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Abstract—In the Broadcas? channe! (BC), the signals of the
multiple users can be separated by means of precoding. For the
design of precoding, channe! state information {CB]) is necessary
at the transmitter side. o many cases {e.g., for frequency division
duaplex (FDD) systems), the transmitier cannot estimate this infor
mation and the U871 has fo be communicated from the receivers
to the {ransmifter via a feedback channel that is assumed lo
be eryor-free bal introduces a delay. Tvery user estimates the
channel and reduces it fo a low-dimensional represeniation foy
data compression that is possible due to the channel correlations.
Before the feedback, the OS] is quantized and only the index of
the codebook entry is sent to the transmitter, since the dala rate
of the feedback channel is limited.

We propose 2 joint MSE optimization of the channel estimation
and the rank reduction basis, where the quantizer is modeled
as a daia independent additive noise source. Based on the fed
back codebook index, robust mualli-user precoding schemes, viz.,
linear precoding and femiinson Harashima precoding {(VHP), are
designed that clearly ouiperform non-robust schemes.

I, INTRODUCTION

Dirty paper coding (DPC, {1]) must be used to achieve
the capacity of the vector and the MIMO broadcast channel
[2]-14] With THP [5], [6]. the lugh complexity of DPC can
be circumvented, but THP suffers from the shaping loss, the

power loss, and the modulo loss (g, [7]). The design of

THP systems is well known for the ideal case where the CSI
is perfectly known at the transmitter [8]-[10]. However, the
sifuation is different for the case with erronecus CSI. Since no
DPC has been proposed for this case, the application of the
SINR eriterion as m [11] 15 questionable for eroneous CSL
Consequently, 1t 18 mevitable to resort to an MMSE criterion
together with THP for the case of partial CSI, since a THP
design based on the sum MSE criterion 13 possible (eg., [12],
[13]). We address the case, where the CSI must be fed back
to wansmutter for the precoder desigry since the transmatter is
wable to estunate the CSI as i an FDD system, for example.

i the systemn proposed 1w tus paper, we start by estunating
the chamme! at the recewvers usmg the observations of different
pilot symbols sermt from the transmit antermas. Then the

estimate is reduced to a low-dimensional representation of

the channel by projecting the estimate onto a basis which
only depends on the statistics of the channel The coefficients
are then quantized prior to transmission over the feedback
charmmel which is assumed to be amror-free but introduces a
delay. The contribyution of this paper 15 the joint optimization
of the estimator, the basis for the rank reduction, and the
inherent pradiction of the estimator by minimizing the MSE.
Interestingly, the resulting reduction basiz is different from
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Fig. 1. Vector BC with K receivers.

the Karhunen-T.oéve hasis, 1.e., the eigenbasis of the channel
covariance matrix.

Besides the design of the components of the feadback
system, the joint MESE optimization also delivers the error
covariance matrix which is necessary for a robust precoder
design. We employ the paradigm of stochastic programming
for the precoder design, i.e., the erroneous CSI iz modeled to
be the determinustic mean of the unkuown and random charmel
and the expectation w.rt the chanmel of the MSE 1s mirmmized.

Tlus paper s orgamized as follows. Section Il describes the
system model and Section 11 shows the proposed joint MMSE
optunizationn. Section 1V preserts the robust designs obtained
taking wito accourt the proposed emrors model. The sinulation
results are presented m Section V and some concluding
remarks are made i Section VI

H. SysteEm MODEL

The final goal 18 the design of a precoder for the broadeast
chammel shown n Fig. 1. We comsider the downlink of a
Multiuser Multiple Input Single Cuiput (MU-MISO) system
where a centralized fransmitter equipped with N, antennas
comnuicates with A single antenna Users . The output of the
precoder is the transmit signal & < €™ which propagate over
the vector chamnel by <

= OV to receiver k and is perturbed
by the noise 1, ~ Ne (0,05, ) to form the received signal 4.

For the sake of notational brevity, we use the model

=Haz+wn {1
where y = [y1,...,yx]T € C% o = [n,... nx] ¢ CF
with 57 ~ Np(0,Cy), and H = [hy, ... hg|V € TEFM

Smee the CSI must be fed back to the transmitter, the &-
th rocerver first has to estimate the chanmel by mears of the
arung channel

.

yp(t) = Tea(t) + (2
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Fig. 2. Model of training channel, quantization, and feedback.

where n denoctes the slot index and ¢ the time mdex inside a
slot. Collecting the Ny receved tawung symbols leads to

Shy[n]

+ 11[7] (2)

yrn] =

@fk( I\n}.T The training svimbols

T = gﬂN x;\, and
\mv{'l‘} :f;zvs (N)|T € CY% with
n[n] ~ Np(0, (_M; The &bow recetved signal giln| s
passed through a chamnel estimator G & T4 M which also

performs a rank reduction at the same tme, 1.,

Ehc nolse 18 r;;\[ =

(3

where < N, 15 the dmnension of the low-dimensional
represertation prior to quartization. After estimation and rauk
reductiony, each recever quartizes the CSL that 13, a search
15 performed to find the element m the codebook closest 1o
the charme! coefficients obtamed m every time slot. The real
and imaginary part of every coofficient in by xln| is quantized
separately with a umfonn quartizer, where we assumme that the
wpit 18 bounded (see Section ). Then, the corresponding
codebook dex 15 fed back to the tramsmatter. We assune that
the transmission of the mdex 13 error-free, but the feedback
charmel mtroduces a delay of D slots. Fmally, the transmitter
finds the quantized coefficients m the codebook. With the
reduction basis, 8] 15 obtamed at the transmuitter that is vsed
for the robust precoder design

The charnnel s asstrned to be zero-memn complex Gatssian
and has temporal and spatial comrelations. Therelore,

E [Ren]hER]| = Cy, c OV (4

and

=71Ch, (

L
i

Elhg[nlkiln + D] = TU PRIy e
\ f ot

where v 13 mnplicitly defined, Jy denotes the zero-th order
Bessel function of the first kind, fy x 18 the maximum Doppler
frequency of user &, and fye 13 the slot mate [1 6]

Fach coefficient of the rank reduced channel h-r ,b.??} e
is quantized with a uniform quantizer with step size ~v. In
the following, we make the simplifving assumption that the

additive error introduced by the quantizer is independent of

the inpx, i.e.,

= ’%’T,%Jﬁj

Additionally, we assume that the quantization error is uni-
formly distrituated inside the cell cormresponding to a codebook
entry. The resulting error variance is */12 for the real or
imaginary part of a coefficient [17] Assuming uncorrelated
outputs, we get

-2

—

Crio = E [Foklnlfig ;lnl] = clie RAxd

for the covariance matnx of the guambization noise fo gln) of
user . Smice the feedback charmel iniroduces a delay of D
slots, the 81 at the transmmiler can be writlen as

}ZQ’kiL} = VI—EZQ ,5,:1 f)}
= Vi { Fop. wln— D)+ fgosln — D” e T (6)

with the reduction basis Vi & O known 1o the transmitier
and the quantized coefficients h,Q wn] € C7 for user k. For
notational brevity, \ne introduce 7 x[n] = Vidige[n] with
Ch = Blng, e L ul = Vil V. The model of training
channel, quanmia‘ﬂon aﬂd feedback iz depicted in Fig. 2.

T JomnT MMSE OPTIMIZATION OF FEEDBACK

Combining (6), (3}, and (2), the quantized estimate for k[n]
can be expressed as

ﬁaQ; +VaGane[n— D) +nq xin— D).
£
)
The charmmel estimation and rank reduction with &y and the
basis V3 are jomtly optimized to end up with a charmel
estimate at the transmitter with mmmmum MSE:

1 Ghasn i, Yiwse, s | — argmin MSE, (G, Vi)
G VL (8\
i L K }
v yHy
0 VEV = 1

with the MSE of user &

IVISE& ((;;,;, V}g) o -

Hfz;c ] - thg"rz}

=t (%, )~ 2Re (i (ViR SO, )
+br (VG SCr, STGIV
+ i (VRGeCln  GEVE ) + 1 (T, ).

In the optimization problem given by (§), we included the
constraint that the columns of ¥, are orthonormal. The filter
O 1g readily found by sefting the derivative of the cost
fimction with respect to (y, to zero:

Chyyseye = TV Cn 87 (SCL ST+ C) 770 (9
We see that Ghavsre = ?“VfGMMSE‘eSﬁm’k, ie., the joint
estimation and rank reduction can be decomposed into the
ordinary MMSE channel estimator Ghvsg-eqim iz followead by
the projection onto the hasis V. The factor » i3 due to the
inherent prediction, since we receive the pilots in slot » and
estimate the channel in slot . The weight r can be applied at

the receiver or the transmitfer
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Substituting the optimum (hyvse,r 1nto the cost fimetion of
(&) yields:
MBS Ghase 5, Vi) = b0 (Cr, ) + 10 (Chy )

i dsH v v
-tV Ghvvispeestim 5 8 Oy Vi)

Now, the optimization (&) only depends on V), and can
be solved using Lagrangian multipliers. One of the KKT
conditions (i.e., set the derivative of the Lagrangian function
with respect to ¥,.* to zero) is

P20, 8" (SCH, 8% + ) 8T, Vi = Vi,
whare Ay & C%9 i3 the Lagrangian multiplier for the
constraint of (&), Multiplying by V! from the left leads to

PPVEC, ST(SCh, SN 10, T SO Vi = A (10)

We see that Ay, & TP must be positive defimite, 1e., s

unitary Qg & C999 and Ay is diagonal with positive diagonal
elements. Multiplying (10) with Q' from the left and Gy
from the nght, we obtain

07

72Q§VfﬂhkSH(SChg¢L+(%;flSCm)%Qk::A%
This,

A&, = 2 (_j,r-.

T

,fSH(SC},r-%SH + (_—f;rn}JS(_—Ynh = (CNLXNL (11)

s diagonalized by Vi (Jg, that 15, the columms of Vi 2y are the
eiganvectors of Ay Note that thus optimal basis 13 different
from the Karthunen-Lobve basis (eigenbasis of Cr,) as was
mituitvely used m [14].

With this mtermediate result for the rank reduction basis
¥y, the cost fimetion of (8) 13 gwven by

MSE (Guamse ko Vi) = Le{Ch, )+ e (o) = Y ons (12)
il

where [ denotes the set of cigenwvectors mdices collected
m VpQy and g, is the é-th eigenvalue of A Clearly,
MBEL(Ghnse z, Vi) 1 mdependentt of Q. Therefore, we can
set Qg = Ly and ¥y, © UM contains 4 eigervectors of Az
Moreover, the mndices I must be chosen such that the sum m
(12} 18 mesamized, that 13, Vigyge ; contains the 4 dominant
eiganvectors of A For tus optumzed basis Vigse x. the
MSE matrix can be wrilten as

- T K .
My = Cnp + O — Vinse 5P 2 Ve, ee 13D

Here, the diagonal matrix
H madxd
d)dum,k = !’/[\_,«11\‘133;_5‘7*4.&7 !’fl‘viMSE,}; c R
has the 4 dominant eigenvalues of Ag on itz diagonal.
Due to (2), (3), and (9), the covariance matrix of hy g[n]
reads as

C

TRk

| = (pds)m‘k e R

h

)

So, the entries of ht ;[n] are mncorrelated and the variance of
the ¢t entry of R gln] 18 or s, where @ 1% the #-th largest
eigenvalue of Ag.

w Fop I
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Fig. 3.

L

Systerm with linear precoding.

n

For the design of the vmform quantizer, we make the
assumption that the input 15 bounded, ie., the real and imag-
mary part of the é-th entry of At gfn] lie in the mierval
|— \/259_;0,%-, +\‘/3§ck’i]. Smee ht g[n) 18 Gaussian, this mterval
selection ensures that the overload probability be less than 5%.

IV. ROBUST DERIGN

For the robust precoder design, we interpret the channel
as a random varable and the given fod back CB5I as being
determimstic, 1.,

H=H &

where IT = ELfLQsl, e ,}‘LQ’KET e CE"M comprises the esti-
mates obtained from the feedback of the quantized coefficients
of the rank reduced charmel. The covanance of the error & 1s
the sum of the MSE matrices m (13):

Co=E|OFE]

A. Robust Linear Precoding

For the standard design of linear precoding shown in Fig. 3,
the total MSE E[|jw — #[[Z|H] between the uncorrelated
unit variance symbols u and the received signal given by

fravsmil power, Le, W(FFT) = Fy [10], where a perfect
knowledge of H is assumed. We get the robust optimization
by minimizing the expectation of this MSE with respect to the
channel & instead, 1e,

{ Fhlin, Outin } = argmin B E [\u — &)
{Fegr b

)

The solution to this opltunization problem yields to the lincar
procoder robust design [13]

I 7 » - -1y .
Bl — (IIVIT+Co +£1y) HY  (18)
grlin ™ s
where § = (€} / By and where By 15 the average total

transmit power. Note that the real scalar gpy, 18 directly
obtained from the transmit power constramt. Therefore, for
the robust design the solution 15 regularized by means of T,
as 1l can be seen mn (18}
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Fig. 4.

B. Robust THP

The TH precoder (see Fig. 4) consists of the permutation
matrix P € {0,1}*% that depends on the precoding order,
the modulo operator M(e) with the modulo constant 7 (e.g.,
[7]), the strictly lower trangular feedback filter B, and the
feedforward filter F'. For the THP design, the linear represen-
tation of the modulo operator 1s used, 1e., M(z) = z + a
with the perturbation signal a € 7R® + jrRE. Moving the
addition of a to the mput of the permutation matrix P gives
the virtual desired signal

d=wu+acC¥,
For the standard THP design, the MSE

e(F,B,P,g)=E Md—éuzm} (19)

13 mimmized under the total transmit power constraint
E[||z|3] = B (e.g., [10]). The assumption of perfect knowl-
edge of H 1s given up for the robust design and the expected
value of the MSE wrt. the charmel 1s mimmized mstead:

{ Frue, Brrae, Prrae, grmae | = argmin E[=(F, B, P, g)]
{F.B,P.g}

s.L: E[HmHﬂ:Etx. (20)

The standard assumption for the THP design 1s the assumption
that the output of the modulo operator at the transmitter is
zero-mean and uncorrelated, ie., C, = E[vv"] is diagonal
(e.g., [7]). Therefore, the MSE ¢(F, B, P,g) and the con-
straint E[||¢||%] = Ei can be expressed in terms of C,,. With
steps similar to that in [10], the solution for the above robust
THP optimization can be obtained. We define the matrix

T=¢(1Ca, +1x
and the positive definite

& =HT H" + Iy € CEXK, (21)
With the permuted Cholesky decomposition,
PePT = LEDL (29)

where L 13 umt lower triangular and I? 15 diagonal with
positive diagonal elements, and the algorithm described mn [10]
and [14], the robust THP sclutions are

1

JRTHP
Brrp =1 L%

T HEPTIED

Frone = (23)

(24)

I

M(e)

Systemn with Tomlinson Harashima precoding,.

—linear, perfect CSI |\, ..

| ——linear, non-robust}:
| =&~linear, robust :
|—THP, perfect CSI
|=+—=THP, non-robust
-©-THP, robust
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.
o
o
:
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Fig. 5. BER vs. SNR of linear precoding and THP for ¥, = K = 4 and
v = 10kmph. Robust design with linear precoding and THP.

The weight at the receiver results from the transmit power
constraimnt and reads as

br (T*QI:IHPTLHDECULPICI)

o (25)

ORTHP =

C. Receiver Weights

Although the weights grjip and gprgp result from the robust
optimizations (17) and (20) of the respective precoders, we
use MMSE receiver weights instead. The main reason is the
phase of gpyn and grrme, 1.€., zero phase, that is only correct
for CSI without errors. Otherwise, the erroneous CSI leads
to a phase of the precoder combined with the chanmel that 1s
different from zero. To enable a coherent detection, a phase
correction by a receiver weight is necessary. For the design of
the MMSE recewer weights and the precoding for the traming
signals, see [14].

V. SIMULATION RESULTS

We show the results of some computer simulations that we
carried out to validate the proposed system. The input bits
are QPSK modulated. The centralized transmitter has Ny = 4
transmit antermas and K = 4 receivers are served. The results
are the mean of 10000 channel realizations and 200 symbols
were transmitted per charmel realization. We consider d = 2
coefficients for the reduced rank approximation and a delay
of D = 2 time slots. The chamnel estimation 1s based on
Ny = 16 pilot symbols and the carrier frequency 1s 1.5 GHz.
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Fig. 6. BER vs. 8NR of robust and non-robust THP for v, = K = 4
and v = 10 kmph. Different amount of errors: estimation and rank reduction;
estimation and rank reduction with 4 = 1; estimation, rank reduction, and
quantization; all errors.

We employ the channel model described in [15], where an
offset of 5 degrees is considered for obtaining the simulation
results. A uniform codebool of only 4 entries (2 bits) is used
for coding the real and imaginary part of each coefficient of
the reduced rank approximation, i.e., only 8 bits are fed back
from each user to the transmitter side by means of the feedback
charme].

In Fig. 5, we can see that a robust design of both, linear
precoding and THP, is crucial. Interestingly, the non-robust
designs show an increase of BER for increasing SNR at
high SNR values. This behavior can be explained by the
reduction of the regularization term £I with mereasing SNR
and the convergence of the MMSE designs to the zero-forcing
preceders that are highly non-robust to CSI errors. The robust
designs do not show such a behavior and saturate at a lower
BER than their non-robust counterparts. Additionally, it can
be clearly seen in Fig. 5 that non-robust and robust THP
outperforms the linear counterpart for a BER below 1071,
The disadvantage of THP for low SNR 1s mamly due to the
power loss of THP (e.g., [7]).

Fig. 6 plots the BER performance for the THP scheme when
different types of errors are introduced. We observe a consider-
able improvement m performance when the new approach for
jomnt optimization of the CSI feedback 1s employed. Note the
results for the case where only estimation and rank reduction
errors are simulated. With d = 2, the non-robust and robust
schemes are only slightly worse than the precoder based on
error-free CSI. Contrary, if only one ceefficient (d = 1) per
user 18 fed back to the transmitter, robust THP with optimized
feedback clearly outperforms the non-robust THP. However,
as the results for d = 1 are clearly mferior to that for d = 2,
we can follow that the chammel effectively 15 of rank two and
we set d = 2. Additionally, we can see i Fig. 6 that the
proposed scheme clearly outperforms the robust THP of [14],

where no optimization of the feedback was performed and the
Karhunen-Loéve basis was used.

Thanks to the used compression techmques, the feedback
chammel overhead 1s strongly reduced, and with the proposed
robust design for THP, we are capable of adapting the precoder
parameters to chammel varations with a limited feedback
channel.

VI. CONCLUSIONS

We have demonstrated in this paper how the joint optimiza-
tion of the channel estimation and the rank reduction basis
leads to a robust precoding design that clearly outperforms
non-robust designs for high SNR scenarios.
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