & > 1 (see the right plot of Figure 2), the solution exhibits
more complex behavior. It is akin to the damped oscillations with the initial amplitude equal to ug
(Ex2(0) = 0 by definition) and the amount of damping that decays as « approaches 2.
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Figure 2. Exact solution u(t,0.5) of problem (1), (4) with f(¢) = 0 and A, 1, u; defined by (32), (33)
(L=1,kg=1,k; =4,a =1): (a) the case« = 0.1,0.3,0.5,0.7,1; (b) the case « = 1,1.2,1.5,1.7,1.9.

To quantify the error of the numerical solution to Cauchy problem (1), (4), (32), (33), calculated
using Algorithm 1, we define

, errp, = sup [|En(t)
te[0,T]

[

En(t,x) = 'u(t,x) —uN(t,x)

The behavior of &, (t, x) as a function of t for fixed x = 0.5, L =1, ky =1,k =4,a =1,
¢s = /60, v = 1 and different values of a, N is illustrated in Figure 3, using a semi-logarithmic
scale for the plots. All graphs clearly illustrate the decay of & (t, x) on the whole time interval as N
increases. In the consequence of Theorem 2, the error &y (t, x) also depends on how much fractional
order w deviates from 1. For « < 1, this happens due to the direct presence of a in error bound (27)
as a factor. For o > 1, this is explained by the contribution of « to the factor c = /2mtd, from the
same error bound, via d = W

Aside of that, for & < 1, we witness a sharp drop of &,(t,x) in the vicinity t = 0 (see
Figure 3a—c), which does not seem to be predicted by the error bound. This behavior is attributed
to the rather pessimistic estimate |e*(©)t| < eldo—a(v)coshO)t < eaot wyhich was used to account for
the contribution of the t-dependent term into both truncation and discretization errors of 501(\]1 (t)up
(see the proof of Lemmas 2 and 3 above). Similar phenomenon was observed in [28], where a related
fractional problem was considered. The influence of factor e became more evident for larger t, as
seen from the graphs of Figure 3d—f For fixed N, the amplitude of error oscillations increases when
t approaches 5 but remains approximately equal x-wise (visually larger amplitude oscillations for
smaller o in Figure 3 are caused by the semi-log nature of the plots). This observation supports the
theoretical claim from Theorem 2 that the growth of & (t, x) in time is not influenced by w or d.

In order to analyze the error dependency on the position of Sp(A), we evaluate the sup-norm
error erry, (N) for several values of diffusivity constant a = 107, 0.1, 1,10 from (32), and a range

of a values (see Figure 4). The magnitude of the quantity ps = isan) Rz = an? corresponding
z€Sp

to a = 1075 in Figure 4a is characteristic for problems with a singularly perturbed A [56] and,
in particular, advection (convection)-dominated flows [57]. Our prior experiments suggest that
existing numerical methods [28,31,41,42], with the integration contour which lies entirely in the
same half-plane as Sp(A), face certain difficulties in handling problems with such small ps. Those
are caused by the implicit rescaling of z({) needed to fit z(D,) between Sp(A) and the origin.
In contrast, the current method does not experience any accuracy degradation related to ps — 0,
because the integration contour I'y encircles Sp(A) U 0. In fact, Figure 4 shows that the sup-norm
error decays exponentially with the order proportional to /aN as prescribed by (31), for all analyzed
values of a. The convergence results of our method for & < 1 are similar to those obtained in [29] for
the specific case of (1), when A comes from the viscoelastic beam model.
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Figure 3. Error & (,0.5) of the approximate solution ﬁﬁ[ to problem (1), (4) with f(t) =0, A, ug, 1
being defined by (32), 33) and L =1, kg = 1, ky = 4, a = 1. Graphs from the top row of subplots
correspond to « = 0.1,0.3,0.5,0.7,1 and (a) N = 32; (b) N = 64 (c); N = 128. Graphs from the bottom
row of plots correspond tox =1,1.2,1.5,1.7,1.9 and (d) N = 32; (e) N = 64; (f) N = 128.
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Figure 4. Sup-norm error erry, of the approximate solution ﬁﬁj to problem (1), (4) with f(t) =0, 4,

ug, 11 being defined by (32), (33) and L =1, kg = 1, k; = 4. Graphs from sublots correspond to the

different values of diffusivity constant: (a)a = 1 x 1072; (b) a = 0.1; (¢) a = 1; (d) a = 10;
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3.4. Numerical Scheme for the Inhomogeneous Part

In this part, we apply the propagator approximation method from Section 3.2 to obtain
an efficient numerical algorithm for the inhomogeneous part u;, (f) of the mild solution
to (1), (4), defined by (16). This formula combines the action of S,(t) on a certain vector
from X with the subsequent action of the integral operator. The numerical evaluation of
such composition amounts to the reevaluation of S, (s) at each quadrature point {Sk}szlr
needed to approximate the outer integral. As we have learned from the properties of
the numerical method developed in Section 3.2, this is not a problem for the first term of
u;n (), where the argument f(0) is fixed, because only 2N + 1 parallel resolvent evaluations
are needed. For the second term, however, the numerical evaluation of Sy (t —s)J.f’(s)
for every new value of t requires the reevaluation of resolvents for the entire set of new
quadrature points on I';. This leads to the solution of up to (2N + 1)K additional stationary
problems and may require additional storage and inter-process communication, when the
parallel computing model is used for evaluation.

To reduce the number of required resolvent evaluations, we take advantage of the fact
that the operator-dependent part of S, (t) in representation (18) is itself a linear operator on
X; hence, it can be interchanged with the integral operator acting in ¢ only

o

Sa(t—38)Jaf'(s)ds = /% /e 2=8) 2812 4+ AY Vo f' (s) dz ds
) .

r

o / (T A L) ) g 1)

t

ds+1l/<"‘ (2" I+ A)” —I)/etsjf ) ds dz.
T

0

/
[

Here, we used formula (20) under the assumption that J, f '(s) € D(A7), v > 0 and, then,
relied upon the uniform convergence of the corrected representation of S, (tf —s) with
respect to s € [0,f], that had been established earlier. As we can see from the newly
obtained representation, now the evaluation of the time-dependent part is performed in
the resolvent’s argument. This reduces the number of parallel resolvent evaluations per ¢
to 2N + 1 for this term. The last representation permits us to rewrite the inhomogeneous
part of solution u;, (t) in the form

t

in (1) = JaSa(t) +/],xf ds+—/a1 )/ez(g)(t’s)]af'(s)dsdg. (34)
“eo 0

Next, we address another ingredient essential to the numerical evaluation of (34),
which is an efficient quadrature method for the Riemann-Liouville integral J,v(t) defined
by (6). While evaluating this integral numerically, it is important to select the quadrature
rule that, on the one hand, can handle the endpoint singularity appearing in the inte-
grand when « < 1 and, on the other hand, is able to provide exponentially convergent
approximation. Among existing quadrature rules, only sinc-quadrature on a finite interval
satisfies two mentioned properties simultaneously (see [50]). We construct a version of
such quadrature rule by transforming J, into the integral over (—oo, ) and then applying
the chosen sinc-quadrature formula. Let s = te? /(1 + ¢F), then

]v(t)_il /Dot— te? lx_lv te? ds = i 7 e v te? d
T Tw) 1+eP 1+er )7 T@) ) @reryri®\15er )
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The reader may note that the singularity (¢ — s)*~! from original definition (6) of J,v(t) is
no longer present in the last integral and the new kernel of J,v() decays exponentially as
p — oo. More precisely, there exist a constant ¢ > 0, such that

e? _p o ap —(atl) e *?, p>0,
= x x <
AT et (e T 4e +1) < C{e”, p<0. (35)

Our intent here is to approximate J,v(t) by the time-dependent operator [Nv(t), that
takes into account the difference in a speed of kernel’s decay as p — +oo, illustrated by the
above bound. To introduce the approximation JNv(t) properly, let us to recall the following
definition [50] (Definition 3.1.5). The function f is said to belong to the class L, (D) if it is
analytic in Dy and there exist a constant ¢ > 0 such that for all z € D;:

sl
(1+ |ez])att”

lo(z)] <¢
The constants a,b > 0 will be referred to as the decay orders (or the decay order if a = b).

Proposition 2. Assume that the function v: [0,T| — X is bounded ||v(t)|| < oo, for any
t € [0, T. If v(z) admits analytic extension to the “eye-shaped” region

z
arg (T—z) ‘ < d}, (36)

Dﬁ—{ZE(C:

for some d € (0, 71/2), then the operator

. e [6N] ekh tekh
le U(t) = mk Z{N_‘ (1+ekh>a+lv<1+ekh>’ (37)
=—e

with N € N, e = min{1,a}, 6 = min{ %, 1} and h = 4/ %, defines the convergent approxima-
tion to

oo e foP
Jol®) = 773 / (1 —l—eP)l’H‘lU(l +ep) ap- (8)

Moreover, forall t € [0, T]

Juo(t) = oo ()| < FC(’:‘)Q—M’ o

where the constant C > 0 is independent of N and t.

Proof. When t = T, the function te*/(1 + ¢*) maps the infinite horizontal strip D; of
half-height d into the “eye-shaped” region Dﬁ (see [50] (Example 1.7.5)) around the interval
[0, T]. For smaller values of ¢, it maps D, into the region tD2 = {z e€C:zT/te Dﬁ }, which
is a proper subset of D? as long as t < T. Consequently, if the assumptions regarding
v(z) are fulfilled, the integrand from (38) belongs to the class of functions L, , (D) for any
t € (0, T]. Then, the results regarding the convergence of (37) to (38), as well as the form
of (37) itself, and the error estimate stated in (39) follow from Theorem 4.2.6 of [50]. [

Remark 2. The results of Proposition 2 remain valid if, instead of the boundedness of v(z), we
assume that the integrand from (38) belongs to the class L, ,(Dy). In such case, the parameters €, 6
from (37) should be determined by € = min{a,b}/a, § = max{a, b}/b.
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The presence of factor * in error estimate (39) makes it possible to use fewer terms
in (37) as t decreases, if the end goal is to reach the prescribed accuracy uniformly in t.
Let us assume that the desired accuracy is achieved for some f( by setting N = Ny, then
fort € (0,t9):
pp—V2rdeN t{j‘e‘m.

After solving this equation for N, we obtain

B aln (t/t0)\?
N(t) = (m 2oL ) . (40)

Formula (40) becomes instrumental in the situation wherein one needs to numerically
evaluate JNo(t) for a range of t-values. This is the case of the inhomogeneous part of
solution representation given by (34), whose terms contain the integrals of [, f'(s).

Before addressing the question on how to numerically evaluate (34), we would like
to consider a prerequisite problem on how to quantify the contribution of the error in the
argument v(t) of [Nv(t) to the overall error of approximation to J,v(t).

Corollary 2. Assume that functions v, U satisfy the assumptions of Proposition 2. If ||v(t) —
3(t)|| < s, forall t € [0, T), then the error of approximation JN(t), satisfies the bound

N Ct* _amaen , t(a+1)
Juv(t) = Jo U(t)‘ < F(oc)e m%- (41)

Proof. We rewrite (41) as

Juo(t) = o5 ()| <

Jov(t) —

To(t) TN .

The first term of this error decomposition is estimated by (39), so we focus on the sec-
ond term

[ON] kh
=N TN~ »t*h e
o(t) — o) < — —_— 42
Lx ( ) ]a ( )‘ = F(DC) ity (1+ekh)zx+1 ( )
where
[oN] okl [ON] o e—kh
h <h M ny
k:_z[: }(1+ekh yarl = Ze * Z (14 e MENTjar1
_ ,—ha[6N] —h(q1 _ ,—h[eN]
< hl e h e "(1—e ) (43)
1 —e¢ha (1 _ e*h)(l 4 efh[eN})uﬁl
h he " 1 x+1
< —+1= .
S em T en s ="
Thebound 1 —e¢™" = Z );Hhk > h was used to cancel out / in the last estimation step.

The combination of (39) (42) and (43) completes the proof. [

With all the necessary results in place, now we move on to construct the approximation
to uy,. To achieve that, we apply approximations (21), (37) and discretize the remaining
time-dependent integrals in a similar fashion as the Riemann-Liouville integral J, (see
Proposition 2). The rationale for such integral discretizations will become apparent when
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we analyze the error below. Meanwhile, let us introduce the proposed approximation ﬁﬁi(t)
of the inhomogeneous solution u;, (t) from (34):

o~ N
i (1) =Ja° SNy ()£ (0) + Iy 2 G2 (0,t, ki)
k=—N
by M (44)
5 2 Fy1(Ch3) 2 G5 (z(1hs), t, khy),
(=—N,

where F, 1(¢), z(¢) are defined in Lemma 1 and

P
1+eP’

GN(zt,p) = ty/ (p)e? OVPITN (1 (p)),  y(p) =

Theorem 3. Let A be a sectorial operator satisfying the assumptions of Theorem 2. If the function
f(t) from (1) admits the analytic extension to the "eye-shaped” domain D3, d € (0,71/2) and

f'(z) € D(AX), vz e Dj, (45)
with some x > 0, then for any a € (0,2), such that aps < % and t € [0, T, the approximation
ﬁﬁ(t) from (44) converges to the inhomogeneous part uy, (t) of the mild solution to (1), (4), defined
by (16). Moreover, for any fixed N € N, the following error bound is valid:

Jsn() o) < (t P A t(; +x) taeaot>ecww, 46)

with ¢ = /27td, provided that the values of N; and h, h; in (44) are determined by the following for-
mulas

=N, = - N, - Ne— XN
Ny =Ngy=axN, N3=N, No=N;=Ns5= min{T, a}’ (47)
27td .
h=h = “;N, i=0,...5. (48)
Here, d = W#, Py = min{ s } and ¢, € (£, %], ag are given. The constant Cyf

from (46) is dependent on || AXf'(z)||, z € D2 and independent of t, N.

Proof. We analyze error ||uy,(t) — i} (t)|| of (44) in a term-by-term manner.

The first error term is estimated via Corollary 2 and Theorem 2, applied in succession:

S(0£0) = R 00)| < T [sa(050) - R 0s0)

Cot" —+/21tdeNy « aot ,—c/axN Cot* _ V
_— < Ct*e™0 AN AX cveNy
+F(uc)€ < Ct*eole I f<0)||+r(uc)e

The error bound for the second term can be decomposed as

/fo s)ds — hy Z GN2(0, 1, khy)|| < 11 + 172,

N
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with 771 being the quadrature error of the outer integral:

9 Ny
m= |t WU Epp)ap—th L o WS (ki)

stated here after the substitution s = 1(p) is performed therein, whereas 77 is the compound
error of the discretized Riemann-Liouville operators:

N1 .
=t Y, |90 (Juf (rpcin) = T2 ey (k) )|
Ni
< tmax||af'(s) = R2f/ () [l Yo ¢ (k).
s€(0,t] k=—Nj

It is worth noting that the last series is a specific version of the one from (42), with « = 1.
Thus, formula (43) along with the bound from Proposition 2, warranted by the analyticity
assumptions on f'(z), yield

C —Cy/E
Uz§2tsrg[g>t<] Jof'(s) — TR2f'(s) H 2 f”‘“ VeNz,

Let us return to 7;. The aforementioned analyticity of f’(z) induces the uniform
convergence of the integral for J, f/(z) in Formula (38) with respect to z € Dﬁ. Furthermore,
for an arbitrary value of p € (—oc0, ), the function z{(p) from (38) maps the convex region
D3 defined by (36), onto itself. By repeating the argument from the Proof of Proposition 2,

these two facts and the relation Dy LN D3 permits us to conclude that ¢/ (p) Jof' (tip(p)) is
analytic for p € D,. Due to the form of ¢’ (p), it is also exponentially decaying as |p| — oo
in Dy C C, with the decay order 1. Hence, the error of sinc-quadrature #; admits the bound
established in Theorem 4.2.6 from [50]:

m < C1te_cm.

We treat the third term from (44) in a similar way as the second term, albeit this time
the error decomposition is conducted after the application of (20) in reverse:

TEa(@) [ a0 hahy N
2m /e ) f (s ddg—t— ZFa1€h3 Zg 2(Ih3), £, khy)
— oo 0 -

= [t [ 9/ ®)Salt = tp(p) — DIaf (tp(p)) dp
_hsha o N
5 2 Y Fo1(0h3)Ga® (z(Chs), t, khs) || < 13 + 174+ 175.
T TN =Ny

Here, the quantity 7,4 is used to denote the quadrature error for the outer integral:

[0}

E[ 9 (P)Salt — () — DIaf (e (p)) dp
e (49)

Ny
—thy ) ¢/(kh4)(5a(t—f¢(kh4))—I)]af/(f¢(kh4))|'

k=—N,

M4 =




Mathematics 2023, 11, 2312 24 of 35

The upper bound for the last integrand is determined by the properties of the norm
1(Sa(t—s) = DJuf'(s)]| = Hf 2 QS (E)af'(5) dqu, which can be estimated us-

ing inequality (26). Indeed setting x1 = J,f’(s) in (21) reveals that the above integrand
equals to the expression for F, 1(t —s,¢). As such, it admits the estimate

ez(é)(t_s)Fal(C Vaf'(s H < Car X,O)e%(z(é)(t—s))—vcxmHAX]af/(S)”
le(X: ) s))—a ster
< ) R(z(2) (- x\é\/ o) | AXF (s (p))|| dp

Ca1(X,0)5" Rz(e)(t—s))—axle]
< =1\ Y)5 s ax X
< e ?elp”A fsw(p)]]

Here, we used the relation

s*eP 1 s*
(1+er)att / )= (50)
0

stemming from the equivalence of definitions (38) and (6). The previous chain of estimates
leads us to the following bound:

1 o0
I(Satt=5) = DRSO < 77 [ [ s)||a¢
h 0 (51)
Cu1(x,0)s® , e
gmélri)fow)i);ggllf\"f <s¢<p>)|!_4 R (t=s)—axldl g

The norm ||(Su(t —s) — I)Jof'(s)|| remains bounded as long as the last integral con-
verges. Since s = tip(p) in the expression for 74, this convergence requirement translates
into the inequality R(z(¢)(t — ty(p))) < 0, which needs to be valid as ||, |p| — oco. Let
p = w+iv € Dy; then, using the definition of aj, by from (15) along with the identity
Arg (1 —¢(w+iv)) = —arctan li —sinv_ e rewrite the inequality in terms of the complex
number arguments

g > lim Arg (z(&)(t — ty(w +iv))) = lim Arg(z(¢)) + lim Arg(1l— ¢(w +iv))

—oo g—ro0 w—ro0
w— 00
_¢s T e?sinv bs

SR fan ———— — 1S
2+4 1marcan1+ewcosv 2+4 v

Therefore, the integrand from (49) is analytic in Dy, with the value of d' = % — &, which

is equal to d from (15). Furthermore, the integrand’s norm is exponentially decaying as

a function of p € Dy, as a consequence of (51), the boundedness of sup ||AXf'(z)|| and
zeDg

the convergence of the integral, established before. Hence, similarly to #;, the bound

from Theorem 4.2.6 of [50] yields

< %e%m'
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Next, we use (27) in conjunction with (43) and (50) to estimate the propagator approxi-
mation error 13

Ny
2 @' (khy) (Sa(t — tip(khg)) — I)Jof' (£ (khy))

k=—N.,

13 = thy

Ny N3
L 9/ E) DY e”“h3)<lW"’“”Fa,l(éhe,)faf’(tw(khmH

27r1 (=N,

(e )

/ Ok E ()], F (tp(Khy))

—00

<thy Y ¢ (kha)]

k=N, 27ti

h3 Ns

=N,
Ny

< Cyte®'em VAN, N ! (Khy) || AXJu f (t9p(Kha) |
k=—Nj

[e9)

e , e
oo\ supl| A (19 (p)| | Gy

—00

zcl tlx-‘rleﬂot
< 3
- I

2G4 e X g a1 gt /&N X g
NCES) e sup ||AXf(p)|| < Cat*HleMle sup ||[AXf (p)||-
pel0f] pe(0.f]

The remaining summand 75 represent the effect of discretized Riemann-Liouville
operators on the error of the third approximation term in (44). We estimate it as

fh3h4 a B () (1 (k) /
ZIP (kha) ZEZ JUTPEE, 1 (Chs) o f' (£ (khy))
k= (=N
N4 N
— X ¢/ (khy) Z )V EIE, | (hs) J° f (p (kha)) |
k=—N, (=N
N, N:
< th3hy i ' (k)| i o12(th3) (1= (khy))
27 1, (="N;
Foa (ths) (fo’(tllJ(khz;)) — T (tp(khy)) )|
(1+ M)Kb2%hshy | peqo Ns  paxths]
27‘((&[-&0) te Z |l,L7 kh4 5:2 r‘X(fhg,O)

x || ax (fo’(tt/f(kh4)> TS f (p(kha) ) |
Assumption (45) enables us to estimate the last norm via Proposition 2:

| A% (Jf (k) = TS (b (k) ) | < || (b (Kha)) = TR5AXF (tp (ko) |

< Sl )ty kha))* - oraens o C& 0 oraens
- I'(a) I'(a) ’

This decouples the inner and outer series in the above estimate for 75. Thus,

hy gh oot o [1oemNs emaddn(l etV | By 14 e
2 g:_NSW o ﬂ 1 — e—%xh3 1 — e—axhs — %m
1

axry

IN
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with 1, = ianQ ro(p) being strictly greater than zero, due to (25). By combining two
pe

previously obtained bounds with (43), we arrive at

+1
15 < C C(“r)() ta+1et(a0—a1)e—c\/sN5 <Cs t* et(ug—ul)e—c\/€N5.
- 5)(1"(04 +1) - X
The constant Cé = %, here, is independent of Ns.

The bounds derived for the quantities 77;, i = 1,...,5 show that they all are exponen-
tially decaying as N; — co. We make these error bounds asymptotically equal to the error of
the first term from (44), that is decaying on the order of e=*V#XN  provided that eNy = axN
in the error estimate from the beginning of the proof. The resulting equations for N; are
as follows:

Ny =axN, eNp, =axN, axN3=axN, Nyz=axN, eN5=axN,

where ¢ = min{1, a}, as per Proposition 2. The solution of these equations gives us (47). By
collecting the derived error bounds for the terms of ﬁg(t), we end up with

~ Cot® C
[t~ o) < (cremtlacs )l + fos + Cut + it
a+1
—i-icz L Gyttt el sup |AXF (p) || + C5t ot | emevaxN .
I'(a) pel0,4] X

This bound is reduced to (46) by absorbing the individual constants into C, ¢, while
retaining the asymptotic behavior with respect to «, x and t. The derived bound also proves
the convergence of approximation (44) to (34) and, therefore, to the original definition for
the inhomogeneous part of the solution given by (16). [

Theorem 3 demonstrates that the proposed numerical method to approximate u;, (t)
inherits essential properties of the numerical method for propagator approximation, it
is based upon. Firstly, the constructed approximation ﬁ{;’l(t) is exponentially convergent
on the whole interval t € [0, T]. Secondly, bound (46) exhibits, similar to, (27) depen-
dence on the fractional order « and the argument smoothness parameter x. Thirdly, just
like (34), Formula (44) permits for an independent evaluation of resolvents R(z*, —A) for
the different values z € I';. Moreover, the presence of factor t* in (46) guaranties that the
approximation iz} (t) matches the asymptotic behavior of the inhomogeneous part u, (t),
when t — 04 [10].

Remark 3. In order to minimize the computational cost required for the evaluation of the approximation
ull (t), one can dynamically adjust the discretization parameters No, N5 of the approximate Riemann—
Liouville integrals from (44) using formula (40) with to equal to t1(kNy) and ty(kNy), accordingly.

The following example is aimed to numerically verify the quality of approximation
(44) to the inhomogenous part of solution given by (34) or (16).

Example 2. Let A be defined as in Example 1. Furthermore, let f from (1) be a product of the
eigenfunction of A and the polynomial:

7Tkl'x

f(t) = icitisin . (52)
i=0
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where mand ¢;, i =0, ..., m are given. For such f, we have
Jof () = Y cit* - 1sin %, = ——+ci.
i=0
The inhomogeneous part of the solution to (1), (4) takes the form

7'[k0x
L

Eq1(=s*A(k))
(t—s)l-=

u(t,x) =cjsin ds

o—_ _

" t
+ Y dsin ”’E" JEar(—( = sy AE)s " as,
i=1 0

which is derived using the fractional propagator representation from Example 1. The integrals
from the above formula for u(t) cannot be evaluated explicitly for arbitrary a. Thus, we rely upon
the numerical evaluation of u(t) via exponentially convergent quadrature formulas (38) and [50]
(Theorem 4.2.6) with discretization parameters Ny and Ny, correspondingly. The analysis conducted
in the Proof of Proposition 2 suggests to set Ny = N/ min{1,a}. This leaves us with only one
discretization parameter N, which has to be chosen large enough for the error of the approximated
u(t) to be negligible with respect to the error of the numerical solution it} (). The latter one is
obtained by Algorithm 2 for the data specified in (32), (33) and (52), using the explicit resolvent
evaluation formula from Example 1 and the software implementation mentioned there. We fix
m=1c=1¢=1ky =1,k =4, L=1in(52)and, after conducting several numerical
experiments, settle with N; = 256. The resulting behavior of u(t) is visualized in Figure 5.

0.12 T T T T T T T T T 0.2 T
(a) (b)
0.18F
0.1 1
0.16
h 0.14 -
0.08 q
0.12F
= 0.06 1 = 01f
0.08
0.04
0.06 -
—a=1.00 —a=1.00
0.02 —a=0.70 0.04 —a=120
o =0.50 o =150
—a =030 0.02 —a=170
—a =010 —a=1.90
0 0.1 0.2 0.3 0.4 05 t 0.6 0.7 0.8 0.9 1 0 05 1 15 2 25 t 3 35 4 45 5

Figure 5. Exact solution u(t,0.5) of problem (1), (4) with f(¢) = sinmx + tsindmx, ug = u; = 0
and A, defined by (32) with a = 1, N; = 256: (a) the case « = 0.1,0.3,0.5,0.7,1; (b) the case
«=1,12,15,1.7,19.

To measure the error of numerical solution iy (t), we define

En(t,x) = |u(t,x) — i (t,x)|, errp = sup ||En(t)]w
te[0,T)

and plot the values of Ey, (t, x) as a function of t for fixed x = 0.5 and different values of «, N in
Figure 6. It has exactly the same structure as Fiqure 3 for the homogeneous case. The top row of
plots in Figure 6 correspond to the case when « < 1. Taking into account the monotonous behavior
of exact solution u(t) for such w, here we consider t € [0,1]. For the bottom row of plots with
« > 1, we choose the larger time horizon T = 5. According to Figure 6b, with such T the numerical
simulation will cover at least two full solution oscillation periods. In both cases, we observe that the
maximum of the error a-wise goes down when N increases from one subplot to the next in line.
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Figure 6. Error & (¢, 0.5) of the approximate solution ﬁ% to problem (1), (4) with parameters:
f(¥) = sintx + tsin4mx; ug = uy = 0; A defined by (32); a = 1; Ny = 256. Graphs from the top row
of subplots correspond to « = 0.1,0.3,0.5,0.7,1 and (a) N = 32; (b) N = 64 (c); N = 128. Graphs from
the bottom row of plots correspond toa =1,1.2,1.5,1.7,1.9 and (d) N = 32; (e) N = 64; (f) N = 128.

In contrast to the homogeneous case, now we detect a notable growth in the experimental
error as t progresses, for each combination of o, N. This effect is less sizable for the sub-parabolic
case, depicted in Figure 6a—c, than for the sub-hyperbolic case from Figure 6d—f. Such phenomena
can be theoretically explained by the presence of factor t* in the type-dependent part of the error
estimate (46).

In order to analyze the error dependency of N in the similar fashion as in Example 1, we
additionally plot the graphs of erry, (N) for a range of « € [0.1,1.9] in Figure 7. Here, we again
see notable differences between the cases of « being less and greater than one. Judging by the shape
of the curves in Figure 7a, the errors of i} (t, x) still decay exponentially with respect to N for
« < 1, but the convergence slows down faster for smaller « than in Figure 4. This can be attributed
to the influence of the additional factor ta =" from (46) which was not present in estimate (31) for
the solution of the homogeneous problem. The exponential dependence of the accuracy on N is
also observed in Figure 7b for « > 1 and t € [0,5]. This time, there is no additional convergence
order degradation due to a and the plotted graphs look almost identical to the matching graphs from
Figure 4c. Moreover, the reader can clearly note the impact of the larger times on the numerical
stability of the method. This is an evidence of the method’s limitations to treat only moderate values
of T.

At this point, we presented enough experimental data to conduct a meaningful compar-
isons with existing numerical methods. We choose review [18] as a main comparison source
because it contains error data for several modern time-stepping numerical methods applied
to the linear scalar problem with the same range « € [0.1,1.9] as in the Figures 6 and 7. The
error plots in Figure 4 from [18] are generated using 1024 grid points in time. Thus, their
evaluation is computationally comparable to setting N = 1023 in the sequential version of
Algorithm 1. With such N, our method gives approximately two times more significant
digits then the mentioned second order time-stepping methods, provided that the fractional
parameter is not too small (¢ > 0.2). This result improves drastically when the parallel
evaluation is considered, because then the wall-time computational cost of our method is
asymptotically equivalent to one step of the intrinsically sequential time-stepping numeri-
cal scheme. As a result, our method is favored for the problems with initial data that satisfy
Theorem 2, especially when computational resources are plentiful. On the other hand,
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sequential time-stepping methods [18,23,26] may be a better choice in situations when the
initial data ug, #1 are not sufficiently smooth [21], a is close to 0 or if the computational
resources are severely constrained.

100,
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Figure 7. Sup-norm error of the approximate solution to problem (1), (4) with f(t) = sin7mx +
tsin4rnx, ug = uy; = 0, and the operator A defined by (32); L = 1, a = 1. Errors are plotted for
N =32,64,96,...,2048 and (a) t € [0,1], « = 0.1,0.3,0.5,0.7,1; (b) t € [0,5], « = 1,1.2,1.5,1.7,1.9.

In the final example, we consider a fully discretized numerical method for the given
fractional Cauchy problem. It is constructed by applying the solution scheme from
Sections 3.3 and 3.4 to the fractional Cauchy problem (1), (4), where A is substituted by
the bounded linear operator A obtained via the finite-difference discretization of (32). The
initial conditions and right-hand side for the problem are derived using the method of
manufactured solutions.

Example 3. Let A be defined as in Example 1, with L = 1. We postulate that the exact solution to
problem (1), (4) is defined as

u(t,x):xz(x—l)(x—t5—b), 0>1,beR (53)
Then,
Au(t) =2t°(3x — 1) — 12> + 6x(b + 1) — 2b
t A
Sx%(x —1) s ST ()0
13 _ vt _ a_o—1 _ e \v)r 2 _
dfu(t) = T —a) O/(t s) "s°ds I,(1+57{X)x(x 1),
so the right-hand side of (1) takes the form
(t) = 6t°x — 21° — ﬂxz(x —1) —12x* + 6x(b+1) —2b (54)
fit) = To+1—a) :

Such f(t) permits us to study one important practical aspect of the developed solution method.
Namely, what happens to the accuracy of a fully-discretized solution when f'(t) does not formally
belong to the domain of A, but the discretization A satisfies | Af' ()| < co?

Let A be m x m matrix obtained by a second-order finite-difference discretization of oper-
ator (32) on a grid Ay = {(i—1)/(m —1)}!".,. Then, the discretized right-hand side f(t) €
(R™, || ||eo) is defined by the projection of f'(£) onto Ag: f/(t) = (f'(£,0), f'(t, x2), ..., £ (t, L))"
We set 6 = 2, b = —1/2, and visualize the graph of the derivative

t57“71(5 — 0()5' 2

108y — gspd—ly _ msid—1 _ _
fi(t) = 66t x — 25t To+1—a) x°(x—1),
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for different values of t, «, in Figure 8a.
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Figure 8. The graph of exact solution (53): (a) plotted as a function of x € [0,1] for t = 0.01,1,
a = 0.5,1,1.5; (b) plotted as a function of t € (0,1] for x = 0.5, = 0.5,1,1.5.

As we can see, the function f'(t), t > 0 does not satisfy the boundary conditions from (32);
hence, f'(t) ¢ D(A). Furthermore, when a > 1, this function posses an integrable singularity
at t = 0; see Figure 8b. This permits us to test Remark 2, alluding that even for such f'(t) the
approximation JY f'(t) from Proposition 2 remains exponentially convergent. To this end, we define
the approximation errors

E(t,x) = |u(t,x) —a(t,x)|, err= sup ||E(t)]
t€[0,T]

where U (t,x), x € Ay, is the numerical solution to (1), (4), with A = A, f(t) = f(t) and
up = u(0,x), uy = L?(O,x), calculated by Algorithms 1 and 2. We set a = 1, s = 7/60,
¥ = x = 1, as before, and consider the impact of the discretization parameters N, m on the
solution’s accuracy.

In the first batch of experiments, we vary N, a, while keeping the grid in space fixed with
m = 100. The resulting graphs of £(t,0.1), t € [0,1] are displayed in Figure 9. The behavior of
E(t,0.1) in these graphs follows the pattern predicted by Theorems 2 and 3, albeit this time the
error saturation occurs at about 10~° < m ™2, when the effect of the second-order accuracy in space
becomes dominant. Aside of that, we observe no accuracy degradation as compared to Examples 1
and 2, where the space-dependent component of the solution was evaluated explicitly. For « > 1,
this demonstrates the aforementioned robustness of [N with respect to the integrable singularity of
f'(t)att=0.

It is important to highlight that the a priori error estimates from Section 3 do not enforce
any dependencies between the discretization parameters N, m of the approximation il (t, x) or the
chosen grids in time and space. To practically verify this proposition, we consider the sup-norm
error err of the approximated solution. In the second batch of experiments, this error is evaluated
for the increasing sequence of m = 10',10%,103,10%, N = 32,64, 96, . ..512 and different o. The
resulting graphs, depicted in Figure 10, reaffirm the pointwise error behavior observed in Figure 9.

The sup-norm error is decaying exponentially with respect to N until it plateaus near the
certain value, which is roughly constant within each subfigure. For larger m, the mentioned
plateauing occurs at a smaller value, consistently following the second-order decay rate with respect
to the grid step-size in space. This is true all across the range of m/ N covered in Figure 10a—d.
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Figure 9. Error £(t,0.1) of the fully discretized approximation ﬁ%o to the solution of (1), (4) with A,
£ () defined by (32) and (54), correspondingly; L =1,a =1, ¢s = /60, v = x = 1. Graphs from the
top row of subplots correspond to &« = 0.1,0.3,0.5,0.7,1 and (a) N = 64; (b) N = 128 (c); N = 256.
Graphs from the bottom row of plots correspond toaw = 1,1.2,1.5,1.7,1.9 and (d) N = 64; (e) N = 128;

(f) N = 256.
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Figure 10. Sup-norm error of the fully discretized approximation i} to the solution of (1), (4) with A,
f(t) defined by (32) and (54), correspondingly; L=1,a =1, ¢s = /60, v = x =1, T = 1. Errors
are plotted for N = 32,64,96, ...,2048 and (a) m = 10; (b) m = 10%; (c) m = 103; (d) m = 10*.



Mathematics 2023, 11, 2312

32 of 35

The last example practically demonstrates that the only natural requirement imposed
by our method on the spatial discretization scheme is for the discretized operator A to
remain sectorial. This suggests the possibility for the extension of the developed method to
nonlinear problems, along the course discussed in the introduction. In addition, the gener-
alization of the method to Cauchy problems with the nonlocal-in-time condition [58,59]
also seems to be a promising direction of research, given its importance for the applications
to final-value problems [60,61].

4. Conclusions

In this work, we proposed and justified the new exponentially convergent parallel
numerical method for the fractional Cauchy problem (1), (4). The constructed method is
based on the approximation of mild solution representation (5) using the combination of
efficient methods for the contour evaluation of the propagators S, 4(t), = 1,2 and tailored
quadrature rules for the discretization of the Riemann-Liouiville and convolution integral
operators from (5). As a result, the numerical evaluation of (5) is reduced to the solution of
a sequence of independent linear stationary problems. The accuracy estimates established
by Theorems 2 and 3 remain valid uniformly in time for the entire range & € (0,2), under
the moderate smoothness assumptions uy € D(A7), f'(z) € D(AX), with some 7, x > 0
and all z € D?, defined by (36). These results recover the previously existing error estimates
for parabolic problems [31,51], in the limit &« — 1 and T < oco. All the theoretical results are
verified experimentally. This includes the results from Corollary 1 and Theorem 3 regarding
the approximation of homogeneous and inhomogeneous parts of the solution, which are
experimentally considered in Examples 1 and 2. Here, we put extra effort to demonstrate
that the constructed solution approximation is numerically stable for « € [0.1,1.9] and
practically capable of handling operators A with a broad range of spectral characteristics.
It encompasses the class of so-called singularly perturbed operators, that are modeled
in Example 1 by the Laplacian with a very small distance between the Sp(A) and the
origin (see Figure 4). Additionally, in Example 3, we considered a fully discretized solution
scheme for (1), (4) to practically verify the robustness of the constructed approximation
toward errors caused by the discretization in space. Naturally, the mentioned benefits of
the developed method come with some limitations. Among such, we mention the required
analyticity of f(z) in the complex neighborhood D3 of time interval (0, T). On the ond
hand, such analyticity assumptions are typical for the theory of exponentially convergent
quadrature [49,50]. On the other hand, this is a considerably stronger assumption on the
problem’s right-hand side than the assumption f € WY1([0, T], X), imposed by the solution
existence result from Theorem 1. Moreover, the quadrature rule chosen in Theorem 3
permits for a practically realistic situation when f’(t) has an integrable singularity at = 0.
The ability of the method to handle such class of f was experimentally demonstrated in
Example 3. Another possible limitation of the current method is its practical viability only
for moderate T < 20. Nonetheless, existing numerical evidence suggests that the long-term
stability of the method could be improved by some nonessential modifications. Larger
values of T ~ 200 are necessary for certain parameter identification problems [62], which,
along with the mentioned nonlinear and nonlocal extensions of the given problem, are
going to be considered in the future works.
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