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Abstract

In this Thesis fermionic quantum many-body system are theoretically investigated
from a quantum information perspective.

Quantum correlations in fermionic many-body systems, though central to many of
the most fascinating effects of condensed matter physics, are poorly understood from
a theoretical perspective. Even the notion of ”paired” fermions which is widely used
in the theory of superconductivity and has a clear physical meaning there, is not a
concept of a systematic and mathematical theory so far. Applying concepts and tools
from entanglement theory, we close this gap, developing a pairing theory allowing
to unambiguously characterize paired states. We develop methods for the detection
and quantification of pairing according to our definition which are applicable to
current experimental setups. Pairing is shown to be a quantum correlation distinct
from any notion of entanglement proposed for fermionic systems, giving further
understanding of the structure of highly correlated quantum states. In addition, we
show the resource character of paired states for precision metrology, proving that
BCS-states allow phase measurements at the Heisenberg limit.

Next, the power of fermionic systems is considered in the context of quantum
simulations, where we study the possibility to simulate Hamiltonian time evolutions
on a cubic lattice under the constraint of translational invariance. Given a set of
translationally invariant local Hamiltonians and short range interactions we deter-
mine time evolutions which can and those which can not be simulated. Bosonic and
finite-dimensional quantum systems (”’spins”) are included in our investigations.

Furthermore, we develop new techniques for the classical simulation of fermionic
many-body systems. First, we introduce a new family of states, the fermionic Pro-
jected Entangled Pair States (fPEPS) on lattices in arbitrary spatial dimension.
These are the natural generalization of the PEPS known for spin systems, and they
approximate efficiently ground and thermal states of systems with short-range inter-
action. We give an explicit mapping between fPEPS and PEPS, allowing to extend
previous simulation methods to fermions. In addition, we show that fPEPS nat-
urally arise as exact ground states of certain fermionic Hamiltonians, and give an
example that exhibits criticality while fulfilling the area law.

Finally, we derive methods for the determination of ground and thermal states,
as well as the time evolution, of interacting fermionic systems using generalized
Hartree-Fock theory (gHFT). With the computational complexity scaling polyno-
mially with the number of particles, this method can deal with large systems. As
a benchmark we apply our methods to the translationally invariant Hubbard model
with attractive interaction and find excellent agreement with known results.
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Chapter 1

Introduction

Quantum mechanical correlations that have no classical analogue are one of the
most compelling physical discoveries of the 20th century. The existence of such
correlations, called entanglement (”Verschrankung”), was revealed by the famous
Einstein-Podolsky-Rosen (EPR) gedanken experiment in the 1930s [1]. Considered
by some as a "spooky action at a distance” at that time, the notion of entanglement
has transformed into a well-established concept today. A starting point for this de-
velopment were the inequalities formulated by Bell in 1964 [2]. Violation of a Bell
inequality implies the existence of quantum mechanical correlations that cannot be
simulated by any classical theory. Nearly twenty years later, Aspect managed to
perform the first convincing experiment proving the violation of a Bell inequality
3, 4]. Aspect’s striking experiment resulted in the advent of quantum information
theory in the early 1990s, where the quantum correlations play the role of a re-
source for technological applications. Since that time quantum information science
has developed into a vibrant research area, ranging from foundational questions
of the interpretation on quantum mechanics towards the search for technological
application of entanglement [5]. Using knowledge from various fields of physics,
mathematics and computer science, the understanding and the control of quantum
mechanical systems is at the heart of quantum information theory.

The core of quantum information science is the use of quantum mechanical par-
ticles as the carrier of information. Any quantum mechanical two-level system can
encode one unit bit of quantum information, and such a system is called qubit in
analogy to the bit of classical information theory. The immense success of quan-
tum information theory is due to the interplay of theory and experiment with
those qubits: Protocols for quantum cryptography [6], quantum dense coding [7]
or quantum teleportation [8] could all be demonstrated in pioneering experiments
9, 10, 11, 12, 13, 14, 15, 16]. Furthermore, it has been predicted that certain
computational tasks, such as factoring numbers or simulating quantum mechanical
systems, can be carried out exponentially faster using a quantum computer based
on qubits than by any known algorithm running on a classical computer. However,
the experimental realization of a large-scale quantum computer capable of accom-
plishing those tasks is, despite major experimental progress, still an unsolved task.
Nevertheless, the compelling progress in the field of quantum information sciences
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justifies the statement that "We are currently in the midst of a second quantum
revolution. While the first revolution gave us laws for understanding physical real-
ity at very small scales, the second revolution will take these rules and develop new
technologies” [17].

With the beginning of the 21st century intriguing experiments using ultra cold
quantum gases (see e.g. [18] for a review) have attracted the attention of the quan-
tum information community. The ground breaking realization of a Bose-Einstein
condensate in a system of Rubidium atoms has opened a door towards a new era
of condensed matter physics. The present experiments with bosonic and fermionic
atoms offer an exciting possibility to verify existing models known from the the-
ory of condensed matter physics and allow to discover and explore new and exotic
quantum phases. These systems exhibit strong quantum correlations, and are thus
of fundamental interest for the theory of quantum information. Entanglement the-
ory as it is today considers mainly correlations of few and distinguishable particles.
Characterizing entanglement in many-body systems, however, is still an open field
of research (see e.g. [19] for a review). The situation gets even more complicated
when the particles under consideration are indistinguishable. E.g., by now there
is no unique definition of entanglement for fermionic and bosonic systems where
the individual particles are indistinguishable (see e.g. [20, 21]). In this respect, the
application of tools and techniques from quantum information to condensed matter
physics and vice versa is likely to result in interesting insights in questions concern-
ing and even relating both fields. In this regard fermionic systems are especially
interesting. Fermions, which are the basic building blocks of matter, are central
to many of the most fascinating effects in condensed matter physics, like supercon-
ductivity, superfluidity or the quantum Hall effect. The investigation of quantum
correlations in fermionic systems is thus the main focus of this Thesis. In the spirit of
quantum information science we study these systems from a physical, mathematical
and computer theoretical point of view.

We start in Chapter 2 studying quantum correlations in fermionic systems from a
conceptual point of view, establishing a pairing theory for fermionic systems. The
notion of ”pairing” dates back to the 1960s, when Bardeen, Cooper and Schrieffer
(BCS) gave an explanation of superconductivity via pairs of fermions with opposite
spin and momentum [22]. Since these days it has been believed that there are other
systems where the pairing of fermions is the source for interesting physical effects.
For example, in 1982 Leggett proposed that the BEC-BCS crossover which is the
phase transition of a molecular fermionic Bose-Einstein condensate to a superfluid
BCS-phase can be explained via a wave function involving pairs of fermions [23].
In a gas of fermionic atoms in two different spin states a formation of diatomic
molecules with bosonic statistics may occur under certain conditions, enabling the
formation of a Bose-Einstein condensate. By controlling external parameters via
a Feshbach resonance [24, 25, 26] the molecules increase in size and finally the
fermionic statistics becomes relevant. In the end, the system become a superfluid
due to the formation of Cooper pairs of atoms in two different internal states (see
e.g. [27] for a review). Obviously, both phases are characterized by the formation
of fermionic pairs. However, recent experiments on the BEC-BCS-crossover have



revealed that the notion of pairing is not so clear in those systems, and a heated
debate on the interpretation of observed data has ensued [28, 29, 30, 31]. Thus,
the concept of "pairing” in condensed-matter systems requires a new and detailed
analysis. Motivated by the significance of experiments with ultra-cold gases for
our understanding of condensed matter physics and the lacking clearness of how to
understand pairing in those systems, we aim at the formulation of a pairing theory
for fermionic particles in analogy to the entanglement theory well established for
qubits. We suggest a concise definition of pairing and develop tools for its detection
and quantification applicable in present experiments. Our approach is guided by
the concepts and tools well known in entanglement theory, like witness operators,
convex sets or measures. The theoretical framework we established can be found
in Sec. 2.2. A very important question in this context is the relation of pairing
to the existing notions of entanglement for indistinguishable fermions. We prove
that pairing is not equivalent to any of those concepts, but constitutes a class of
correlations on its own. To fill the theory with life, we apply it to relevant physical
examples, among others the states introduced by Leggett for the description of the
BEC-BCS crossover. Unfortunately, we cannot resolve the pairing debate due to a
lack of information on some experimental parameters. Recalling that the resource
property of entanglement is central to quantum information processing, we consider
in Sec. 2.5 the power of paired states for quantum phase estimation. Here, quantum
mechanical probe systems are used to estimate some parameter related to another
physical system via the interaction of the probe with the system. The intrinsic
uncertainty of quantum mechanics only allows the determination of this parameter
to some limited accuracy. Using N classical probe states, this uncertainty can be
reduced, but it will scale like ~ 1/ v/N. This so-called Standard Quantum Limit
(SQL) can be beaten using quantum mechanical states, and the Heisenberg Limit
~ 1/N can be reached in the best case. We prove that special paired fermionic
states allow phase estimation beyond the SQL. Most remarkably, we find an example
where the BCS-states available in the laboratory allow quantum metrology at the
Heisenberg limit. These results give hope that the pairing of fermionic particles
might turn out useful for other applications as well. (The results of this Chapter
are published in [32].)

After these conceptual considerations, we aim at getting further insight into the
properties of fermionic systems using simulation techniques. The simulation of quan-
tum mechanical systems are burdened by the exponential growth of the underlying
Hilbert space, making the simulation of a general quantum many-body system on
a classical computer an intractable task. There are two conceptually different ap-
proaches to overcome these problems, namely the use of quantum simulators [33]
on the one hand and the development of approximation schemes tailored for clas-
sical computers on the other hand. We consider both approaches, starting with
the idea of quantum simulation in Chapter 3. To be more precise in what we have
said above, quantum computers were shown to have the ability of simulating other
quantum systems efficiently as long as they evolve according to local interactions
[34]. However, due to the limited control in today’s experiments, the realization of a
universal large-scale quantum computer capable of simulating an arbitrary quantum
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system is still an unsolved problem. The need to gain a better understanding in the
physics of quantum many-body systems led to the concept of quantum simulators.
Here, one assumes only a limited control over the system. Having the ability to
engineer only a restricted set of interactions, the fundamental question of quantum
simulation is the following: Which systems can be simulated by this limited power?
In current experiments of quantum mechanical particles trapped in an optical lat-
tice the experimenter’s power is in general limited to applying transformations on
individual sites as well as implementing certain short range interactions. We fur-
ther assume that these operations can only be applied simultaneously on all sites,
thus assuming translational symmetry of the problem. Under these restrictions, we
study the power of fermions, bosons and distinguishable D-dimensional quantum
systems which we also call spin systems. In the case of bosons and fermions we
restrict to systems governed by quadratic Hamiltonians. These systems are also
called quasi-free, and the corresponding ground and thermal states are known as
Gaussian states. The interest in quasi-free systems is due to the fact that while still
exactly solvable, certain quadratic Hamiltonians are good approximations for more
complicated two-body interactions, like e.g. the BCS-Hamiltonian used in the the-
ory of superconductivity. The relatively simple structure of quadratic Hamiltonians
allows us to give a complete characterization of the computational power of these
systems. In the case of spin-systems, where we allow for more complicated interac-
tions, we can prove that on-site transformations and nearest-neighbor interaction do
not constitute a set capable of simulating an arbitrary interaction. Unfortunately
it is not possible to give a complete characterization of the power of spin systems,
but we have to restrict to the derivation of no-go theorems for other finite-range
interactions as well. All our proof use the mathematical machinery of Lie algebras.
(These results can be found in [35].)

As large-scale quantum computers and simulators have not been realized experi-
mentally yet, we have to come back to the simulation of quantum mechanical many-
body systems using classical computers. There are basically two different possibili-
ties of tackling the problem of the exponentially growing state space: We can either
make an approximation in the simulation of the system, or we can restrict to the
exact simulation of systems that can be described by a number of parameters grow-
ing only polynomially with the system size. The latter is the content of Chapter 4,
where we construct a new family of fermionic states, so called fermionic Projected
Entangled Pair States (fPEPS). The construction of fPEPS is motivated by the suc-
cess of the Projected Entangled Pair States already known for lattice spin systems
(see e.g. [36] for a review). These have their roots in the valance-bond picture
introduced for the solution of certain spin systems, like the AKLT-model [37], and
are the higher dimensional generalization of the 1d Matrix Product States (MPS)
(38, 39, 40]. In a modern quantum information language, the family of PEPS is
best understood by the following construction scheme, most easily explained for the
one-dimensional MPS-representation: Starting from a 1d spin chain we associated
to each site two virtual spins that are in a maximally entangled states with their
neighbors. Then we apply to each site a local map from the virtual spins to the
physical spin. The family of all states that can be obtained via this procedure is



called MPS, resp. PEPS for higher dimensions. Every PEPS is now described via
the local projectors that are applied to each site, i.e. via tensors whose dimensions
are related to the dimension of the virtual (bond dimension) and physical spins.
PEPS are so useful, since they could be proven to allow an efficient description of
ground and thermal states for any short-range interaction in any dimension while
using only polynomially many parameters [41].

A naive approach of simulating fermionic systems would use the idea that every
fermionic system can be mapped to a spin system via the Jordan-Wigner trans-
formation. However, due to the non-local structure of this transformation, this
approach results in an exponential growth of the bond dimension of the projectors
for d > 1, thus spoiling the reduction of parameters originally achieved. Hence, it
seems more appropriate to follow the PEPS construction scheme and build up states
by projecting entangled virtual fermionic states onto a physical Hilbert space. We
show that as in the case of spins, those states are able to approximate ground and
thermal states of local Hamiltonians well. Furthermore, we prove that every fPEPS
can be described in the PEPS-language by only doubling the number of parameters.
While every state can be approximated well by an fPEPS when only the bond di-
mension is taken large enough, an interesting question is to ask for classes of fPEPS
that are the exact ground state of some short-range interaction Hamiltonian. We
consider such a subclass, the so-called Gaussian fPEPS which are quasi-free states
obtained via a PEPS-construction. In case of translationally invariant systems we
can prove that any Gaussian fPEPS is the ground state of a local Hamiltonian. Fur-
thermore, we can construct an example of a Gaussian fPEPS in two dimensions that
exhibits critical behavior, i.e. that has polynomially decaying correlations. This is a
remarkable example, since quasi-free fermionic systems have in general a logarithmic
correction to the area law mentioned above, while the fPEPS obeys the area law by
definition. However, the example we constructed has a vanishing Fermi surface, and
the area law does not hold in this case. (The content of this Chapter is an extended
version of [42].)

In Chapter 5 we take the other route mentioned above and develop a new ap-
proximation scheme for simulating interacting fermionic systems. The existing tech-
niques, like mean-field theory, variational methods or Hartree-Fock theory, generally
come along with breaking some symmetry of the system. In the case of generalized
Hartree-Fock theory (gHFT) originally introduced by Lieb particle number conser-
vation is broken by using fermionic Gaussian states as the variational states. These
incorporate the Slater determinants used in the standard HF ansatz as a limiting
case, thus being a generalization of the latter. In [43] this ansatz has been applied
to the Hubbard model in d > 1, and exact results could be derived for ground and
thermal states. However, unless we are dealing with a translationally invariant sys-
tem, these results come along with complicated optimization problems difficult to
handle for large systems. We take the success and the problems of this work as a
starting point to develop a formalism to obtain ground and thermal states in the
generalized HF'T for fermionic systems with arbitrary two-body interaction in any
dimension. Since quasi-free fermions are completely characterized by their two-point
correlations collected in the covariance matrix (CM), we reformulate the generalized
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HFT in terms of equations for the CM. Then the parameter space necessary for the
description of the system grows polynomially with the system size, since the CM
of a system of M modes is a 2M x 2M matrix. We show that real-time evolution
in generalized HF'T can be formulated consistently as an evolution equation for the
covariance matrix, allowing the simulation of the dynamics for large fermionic sys-
tems. Next, we show that the generalized HF ground can be determined via an
evolution of the covariance matrix in imaginary time. Furthermore, the CM for
thermal states can be found via a fixed-point iteration. We apply the numerical
techniques derived in this Chapter to the two-dimensional translationally invariant
Hubbard model with attractive interaction, since there exist exact solutions for the
energies of ground and thermal states in this case. For a 10 x 10 lattice we find
excellent agreement of our numerical results with the exact solution. We aim at ap-
plying our machinery to Hubbard models without translational invariance, as these
are under consideration in current experiments. Special instances of the generalized
Hubbard model are expected to give rise to the Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO)-phase [44] of Cooper-pairs with non-vanishing center-of-mass momentum,
and we hope that our simulations will contribute to the understanding of the quan-
tum phases appearing in cold fermionic gases. (Ref. [45] includes a more concise
treatment of these results.)



Chapter 2

Pairing in Fermionic Systems

The notion of pairing in fermionic systems is at least as old as the seminal work of
Bardeen, Cooper and Schrieffer explaining superconductivity [22]. The formation
of fermionic pairs with opposite spin and momentum is not only the source for
the vanishing resistance in solid state systems, but it can also explain many other
interesting phenomena, like superfluidity in helium-3 or inside a neutron star.

For instance, with recent progress in the field of ultra cold quantum gases fermi-
onic pairing has gained again a lot of attention [46, 47, 48, 49, 50, 28, 51, 52]. These
experiments allow an excellent control over many parameters inherent to the system,
offering a unique testing ground for existing theories and an exploration of new and
exotic phases. A prominent example is the so-called BEC-BCS crossover. Starting
from a mixture of two different spin states of a fermionic gas, two different quantum
phases can be obtained using a Feshbach resonance [53, 54]. In one regime, diatomic
molecules are formed, and Bose-Einstein condensation can take place. In the other
regime, the fermions build loosely bound Cooper pairs, as depicted in Fig. 2.1. In
both regimes pairs of fermions emerge, but the notion of pairing is not clear and
sometimes even controversial. Recent experiments on the BEC-BCS crossover have
caused a heated debate whether or not the obtained data was in agreement with
pairing [28, 29, 30, 31]. In addition, pairing without superfluidity [55] has been ob-
served in these experiments, raising fundamental questions on quantum correlations
in fermionic many-body systems.

Motivated by these exciting experiments and the central role pairing plays in many
physical phenomena, and by the lack of accepted criteria to verify the presence of
pairing in a quantum state, we propose a clear and unambiguous definition of pairing
intended to capture its two-particle nature and to allow a systematic study of the
set of paired states and its properties. We employ methods and tools from quantum
information theory to gain a better understanding of the set of fermionic states that
display pairing. In particular, we develop tools for the systematic detection and for
the quantification of pairing, which are applicable to current experiments. Our ap-
proach is inspired by concepts and methods from entanglement theory, thus building
a bridge between quantum information science and condensed matter physics.

Since they contain non-trivial quantum correlations, paired states belong to the set
of entangled many-body states. However, pairing will turn out to be not equivalent
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Figure 2.1: BEC-BCS crossover of a fermionic quantum gas. On the BEC-side of the
crossover, the fermionic atoms are bound in diatomic molecules with bosonic
statistics. These molecules can form a Bose-Einstein condensate. On the
BCS-side of the crossover, fermions on the opposite side of the Fermi mo-
mentum sphere form Cooper-pairs, and a superfluid phase arises. It has been
proposed that these two seemingly distinct regimes of BEC of molecules and
BCS superfluidity of Cooper-pairs are continuously connected through the
BEC-BCS crossover, where more complicated forms of fermionic pairing are
expected to occur.

to any known concept of entanglement in systems of indistinguishable particles [56,
57, 58, 59, 60, 61, 62, 63, 21, 64, 65, 20, 66, 67, 68, 69] but to represent a particular
type of quantum correlation of its own. We will show that these correlations can
be exploited for quantum phase estimation. Hence pairing constitutes a resource in
state estimation using fermions as much as entangled states with spins.

This Chapter is organized as follows: After the introduction of the language nec-
essary for the description of fermionic systems in Sec. 2.1, we will introduce the
general framework of pairing theory in Sec. 2.2. This part includes our definition
of pairing and methods for its detection and quantification. In order to fill the
theory with life we will apply it to two different classes of fermionic states in Secs.
2.3 and 2.4. We start out with pairing in fermionic Gaussian states in Sec. 2.3.
The interest in this family of states is two-fold. First, the pairing problem can be
solved completely in this case, so that Gaussian states are particularly interesting
from a conceptual point of view. Second, there exists a relation between pure fermi-
onic Gaussian states and the BCS-states of superconductivity (see Sec. 2.1.4 for the
details) which are examples of paired states par excellence. This enables us to trans-
late methods developed for the detection and quantification of pairing for Gaussian
states to the BCS-states. The reader interested in the application of our pairing
theory to experimental application is referred to Sec. 2.4. There we study pairing
for number conserving states, i.e. states commuting with the number operator. This
class includes the states appearing in the BEC-BCS crossover, and we will develop
tools for the detection of pairing tailored for these systems. In 2.5 we will show that
certain classes of paired states constitute a resource for quantum phase estimation,
proving that pairing is a resource similar to entanglement.
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2.1 Fermionic states

In this Chapter we review the basic concepts needed for the understanding of fermi-
onic systems. We start out with some notation used for the description of fermionic
systems in second quantization in Sec. 2.1.1. As pairing is a special sort of cor-
relation, we continue with a review on quantum correlations and entanglement in
systems of indistinguishable particles in Sec. 2.1.2. This general part is followed
by the introduction of fermionic Gaussian states and number conserving states in
Secs. 2.1.3 and 2.1.4. The latter includes the introduction of BCS-states and their
relation to the Gaussian states.

2.1.1 Basic notation

We consider fermions on an M-dimensional single particle Hilbert space H = CM.
.I>

All observables are generated by the creation and annihilation operators a; and
aj,j = 1,..., M, which satisfy the canonical anti-commutation relations (CAR)

{ag,a;} = 0 and {ak,a;} = 0. We say a} creates a particle in mode or single
particle state e;, where {e;} C C™ denotes the canonical orthonormal basis of H.
In general, for any normalized f € H, we define ay = ), f;a;, the annihilation
operator for mode f. Sometimes a description using the 2M hermitian Majorana
operators cgj_; = a; +aj, ¢y = (—z')(a; — a;), which satisty {cx, ¢} = 20y, is more
convenient.

The Hilbert space of the many-body system, the antisymmetric Fock space over

M modes, Ay, is spanned by the orthonormal Fock basis defined by

1, .. ) = (ai)"l . (aTM)"M 10, (2.1)

where the vacuum state |0) fulfills a;|0) = 0 Vj. The n; € {0,1} are the eigenvalues
of the the mode occupation number operators n; = a}aj. The N-particle subspace

spanned by vectors of the form (2.1) satisfying ) ., n;, = N is denoted by AE\JP. The

set of density operators on the Hilbert space H = Ay, AE{}’ is denoted by S(H).

As we have already explained in Chap. 3 linear transformations of the fermionic
operators which preserve the CAR are called canonical transformations. They are
of the form

/
Ck € = E Onicy,
7

where O € O(2M) is an element of the real orthogonal group. These transformations
can be implemented by unitary operations Uy on Ay, which are (for det O = 1)
generated by quadratic Hamiltonians in the ¢; (see, e.g. [70]). The subclass of
canonical operations which commute with the total particle number Ny, = > . n;
are called passive transformations. They take a particularly simple form in the
complex representation

/
ag — ap = 5 Unay,
l
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where U is unitary on the single-particle Hilbert space H, i.e., they describe
(quasi)free time evolution of independent particles. Canonical transformations
which do not commute with N,, are called active. They mix creation and anni-
hilation operators.

2.1.2 Quantum correlations of fermionic states

The notion of ”pairing” used in the description of superconducting solids, superfluid
liquids, baryons in nuclei, etc. is always associated with a correlated fermionic sys-
tem. The subject of quantum correlations in fermionic systems is vast [71]. In recent
years, there has been renewed interest from the perspective of quantum information
theory. There quantum correlations, aka entanglement, of distinguishable systems
(qubits) play a crucial role as a resource enabling certain state transformations or
information processing tasks. The detailed quantitative analysis of quantum cor-
relations motivated by this has proven to be valuable also in the understanding of
condensed matter systems (see [72] for a review).

In contrast to the usual quantum information setting which studies the entangle-
ment of distinguishable particles, the indistinguishable nature of the fermions is of
utmost importance in the settings of our interest. The existing concepts for catego-
rizing entanglement in systems of indistinguishable particles fall into two big classes:
Entanglement of modes [56, 57, 58, 59, 60, 61, 62, 63, 21] and entanglement of parti-
cles. Entanglement of particles has been considered e.g. in [64, 65, 20, 66, 67, 68, 69],
leading to the concept of Slater rank [65, 20]. This is the generalization of the
Schmidt rank to indistinguishable particles. We show in Sec. 2.2 that our definition
of pairing does not coincide with any of the existing ideas. We refrain from giving an
exhaustive review on the existing concepts and restrict to the following definition:

Definition 2.1. A pure fermionic state ps") = |WSM)V(U{V)| e S(Affj)) is called a
product state, if there ezists a passive transformation ay +— a), such that

- Ha;no), (2.2)

A state ps is called separable, if it can be written as the convexr combination of
product states, 1i.e.

Z )\pp;g;Np ’ (23)

where Z;(:l A =1, 0, >0 and all P e S(A o) ) are product states. All other
states are saz’d to hcwe "Slater number larger than 17 and are called entangled in
the sense of [65, 20].

We denote the set of all separable states by Ss., and by Ssep = Ssep OS(.A(N ) the
set of all separable states of particle number N.

Note that the sets Ssep,Ss(e]\Q of separable states are convex and invariant under
passive transformations. Both properties will be useful later on.
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Separable states have only correlations resulting from their anti-symmetric nature
and classical correlations due to mixing. In the terminology of Refs. [65, 20] they
have Slater number one and describe unentangled particles. These states will cer-
tainly not contain correlations associated with pairing. Note however that they can
be mode-entangled for an appropriate partition of modes.

Besides basis change, there are other operations, which do not create quantum
correlations and it is useful to see that the set of separable states is invariant under
them. The following lemma shows that this is true for particle number measurements
as well as tracing out modes:

Lemma 2.2. Let p € S, be a separable state. Then the state after measuring the

particle number n;, = a%ah in some mode h is separable for both possible outcomes

np = 0, 1.
Furthermore, py, = tr,, [p], the reduced state obtained by tracing out the mode ay, is
also separable.

Proof. As S, is convex, it is sufficient to prove the claim for product states p.
Let |¥) = vazl a}j\O) be the vector in Hilbert space corresponding to p. Our
aim is to show that |U) = |Uy) + |¥y), where |¥;) are product states and n;, = I
eigenstates of the occupation number operator ny,. If h is in the span of { fi<x<n}
or orthogonal to it, the state already is a n;, eigenstate and we are done. Otherwise,
define fy41 orthogonal to the fy<xy such that h € span{ fi<x<ny+1} and define another
orthonormal basis {g;} for the span with g; = h and g5 o< fx41 — (h- fy+1)h. Here
(h - fy41) denotes the inner product on the single particle Hilbert space. Then we
can write
) = agyab,, T ab 0) = (2ay, + yag, ISl [0).

for some z,y € C. Hence, |V) = |Wy) + |¥;) with |¥y) = HNHaT ;10) and
|Wy) —yahHN +1aT ;10) which both clearly are product states. The reduced state

trp [ W) (W] is the statlstlcal mixture of |Wy) and |¥;) and therefore clearly separa-
ble. O

We close the Section giving two further properties of separable fermionic states
that will turn out useful at different points later on. First, we prove a bound on the
two-body operator aT Takal + h.c. on separable states:

Lemma 2.3. Let p € S, be a separable state. Then
tr[(alalara; + h.c.)p]| < 1/2, (2.4)
where 1, 7, k, 1 are all different.

Proof. Let H;ji be the anti—symmetric Fock space of the single particle spaces
spanned by modes a; ,a;, a,t, a, and define A;j;,; = aTa jakar + h.c.. Then tr[A;jup] =
tr[p*) Ayp], where pt) = S 3 Jkl\n) (n| is a mixed separable state according

to Lemma 2.2, and |n) denotes an occupation number basis for the subspace H;j.
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It is easily checked that A;;i; can have a non-vanishing expectation value only for

two-particle states
o= (3 wat) (3 vt}
T z]kl S:i,j7k‘,l

Using |2Re(ab)| < |a|* + |b|? for any complex numbers a,b and the normalization
conditions Y |u-[*> =", |v[* =1, one arrives at

(tr[Agupll = 2[Re[(nivy — pyvi) (pavi — puve)”)|
(al? + [ PY Qe + ) + (wl® + 2 (el + [n]?)
< 0.25+0.25=0.5.

O

Now we prove that the one-and two-body operators for separable states can be
expressed in terms of matrix elements of projectors:

Lemma 2.4. Let p € Ss(e]\;) be a pure separable state. Then
(alafara) = (P& P)ujan — (P P)aju,

where P = P? = P is a projector of rank N.

Proof. Consider M modes We go into the basis where the pure separable state is
of the form |®) = [T, al,,|0). In this basis

(aL aL oy, Qo )| @) = OOk — Oirlji,

i.e. (2.6) holds for P = Idy, where Idy = 1y @ 0y_ny € C**M_ Now let af =
Dok U,-kajxk. Then

(aTaTakal> = (U IdyU") ® (ULdnU? ) (7)) — (UldpUN ® (UIdNU)w ) (kL)
(P®P)(U lk) (P®P)w(kl

and P is a projector of rank N.
For the one-particle operators, we obtain (n;) = Py, as

(N=1D{n) = D (mn;) =Y P Z Py,

J# J#
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2.1.3 Fermionic Gaussian states

Fermionic Gaussian states are represented by density operators that are exponentials
of a quadratic form in the Majorana operators. A general multi-mode Gaussian state
is of the form

p= Kexp |:—%CTG6:| : (2.7)

where ¢ = (cq,...,c9p) is a vector of Majorana operators, K is a normalization
constant and G is a real anti-symmetric 2M x 2M matrix. Every anti-symmetric
matrix can be brought to a block diagonal form

0GOT — é ( 60j —Oﬁj ) ’ (2.8)

J=1

by a special orthogonal matrix O € SO(2M) [73].

From Eq. (2.7) it is clear that Gaussian states have an interpretation as thermal
Gibbs states corresponding to a Hamiltonian H that is a quadratic form in the ¢y,
ie., _ _

g,
H = ZC Ge = Z ; le[Ck, Cl]. (29)

The form Eq. (2.8) further shows that every Gaussian state has a normal-mode de-
composition in terms of M single-mode “thermal states” of the form ~ exp(—QBa'a).
From this one can see that the state is fully determined by the expectation values of
quadratic operators a;a; and aZTaj. These are collected in a convenient form in the
real and anti-symmetric covariance matrix I which is defined via

Ty = %tr (plew, ) - (2.10)

It can be brought into block diagonal form by a canonical transformation:

oro’ = é ( —OA]- Aoj ) : (2.11)

1=1

For every valid density operator, A; € [—1,1], and the eigenvalues of I' are given
by +i);. Hence, every I' corresponding to a physical state has to fulfill :I" < 1 or,
equivalently, TTT < 1. Conversely, to each such I' corresponds a valid Gaussian
density operator where the relation between G and I is given by \; = tanh(3;/2).
The covariance matrix of the ground state of H is obtained in the limit |3;] — oo i.e.,
A; — sign(f;). In fact, this shows that every pure Gaussian state is the ground state
to some quadratic Hamiltonian. The purity of the state can be easily determined
from the covariance matrix as a Gaussian state is pure if and only if I'? = —1 [74].

As mentioned, Gaussian states are fully characterized by their covariance matrix
and all higher correlations can be obtained from I" by Wick’s theorem [74] via

iptr[ple . 'Cjzp] = Pf(rj1,~~7j2p>v (2'12>
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where 1 < j; <... <y <2M and I';, _ ;,, is the corresponding 2p x 2p submatrix
of I'. PI(T;,,.jp,)? = det(T',,..jp,) is called the Pfaffian.

In some cases it is more appropriate to use a different ordering of the Majorana
operators, the so-called q-p-ordering ¢ = (¢1,c¢3,...,Copr—1;C2,Ca, - - ., Cons), OppOsed
to the mode-ordering introduced at the beginning. When using the g-p-ordering,
the relation between the real and complex representation is given by

1 1
T _ 0T _
¢ =Qa’, Q_<z']l —iﬂ)’ (2.13)
where a = (ay,...,ay,al, ... al,). The transformation matrix Q fulfills QQf = 21.
In the g-p-ordering the covariance matrix obtains the following block structure:

~ r, T

r:( o, Lo ) (2.14)

e O B

Finally, for some purposes it is more convenient to define a covariance matrix in
terms of creation and annihilation operators. In this so-called complex representa-
tion, the CM is of the form

J RS Q R
FC—4QFQ—<R Q)’ (2.15)
where Q = (i/2[ag, a;]), Ry = (i/2[ag, alT]) and @ denotes the complex conjugate.
Note that R = —R and QT = —Q and hence I'"’ = —TI".. The condition [T <1
takes the form 4FCF1 < 1.

The description of p by its covariance matrix is especially convenient to describe
the effect of canonical transformations, i.e. time evolutions generated by quadratic
Hamiltonians: if ¢, +— >, O in the Heisenberg picture then I' — OI'O” in the
Schrédinger picture. For a passive transformation a, +— aj, = ), Uy, the g-p-
ordered Majorana operators transform as

= d'=0,c", 0,= ( _)g/, )}; ), (2.16)

where X = Re(U) is the real part of the unitary U, and Y = Im(U) the imaginary
part. Note that O, is both orthogonal and symplectic. The behavior of I'. under
a passive transformation is particularly simple: ) and R transform according to
Q— UQUT and R+ URU'.

Passive transformations can be used to transform pure fermionic states to a simple
standard form, the so-called Bloch-Messiah reduction [75]. We give a simplified
derivation of this result in Appendix A. The q-p ordered CM T'pcg takes the form
(2.14) where

0 —QIm(ukT)k)
r,=-I, = P _ : (2.17)

o |uk|2 — |'U]g|2 2Re(uk@k)
Lo = @(-2}@(%@@ gl = ol ) (2.18)
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In Hilbert space, the state in standard form is given by

w0 ) = T Cur + veafal )[0), (2.19)
k

where up, v, € C, |lug® + |uel> = 1, N = 3 (afar) = 23, [ox>. Of course we
can always even simplify to uy, vy € R by passive operations. This comprises the
kind of "paired” states appearing in the BCS theory of superconductivity [22] with
k= (/;, N, -k = (—E, 1). We will refer to these states as Gaussian BCS states. We
would like to stress the fact that every pure Gaussian state is a Gaussian BCS state
in some basis. The proof is given in Thm. A.2 in Appendix A.

2.1.4 Number conserving fermionic states

For the application to physical systems we are interested in states for which the
particle number is a conserved quantity. We call p a number conserving state if
[p, Nop] = 0 where N, denotes the total number operator. Thus, the density opera-
tor of a number conserving state can be written as a mixture of N,-eigenstates. In
particular, all separable states as defined in Def. 2.1 are number conserving.

The Gaussian BCS wave function (2.19) is not number conserving, except for
the trivial case that either u; or v, vanishes for every mode. However, a relation to
these states can be established using the series expansion of the exponential function
applied to operators:

Gmse) = L+ veP])0)

(1) (1) )

where we have introduced the pair creation operator P,I = a,a’ ., and the coefficients
ay, are related to ug and vy, via ap = vg/ug. We rewrite the above expression in the
following way:

Gauss Z )\N|\DBC’S (220)

where the number conserving 2/N-particle BCS state is given by

M N
|Wids) = C (Z akPk*) 0). (2.21)
k=1

Rewriting Eq. (2.21) as

[TH0s) =CxNU 3" g B PLL0), (2.22)

J1<j2<<jn
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the normalization constant C'y is seen to be

~1/2
CN=<(N!)2 > |aj1\2---|ajN|2> :

J1<...<JN

The coefficients Ay = (][, ux) /(N!Cy) can be interpreted as the probability ampli-
tude of being in state |\If§3NC)S>, since Y [An|?=1. We will in general drop the term
number conserving and refer to states of the form (2.21) as BCS-states.

Whenever the distribution of the Ay is sharply peaked around some average parti-
cle number N, expectation values of relevant observables for the number conserving
BCS-states \\IISBNC)S) are approximated well by the expectation values of the Gaussian
BCS state in the following way: According to (2.21) the expectation value of any
number conserving observable O is given by

<\IJ(N )

Gauss

018 =" (U505 01w H0s), (2.23)

Gauss
N

as O does not couple states with different particle number. If the distribution of the
coefficients |An|? is sharply peaked around some average particle number N, then

<\I/g)uss\0\\llglss> ~ (WSBJ\[C)S\O\\IISB@S>. This relation will turn out very useful later
on, as results on Gaussian states can be translated into results on number conserving

BCS-states.

2.2 Pairing theory

In this central Section we give the formal framework of our pairing theory. We start
with a motivation and the statement of the definition in Subsec. 2.2.1. Next, in Sub-
sec. 2.2.2 we justify the importance of our definition by showing that pairing is not
equivalent to any existing definition of entanglement in systems of indistinguishable
fermions. Borrowing tools and concepts from entanglement information theory we
introduce methods for the detection and quantification of pairing in Subsecs. 2.2.3
and 2.2.4. The formalism developed in this Section is applied to concrete examples
in Secs. 2.3 and 2.4.

2.2.1 Motivation and statement of the definition

The simplest system in which we can find pairing consists of two particles and four
modes'. The prototypical paired state, for example the spin-singlet of two electrons
with opposing momenta, is of the form

1
)= (aia; + agai) 10). (2.24)

The states describing many Cooper pairs in BCS theory are generalizations of |®).

I For three modes, all pure two-particle states are of product form.
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The state |®) describes correlations between the two particles that cannot be
reproduced by any uncorrelated state and it can be completely characterized by
one- and two-particle expectations consisting of no more than two creation and
annihilation operators each. This is a characteristic of the two-particle property
“pairing” that we propose to make the central defining property of paired states in
the general case of many modes, many particles and mixed states. Since, moreover,
we would call the state |®) paired no matter what basis the mode operators a; refer
to and we want it to comprise all BCS-states, we are led to the following list of
requirements that a sensible definition of pairing should fulfill:

1. States that have no internal quantum correlation must be unpaired. These are
the separable states (2.3).

2. Pairing must reveal itself by properties related to one-and two-particle expec-
tations only.

3. Pairing is be a basis-independent property, i.e. it is invariant under passive
transformations.

4. The standard "paired” states appearing in the description of solid state and
condensed matter systems, i.e., the BCS-states with wave function (2.21) must
be captured by our definition.

Further, it is desirable that there exist examples of paired states that are a resource
for some quantum information application.
Let us define:

Definition 2.5. The set of all operators {O4}o on Ay which are the product of at
most two creation and two annihilation operators is called the set of two-particle
operators. We denote it by A,.

These operators capture all one- and two-particle properties of a state p and should
therefore contain all information about pairing. We will call a state p paired, if it
can be distinguished from separable states by looking at observables in A, alone.
This is formalized in the following definition:

Definition 2.6. A fermionic state p is called paired if there exists a set of operators
{Oa}a € Ay such that the expectation values {tr{pO4]} cannot be reproduced by any
separable state ps € Sqep.

States that are not paired are called unpaired.

This definition automatically fulfills our first two requirements. The third, basis
independence, clearly holds, since the set of separable states is invariant under pas-
sive transformations. We will show in Lemma 2.22 and Subsec. 2.3.2 that the last
requirement is met, both for Gaussian and number conserving BCS-states, i.e. all
of them are paired. Moreover, in Sec.2.5 we can show that there exist paired states
that are a resource for quantum metrology.

For states with a fixed particle number, i.e. p € S (Af{j’) it is sufficient to compare

with expectation values on N-particle separable states pgN) € Ss(e]\;), as for all other



18 CHAPTER 2.  Pairing in Fermionic Systems

states the expectation values of (>, n;) and (3, n;)?) differ due to the particle
number constraint. For number conserving states, only number conserving observ-
ables lead to non-vanishing expectation values and one can thus restrict to linear
combinations of azaj, aja}akal.

For Gaussian states pairing must reveal itself by properties of the covariance ma-
trix, as all higher correlations can be obtained from it via Eq. (2.12). This impor-
tant fact enables us to give a complete solution of the pairing problem for fermionic
Gaussian states, which we present in Sec. 2.3.

2.2.2 Relation of pairing and entanglement

Paired states are fermionic states exhibiting non-trivial quantum correlations. In
particular, by definition paired states are inseparable i.e., entangled in the sense of
[65, 20]. This raises immediately the question: Is pairing equivalent to entangle-
ment? First, note that our basis-independent definition clearly has no relation to
entanglement of modes, which is basis-dependent. The product states of Def. 2.1
can be mode-entangled for some choice of partition of modes, e.g. 1/v/2(al + a})|0)
is entangled in modes ai and a; Further, we provide below examples of entangled,
but unpaired states that demonstrate that pairing is not equivalent to entanglement
of particles but represents a special type of quantum correlation. First, we show that
not every state that is entangled according to the Slater rank criterion is paired:

Lemma 2.7. There exist states that are entangled according to the Slater rank
concept, but not paired.

Proof. Consider the state |V,) = %(a{agagal +alalalal)|0). This state is entangled
according to the Slater rank definition, as it has Slater number 2. However, one sees
immediately that the one-and two-particle expectations for |U,) are the same as for

1 1
pg4) = §‘q)1><q)1‘ + §|(I)2><(I)2"

where |®,) = alalalal|0), |®,) = alafalal|0). Since ptY is a product state, |¥,) is
not paired. One can construct further examples in a similar manner using e.g. other
states with higher Slater rank. O

From an intuitive point of view, the state |¥,) = %(a{agagaijtagagaiag)m) is build

up of quadruples rather than pairs.

Since pairing is defined via expectation values of one-and two-particle operators
only, one might wonder whether pairing is related to entanglement of the two-particle
reduced state. To study this relation, we recall the definition of the two-particle
density operator and the closely related two-particle density matriz [76]:

Definition 2.8. Let p be the density operator of a fermionic state. Then ngj))(kl) =

tr[paja;alak] is called the two-particle reduced density matrix (RDM). It is usually
not normalized and fulfills tr{OW] = (N2)) — (No,).

The operator p, = O¥ /tr[O¥)] is called reduced two-particle density operator
(RDO).
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Note the crucial difference between the two-particle RDM and the RDO: While
the RDM contains all two-particle correlations of p, the RDO corresponds to the
two-particle state of any two particles when the rest of the system is discarded.
Since pairing is a two-particle property, a natural point of view is to think of it as
being related to the entanglement of the two-particle reduced state. However, We
would like to emphasize, that pairing is not equivalent to entanglement of the RDO,
and therefore it is a property of the one- and two-particle expectations:

Lemma 2.9. Let |‘IISBJ\QS) be a number conserving BCS state as defined in (2.21)

with ap, = 1V k=1,...,M. Then |‘IISBJ\QS) is paired for all M > N. However,
(N)

Ppcse s entangled if and only if M > 3N — 2.
Proof. The witness operator (see Sec. 2.2.3) Hl(p) of Thm. 2.20 has a negative

expectation value on \\IIEBNC)S), hence the state is paired in these modes.
To address the entanglement question we calculate first the reduced density op-

erator pfé\é)&2 of |\If§3NC)S> Let |i,7) = aja}|0> and consider the subspace spanned by

the states {|k, —k), |l, =), |k, ), |k, =1),| — k,1),| — k, —0)}. In this basis, p{™ is of
the form

1 a; Qas 0
PN = y as a; 0 |, (2.25)
T\ o 0 1,

where a; = (M — 1)/(N —1),a3 = (M — N)/(N —1). We use now the following
theorem [20] applicable to mixed fermionic states of two particles each living on a
single-particle Hilbert space of dimension four:

Theorem 2.10. Let the mized state acting on Ay have a spectral decomposition
p =i W) (U;|, where r is the rank of p, and the eigenvectors |¥;) belonging to
nonzero eigenvalues \; are normalized as (V;|W;) = \;6;5. Let [W;) = >° wapalal]0)
in some basis, and define the complex symmetric r X r matrix C' by

Ciy = Y e wlywl,, (2.26)

abed
which can be represented using a unitary matriz as C = UCZUT, with Cy =
diaglcy, . .., ¢;| diagonal and |c1| > |ca| > ... > |c.|. The state has Slater number 1

if and only if
e <) el (2.27)
=2

)

The spectral decomposition of pgN is given by
P8 = ) (] (W) (| o+ [ W) W] + [ W) (Tt +

W i) (W gt | + [ _pm) (Vi

where [W,) = /55 |upy), [02) = /s ]y-) and [Faews) = /o] = k, £0).

Here [¢) = J5(Jk,—k) £ [, 1)) and ay = (2M — N — 1)/(N — 1). Defining
v? =1/(5+ a,), one obtains
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a, 0 0 0 00
0 -1 0 0 00
.l 0 0 0o -100
=719 0o -1 0 00| (2.28)
0 0 0 0 01
0 0 0 0 10

with spectrum spec(C) = v*{ay,1,1,—1,—1,—1}. For M < N the state |\I’§BNC)S>
is separable, so we can take M > N. Hence, a,v? is the eigenvalue with largest
absolute value. According to Thm. 2.10, the reduced state is entangled iff |¢;| >
>, ]ecil. For our example, this holds iff M > 3N — 2. O

We would like to stress the point that Lemma 2.9 shows the existence of paired
states that are not entangled on the two-particle level. Having assured that our
definition of pairing does not coincide with entanglement, we now turn to methods
of detecting and quantifying pairing.

2.2.3 Methods for detecting pairing

Taking Def. 2.6, we aim at finding tools that can be used for the detection and
quantification of pairing. These will be applied to systems of Gaussian states and
number conserving states in Secs. 2.3 and 2.4 respectively. In this Section, we exploit
the convexity of the set of unpaired states to introduce witness operators and obtain
a geometrical picture of the set. The quantification of pairing via pairing measures
will be discussed in Sec. 2.2.4.

Pairing witnesses Given a fermionic density operator, we are interested in an
operational method to determine whether it is paired or not. As in the case of
separability, this simple-sounding question will turn out to be rather difficult to
answer in general. Starting from Def. 2.6, it is clear that the set of unpaired states
is convex. This suggests the use of the Hahn-Banach separation theorem as a means
to certify that a given density operator is not in the set of paired states. In analogy
to the entanglement witnesses in quantum information theory [77] we define

Definition 2.11. A pairing witness W s a Hermitian operator that fulfills
triWpu] > 0 for all unpaired states p,, and for which there exists a paired state
p such that tr[Wp] < 0. We say that W detects the paired state p.

The witness defines a hyperplane in the space of density operators such that the
convex set of unpaired states lies wholly on that side of the plane characterized by
tr[pW] > 0. According to the Hahn-Banach theorem [78], for every unpaired state
there exists a witness operator which detects it. In principle, a witness operator can
be an operator involving an arbitrary number of creation and annihilation operators.
However, since definition of pairing refers only to expectation values of operators in
As, it is enough to restrict to operators from that set. This represents a significant
simplification in a two-fold way. First, from a mathematical point of view, witness
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Figure 2.2: Pairing witness W detecting the paired state p that lies outside the set of
unpaired states Synpaired-

operators from a finite dimensional set. Second, from an experimental point of view,
since operators involving more than two-body correlations are typically very difficult
to measure. The construction of entanglement witnesses detecting all entangled
states is an unsolved problem in entanglement theory, and we will not be able to give
a complete solution to the problem of finding all pairing witnesses either. However,
in Section 2.4 we will construct witnesses for a large subclass of BCS-states by using
the correspondence between number conserving and Gaussian BCS-states.

Pairing and convex sets Whether a state p is paired or not can be determined
from a finite set of real numbers, namely the expectation values of a hermitian basis
{O,} of Ay. This allows us to reformulate the pairing problem as a geometric ques-
tion on convex sets in finite-dimensional Euclidean space, describe a complete set of
pairing witnesses, and deduce a relation to the ground state energies of quadratic
Hamiltonians.

Consider a set {O,,a = 1,..., K} C Ay of hermitian operators in Ay that are not
necessarily a basis. Denote by O the vector with components O,. We define the set
of all expectation values of O for separable states

Oy = {U: tr[0py] : p, € Ssep} c RX. (2.29)

For a state p let @, = tr[Op]. By definition, p is paired if 7, ¢ Cg. As the set of
separable states is convex, so is C5. Hence, we can use a result of convex analysis
to check if v, ¢ Cy [79]:

Lemma 2.12. Let C C RY be a closed convex set, and let v € RY. Then

TelC s VFERN:U-FEE(ﬁ:;nwa-ﬁ (2.30)
we

For our purposes, this translates in the following result:

Lemma 2.13. For a vector of observables O = (Oy...,0k) let H(F) = 7- O
and E(7) = inf es,,, {tr[H(F)p]}. Then W(r) = H(7) — E(7) is a pairing witness,
whenever E(r) # infa ,{ tr{pH (7)]}.
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If{O.} form a basis of Ay, then W(T) is a complete set of witnesses in the sense
that all paired states are detected by some W (7), i.e., p is unpaired iff tr{W (7)p] >
OV,

Proof. The witness property of W (7) is obvious from the definition of E(7).

For the second part, “if” is clear and “only if” is seen as follows: By Lemma 2.12,
if tr[W (7)p] > 0V then ¢, € C, i.e. the expectation values can be reproduced by a
separable state. But since all expectation values of operators € A, can be computed
from @, this implies all two-particle expectations of p can be thus reproduced, i.e. p
is unpaired. O

For an M-mode system with annihilation operators a;, a standard choice of O,, is,
e.g., given by the real and imaginary parts of {(ala}akal)bﬁbl, (a!a})bj, (afa;)i;},
i.e., the dimension of A, (as a real vector space) is K = M?*(M — 1)?/2 + 2M?2.

Thus Lemma 2.13 gives a necessary and sufficient criterion of pairing and provides
a geometrical picture of the pairing problem. While the proof that a state is unpaired
will in general be difficult as it requires knowledge of all E(7) and experimentally
the measurement of a complete set of observables, practical sufficient conditions for
pairing can be obtained by restricting to a subset O C A,;. We will show in Sec.
2.4.1 that for a certain choice of {O,} C A, the set C; has a very simple form and
allows a good visualization of the geometry of paired states and the detection of all
BCS-states up to passive transformations.

To provide a way to determine F(7) used in Lemma 2.13, we point out an inter-
esting connection to the covariance matrices I'. (cf. Eq. (2.15)) of Gaussian states:
Even for number conserving states, F(7) is given by a quadratic minimization prob-
lem in terms of I'..

Lemma 2.14. Let E(7) and H(7) be as in Lemma 2.13 and let O = {ala}akal, ala;}
and group the components of 7" in two subsets (7);ju and (7);; corresponding to the
one- and two-particle observables, respectively. Then E(7) is given by a quadratic
minimization problem over complex covariance matrices Eq. (2.15), in particular the

off-diagonal block R of I'.. We have

E(f) = infT {VTM(FWjLw(F)Ti}’ (2.31>
AR—y
where (V) = <a2al> = —iRy + %5“ and the 7-dependent quantities are
(M (7)) k) = —Tijit + Tijie and [w(7)|w = Th.

The minimization can be extended over all CMs without changing the result.

Proof. The minimum mines,,, {(H(7)),} is attained for pure separable states, i.e.,
product states. All pure fermionic product states are Gaussian. Then by Wick’s
theorem the expectation values of the O, = aja}akal factorize as (a!a}akaﬂ p =
<aja}><akal) — <ajak><a}ak) + <ajal><a}ak). Since product states are also number
conserving, the first term vanishes. For the other two we use that (azaﬂ = — iRy +
%5% i.e., they only depend on the off-diagonal block R. The pure state condition
I'? = —1 translates into 4R? = —1 for product states Q = 0.
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We could extend over all CMs 7, since only the block R appears in the expression
to be minimized over and since if I'.(Q, R) is a valid CM then so is I'.(0, R). O

This lemma provides a systematic way to construct pairing witnesses.

2.2.4 Pairing measures

A theory of pairing must not only answers the question whether a state is paired
or not, but should also give means to quantify the amount of pairing inherent in a
state. For this purpose, we introduce the notion of a pairing measure:

Definition 2.15. Let p be an M-mode fermionic state. A pairing measure is a map
M P M(ﬂ) S IR’+7

which is invariant under passive transformations and fulfills M(p) = 0 for every
unpaired state p.

In addition, it is often useful to normalize M such that M(py) = 1 defines the
“unit of pairing”. The pair state |®) of Eq. (2.24) would be an obvious choice for
this unit, but as we see in Sec. 2.3.4 for Gaussian states a different unit is more
natural. Thus we do not include normalization in the above definition.

In the geometric picture of the previous Section, a candidate for a pairing measure
that immediately comes to mind is the distance of ¥, from the set C'. This measure
is positive, and it is invariant under passive transformations, as those correspond
to a basis change in the space of expectation vectors. The computation of this
distance is, in general, very difficult and there is no evident operational meaning to
this quantity. In the following Sections we will introduce a different measure that
can be computed for relevant families of states and allow a physical interpretation
in terms of quantifying a resource for precision measurements.

2.3 Pairing for Gaussian states

In this Section we study pairing of fermionic Gaussian states. We start with the
construction of pairing witnesses in Sec. 2.3.1 which will later be a useful guideline
for the construction of pairing witnesses for number conserving states. Then we
derive a simple necessary and sufficient criterion for pairing of Gaussian states. In
Sec. 2.3.3 we show how pure fermionic Gaussian states can be connected to an SU(2)
angular momentum representation. This picture will guide us to the construction
of a pairing measure.

2.3.1 Pairing witnesses for (Gaussian states

Pairing witnesses for pure Gaussian states emerge naturally from the property that
every such state is the ground state of a quadratic Hamiltonian (see Sec. 2.1.3).
This leads to the following theorem:
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Theorem 2.16. Let 0 < e < 1 and let 0 < |vx]* <1 —€ and Y, |vg|* > 0. Then
the operator
M
H=Y 21 —e—|vp))(nx + n_y) — 20,uj P} — 205u; Py (2.32)
k=1
1S a pairing witness, detecting

U Gauss) = | [ (ur + vxP])10).
k

Proof. Every Gaussian state is the ground state of a quadratic Hamiltonian. In
particular, |Wgauss) is seen to be the ground state of

M
Ho =Y (Juxl® = [ox]*) (i + n_y, — 1) = 205 P} — 2v5uy, Py
k=1
with the help of (2.17)-(2.18), as the Hamiltonian matrix of Hy and I' can be brought
simultaneously to the standard forms (2.8) resp. (2.11). As (Py) = 0 for separable
states, the minimal energy for these states is given by

Exh = —(1—26) > (ng+n_y) — (lug> = o]?).
k

Subtracting this energy, we arrive at the Hamiltonian (2.32). For separable states
p, the expectation values of P,j vanish, so that tr[Hp|] > 0. For the Gaussian BCS
state, however, (Ugauss| H|¥Gauss) = —4€ >, [vg]* < 0. O

Note that the witness defined in (2.32) is an optimal witness for the state |V gauss)
in the sense that there exists no witness detecting more states than W. Thus, W is
tangent to the set of unpaired states.

2.3.2 Complete solution of the pairing problem for fermi-
onic Gaussian states

Every Gaussian state is completely characterized by its covariance matrix, so that
the solution of the pairing problem must be related to it. The pairing problem is
completely solved by the following theorem:

Theorem 2.17. Let p be the density operator of a fermionic Gaussian state with
covariance matriz I'. defined in (2.15). Then p is paired iff Q # 0.

Proof. First, note that the condition ) = 0 is independent of the choice of basis.
If p is not paired, then there exists a separable state having the same covariance
matrix as p. This implies () = 0, as separable states are convex combinations of
states with fixed particle number, and thus (i/2[a, ¢;]) = 0.

Now, let I'. be the covariance matrix of a paired Gaussian state, and assume that
@ = 0. As R is anti-hermitian, there exists a passive transformation such that
R;; = r;0;;, and @@ = 0 is unchanged. But such a covariance matrix can be realized
by a separable state fulfilling (n;) = r; in contradiction to the assumption. O
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Figure 2.3:  Bloch sphere representation of the expectation values of j,’, j,~' and j,
for a variational BCS state. All pure states lie on the surface of the sphere.
Unpaired states lie on the z-axis, while the maximally paired states lie on
the equator.

Note that Thm. 2.17 implies that a Gaussian state is unpaired iff it is number
conserving.

2.3.3 Angular momentum algebra for Gaussian states

In this Section we will show that pairing of Gaussian states can be understood
in terms of an SU(2) angular momentum algebra. The expectation values of the
angular momentum operators can be visualized using a Bloch sphere, giving us
further understanding of the structure of pairing in Gaussian states. It later leads
to the construction of a pairing measure for these states. Define the operators [80, 81]

(= 1
i = S (Pl+R).

. 1
i = S (P- R,

i =

N Do

(1 — Ng —n_k).

They fulfill [j,i“’,j,ib)} = z'z—:abcj,ic), a,b,c € {z,y, 2}, forming an SU(2) angular mo-
mentum algebra. For pure Gaussian states in the standard form (2.19) the expec-
tation values of the angular momentum operators are given by (j,(f)) = Re(urty),
() = Im(wwr,), and (7)) = 11 = 2Juf?). As 2 = 3, (i) = 1/4 inde-
pendent of u;, and v, the expectation values for every pure Gaussian state lie on
the surface of a sphere with radius 1/2. As we have shown in Thm. 2.17, every un-

paired state p, fulfills (5{)),, = (j*),. =0, so that these states are located on the
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z-axis. The states on the equator have <j,§””’)2 + <j,gy)>2 = 1/4, i.e. they correspond

to |ux|? = |vg|> = 1/2. The situation is depicted in Fig. 2.3. Referring to the states
on the equator as maximally paired is suggested by the fact that they have maximal
distance from the set of separable states. This intuitive picture is further borne out
by two observations: First, the states on the equator display maximal entanglement
between the involved modes [70]. Second, they have the property? that they achieve
the minimal expectation value of any quadratic witness operator up to basis change.
To see this, recall from Sec. 2.1.3 that any quadratic Hamiltonian H of two modes
k,—k is up to a common factor and basis change of the form

H = al +sinf(ng +n_y) + cos8(P} + Py).

It is a witness (.e., has positive expectation for all product states, if a >
|max{0,2sin#}| and does detect some paired state as long as sinf > —1. The
minimum eigenvalue is sin# — 1 + a and the minimum tr(Wp) = —1 is attained for
p= 11+ PHI0Y0I(1 + Py).

The pairing measure which is the topic of the next Section will confirm the char-
acterization as maximally paired.

2.3.4 A pairing measure for Gaussian states

The angular momentum representation of paired states depicted in Fig. 2.3 suggests
the introduction of a pairing measure via a quantity related to

GV + 1GNP = [{afal ]2

As we are interested in a pairing measure that is invariant under passive transfor-
mations we are lead to the following definition:

Definition 2.18. Let p be a fermionic state, and let Qr = i/2tr(play, a;]). Then
we define

Mal(p) =2]1Qll3 = QZ |Qul?, (2.33)
ki

Lemma 2.19. Mg as defined in Eq. (2.18) is a pairing measure fulfilling Ma(p) <
M for every M-mode Gaussian state.

Proof. Under a passive transformation Q — UQU?T, and hence ||Q||? is invariant.
Further, we know by Thm. 2.17 that () = 0 for unpaired states.

It remains to show that for an M-mode Gaussian state p we have Mg (p) < M.
Let I, be the 2M x 2M covariance matrix of p defined in (2.15). We show first that
M(p) is maximized for pure Gaussian states. To do so, recall that an admissible
covariance matrix for a Gaussian state in the real representation has to fulfill :I" <1
with equality iff " is the covariance matrix of a pure Gaussian state. This translates

2 Maximally entangled states of two qubits share an analogous property about entanglement wit-
nesses [82].
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into I'.I'l. < 1 with equality iff I', belongs to a pure Gaussian state. Using the
form of ', given in (2.15), this implies 2tr[QQ" + RR'] < tr[l1] = 2M. Hence,
|Q|l5 < M — ||R]|3. Tt follows that for fixed value of ||R||3 the value of ||Q]|3 is
maximal for a pure Gaussian state. Further, the standard form (2.19)implies that
for every value of ||R|| such a state exists, and that the maximal value is given by
QIR = 230, g Plo < M2, as ug + [on? = 1. 0

Hence, for every pure Gaussian state with standard form (2.19) the value of the
pairing measure is given by Ma(p) = 4300, |ug?lor]?. Since |op> = 1 — Jug|?
the measure attains its maximum value for |ug|> = |vi]? = 1/2, i.e., for the states
already identified as maximally paired.

M(p) will appear again when we study the use of paired states for metrology
applications, linking the pairing measure to the usefulness of a state for quantum
phase estimation and giving support to the “resource” character of paired states.

2.4 Pairing of number conserving states

In the last Section we gave a complete solution to the pairing problem for fermionic
Gaussian states. There, Wick’s theorem lead to a reduction of the problem to
properties of the covariance matrix. For number conserving systems, the situation
is more complicated, as now also operators of the form aja}akal have to be taken
into account. However, we will derive pairing witnesses capable of detecting all
number conserving BCS states in Sec. 2.4.1 using the concept of convex sets. For
certain classes of BCS states we will construct a family of improved witnesses using
the analogy to the Gaussian states. Witnesses have the drawback that they depend
on the choice of basis. L.e. even if a witness detects p, it does not detect all states
related to p by a passive transformation. We will show that the eigenvalues of the
reduced two-particle density matrix can be used to obtain a sufficient criterion for
pairing in Sec. 2.4.2 which is basis independent. We close the Section with the

construction of a pairing measure in Sec. 2.4.3.

2.4.1 Pairing of all BCS states and geometry of paired states

In a realistic physical setup it may not be practical to perform all the measurements
needed according to Lemma 2.13 to check the necessary and sufficient condition for
pairing. Having access only to a restricted set of measurements, necessary criteria for
pairing can be derived. In this Section we consider the simplest case of a symmetric
measurement involving four modes, i.e. we are looking at the following vector of
operators:
Nng +nN_g +n; +n_y
63 = nEN_p + Nn_; . (2.34)

aLaT_ka_lal + h.c.

Remarkably, these expectation values will turn out to be sufficient to detect all BCS
states as paired.
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<a£aik_a,laz + h.c.
14

0.5

-0.51

4

15 1
(ngn_k +nm_y) 0.5 0 (ng +n_k+n;+n_y)

Figure 2.4: Expectation values of the vector Eq. (2.34). For all number conserving states
these lie within the convex set C’ai“ indicated by the dashed grey lines. The
extreme points of the polytope are given by (0,0,0), (2,0,0), (4,2,0) and
(2,1,+£1). Unpaired states have expectation values in the smaller convex set
C’g;paimd (solid blue) which has extreme points (0, 0,0), (2,0,0), (4,2,0) and
(2,1/2,£1/2).

We are interested in C’gzpaimd = {tr(O3p) : p separable}, the set of all expectation

values of Os which correspond to separable states. If for some p the vector v, =
tr(Osp) is found outside of C’gnpalmd then it follows from Lemma 2.13 that p is paired.

) 3
Membership in C’g;palred can be easily checked by the following Lemma:

Lemma 2.20. A number conserving state p has expectatzon values of Os defined in
Eq. (2.34) compatible with separability if and only if tr(Hkip) >0 fork =1,2,3,
where

1
H(p) = §(nk +n_k+n+ny)— (ngn_g +nn_y)
+ ( ka a; + h.c. ) (235)
HY = (ngn_p+nn_y) + (alal a0+ h.c), (2.36)
1
Hé’j’[) = 1- §(nk +n_p+n+ny)+ §(nkn_k +mnn_y)
1
+ i(alaika_lal + h.c.). (2.37)
Hence, the extremal points of the set C’g;paired are given by tr(H ,92 p) = 0 for three

of the witnesses (2.35)-(2.37). The faces of C’gg‘paimd consist of points for which at

least one of the expectation values tr(H,g’j’E)p) vanishes.
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Hfﬁ? and Hé‘jg are also pairing witnesses, while HQ(‘ZE) is non-negative on all number
conserving states.

Proof. As H 1(12 , Hz(li) ,H é’ﬁ are built up of operators that are the product of at most
two creation and annihilation operators, we can prove the lemma for separable states.
In the first step, we will show that the three operators are positive on all se%)arable
states. Then we will show that all states within the set bounded by HE HE, 2‘1,
correspond to a separable state. Finally we will show there exist states that are
detected as paired by H 1(12 and Hé’i). Positivity of Héﬁ? on all number conserving
states will be shown in the proof of Lemma 2.20 following below.

To show positivity of HE g Hé’jt) , H?E’i) it is sufficient to show the positivity for pure
separable states, as the result for mixed states follows from convexity. From now
on, let p € Sééﬁ,’.

tr[H(lli p] > 0: In Lemma 2.4 we have shown that the expectation values of number
conserving one-and two-body operators can be expressed in terms of matrix elements
of projectors. Let P be the rank N projector such that

<aTaTakal) (P ® P)jary — (P @ P)aj)h)»

and (n;) = P;. Let P = Pl the 4 x 4 principal submatrix of P where the
indices run over k, —k, [, —[. Then we have the following inequalities:

1
(nn_k) = PPk — | Pockl® < = (|Pul® + | Por—i?) = |Poil?,
2
|<a£aT_ka_lal + hC>| = 2|Re(PklP_k_l — Pk—lp—kl)|
< 2(|Pul | P-g—1| + | Pl | P-rtl)
< (|1Pul® + [Popi? + [Poci” + [Poa?).

These results imply
1 ..
tr |pHE | = S6lP = P2+ [P+ [Pl

We use the inclusion principle [73], stating that the eigenvalues of a r x r principal
submatrix M, of a n x n Hermitian matrix M fulfill Ay (M) < A\p(M,) < Nggn—r (M),
where the eigenvalues are arranged in increasing order. As P is a projector, we have
0 < Ae(P) < A(P) < Megar—r(P) < 1. Hence,

[Hlip]>;tr[P P> = ZAk )(1 = Ak(P)) > 0.

tr[H( ] > 0: Define Oy = npn_p+nymn_; > 0 and O = 1:tak 'paiai+h.c. > 0.
Then H2i = 0,07, and as [O1, O3] = 0 we conclude that H2i = 0,05 > 0.
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tr[ngi)p] > 0: We will need Lemma 2.2. Note that tr[HéIjE)p] = tr[Hé‘jE)pkl], where
P = b o Baln)(nl, By >0, 38 B, =1and [n),n = 0,...,4 are separable n-
particle states. Let (Hé’i) Yo = <n|H§§E) |n). Then a straightforward calculation leads
to (HYo =1, (HE)), = 5, (HE)s = 1 (HE))s = 0 and (HF)), = 0. Linearity of
the trace implies tr[Hé’i) p| > 0.

Hence, all separable states lie within the set bounded by the planes defined by the
witness operators 1(1) , Héft), Héi) .

Next, we show that each point within the polytope CU"Pared corresponds to a
separable state. As S, is convex, it is sufficient to check that for every extreme
point of C"Paired there exists a separable state. This is indeed the case: The extreme
points of CWPaired are (0,0,0), (2,0,0), (4,2,0), (2,1/2,41/2) which correspond for
example to the separable states |0), alal|0), ala', alal,|0) and (a} + of)(a', +
al})/2]0) respectively.

It remains to show that H 1(1) and Héi) are pairing witnesses. Define

1
%) = s (afal -+ ofal ).
Then tr[HZ | W) (U] = te[HE|0) (@] = —1. 0
Next, we give a complete characterization of the set C’g}i = {tr(Osp) : p €

SANY M, N e N}

Lemma 2.21. Every number conserving fermionic state fulfills tr(H,,p) > 0, where

1
H, = §(nk +n_p+mn;+ n_l) — (nkn_k + nln_l), (238)
Hye = (ngn_p+mn_y) % (ala’ a_ja; + h.c), (2.39)
1
Hyy = 2-— §(nk +np+n+ny) L (aLaT_ka_lal + h.c.). (2.40)

The extremal points of the set Cgli — {tr(Osp) : p € S(AE\J/IV)) : M, N € N} are given
by tr(Hygsxp) = 0 for three of the witnesses (2.38)-(2.40). The faces of C%l?l) consist
of points for which at least one of the expectation values tr(Hyyp) vanishes.

Proof. 1t is sufficient to prove the lemma for p € S(Ay), as the result for a general
number conserving state follows from convexity.

tr[Hyp| > 0: The witness can be rewritten in the form
1

1
Hl = 5(7’% - n_k)2 + 5(77,[ - n_l)2 > 0.

tr[H21p] > 0: This has already been shown in the proof of Thm. 2.21.
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tr[Hsip] > 0: Let pp = Zizl B,]0){n| be the reduced density operator in the
modes +k, 1. We can rewrite Hsy in the form

1
Hgi—2—§(nk+n k+nl+nl)(1:|:(ak _a0— lCL[‘i‘hC))
Defining Osx = 1 F (aka L0—1a; + h.c.), we obtain (Osg)o = (O25)1 = (O2z)3 =
(O25)s = 1,(O25)2 < 2. This implies

4
trlpHss] > 4—(B1+262+305+481) > 4= nf, = d—tr[(ng+n_p+n+n_)pu] > 0.
n=0

As in the proof of Lemma 2.20 it remains to show that the extreme points of C*!
correspond to some fermionic state. It has been shown in the proof of Lemma
2.20 that (0,0,0), (2,0,0) and (4,2,0) can be reached by some separable state.
The remaining two extreme points, (2,1, 41) correspond for example to the state
7la ajal ) +ajal})|0). O

We denote by C'Paired and C#!! the polytopes containing all expectation vectors @,
corresponding to unpaired states or all number conserving states, respectively. They
are bounded by 6 resp. 5 planes defined through the witnesses given in Lemmas
2.20 and 2.21. The situation is depicted in Fig. 2.4.

The witnesses H 1(12 given in Eqgs. (2.35) allow to detect all number conserving BCS
states as paired:

Lemma 2.22. FEzcept for the trivially unpaired cases oy = O, and N = M, the
number conserving BCS state ’\Dg\gs> given in Eq. (2.21) is detected by the witness

) by choosing any two modes (k, l).

Proof. The first two terms in H are designed such that their expectation value
vanishes for states such as ‘\If Bcs>' Since we either have a pair or no particles

in the modes (k, —k) we are in an eigenstate with eigenvalue 0 of the operators
ng + n_p — 2ngn_,. The expectation value of the third term is found using the
representation Eq. (2.22):

(afa’ yaia) + hoc) = [CnPNPRe(oke;) > oy, [*- oy, %
J1<-<IiN_1
Githil
which is nonzero unless N = M or all but one ay # 0. The sign can be adjusted by
a passive transformation to give <H 1 +) sos < 0. O

This shows that indeed all BCS states are captured as paired by our definition, as
desired.

The witnesses H (i, while detecting every BCS state as paired, are in general far
from optimal. However, these states are of great importance in current experiments
with ultra cold quantum gases. It has already been shown by Leggett in 1982
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[23] that the BCS-states of the form (2.21) can be used to describe the BEC-BCS
crossover. Depending on the choice of the coefficients «; the states describe either
a molecular BEC or a superfluid. This motivates the construction of improved
witnesses tailored for this class of states. For BCS states realized in nature it is
often appropriate to assume some symmetry of the wave function

|\IIBC'S Ozk CN (ZakPT)

For example, if P]j =a. kTa PT M= al ETa%, as it is the case for Cooper pairs, and
if we are dealing with an 1sotrop1c setting, then ay = ay,p will hold. It is further
often appropriate to assume that the number of modes is much bigger than the
number of particles, i.e. M > N. For this kind of states we will construct pairing
witnesses via the correspondence to the Gaussian picture. We sketch the idea of
this construction leading to Thm. 2.23, and give the details in the Appendix B.
We have shown in Sec. 2.1.4 the connection of the Gaussian wave function and
the number conserving wave function via |¥gauss) = fozl A N|\If§9@3(ak)>. Consider
a number conserving observable O and denote by (O)gauss and (O) y its expectation
value for the Gaussian and 2N-particle BCS wave function respectively. If the
distribution of |Ay|? is sharply peaked around some average particle number N with
width A, then (O)gauss = (O)n for any integer N € [N — A, N + A]. In Thm. 2.16
we have constructed witnesses H for all Gaussian BCS states. As these witnesses are
optimal, they suggest to constitute an improved witness detecting the corresponding
number conserving BCS state. But H includes terms of the form P,I that do not
conserve the particle number. Hence, this witness cannot be applied directly to
the number conserving case. However, due to Wick’s theorem, (P,IPHM)GMSS =
ﬂkvk<P,I ) Gauss holds under our symmetry assumption. This suggests that we replace
the non-number conserving operator u’kka,I by the number conserving operator

P,I Pyi . We define operators

H, = 2(1—e—|0e|)Ny — 4(P{ Poys + h.c.), (2.41)
N = ng+n_p+nginm+ N (k+M), (2.42)

where 0 < |ui|? < 1 — € Vk for € > 0. Further, we introduce the notation ay, =
vi/\/1— |vp]2, N = Zk L |vk|? and we denote by N the biggest integer fulfilling
N — N > 0. Then the following holds:

Theorem 2.23. Let M, N € N and let 1 <« N < 2M. If1 > e > 18/VaN the
Hamiltonian H({vy}) = S°or, Hy, is a pairing witness detecting

N
U0 aym) = Cn (Zak +Pk+M>) 10).

The proof is given in Appendix B.
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2.4.2 Eigenvalues of the two-particle reduced density matrix

In this Section we derive a basis independent condition for detecting pairing. The
two-particle reduced density matrix O contains all two-particle correlations. A
change of basis, aj =y, Uikaz leaves the spectrum of O¥) unchanged since

(p) (p)
O(ipj),(kl) — (U ®U)j),mm) O,

(mmn),(

<U ® U>(pq ),(kl)*

Thus, we are lead to the following theorem:

Theorem 2.24. Let p be an unpaired state, and let O®) be its two-particle RDM.
Then Amaz(OP) < 2, where Apaz denotes the mazimal eigenvalue.

Proof. If p is unpaired, then there exists a separable state p;, € S, having the
same two-particle RDM. Any separable state is of the form ps = > tap' ™, where
P = [P (@] @) =], af, |0) and >, po = 1. Here, {a, }; denotes some
basis of mode operators. The RDM is of the form O®) => . 1o O where O
is the RDM for the state p(®). The RDM is calculated 1n the basis {aT}Z, and the

different bases are related by a unitary transformation o = =2, Ul(k so that

Ock’

%

(i) (k1) = (U @U@y

=tr [p(o‘)aTaTalak] (U(a) ® U(a))(” (mn) O(Ol0

)>(pq) (pq)(kl)>

where O(mn Y on) = (al, al aa,aq,),. In the basis of the {af }; the expectation
value <aLmaLnaaqaap>p(a) is of the simple form (aLiaLjaalaak>p(a) = 0i0j; — 0510,
Hence, the spectrum of the O is given by spec(O®) = {0, 2} V a. The two-particle

RDM is hermitian as Ogij)(kl) = @(kl)(ij) = (alajajaﬁ = (aTaTalaQ = Oijykr)- Then

Weyl’s theorem [73] implies

)\ma:v (Z ,uaOa> < Z,U/a)\ma:v(Oa> < Z 2,U/a < 2.
U

Example: An example of a state detected as paired via this criterion is the BCS-
state (2.21) with N = 2, M = 3 and all a4 equal. The largest eigenvalue of its
two-particle RDM is given by A,.. = 8/3.

2.4.3 Pairing measure for number conserving states

In Sec. 2.3.4 we have derived a pairing measure for Gaussian states. The correspon-
dence with number conserving BCS states will be a guideline to derive a measure
for number conserving states. The measure of Def. 2.18 involves expectation values
of the form <a£aik> that vanish for states with fixed particle number. Yet, Wick’s
theorem suggests that a quantity involving expectation values of the form <P]I P)
will lead to a pairing measure. This is indeed the case, which is the content of the
following theorem:
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Theorem 2.25. Let p be a number conserving pure fermionic state. Then the
following quantity defines a pairing measure:

M

1

M(p) = max maXZ |<Pljpl>p| ) Z<nk>pa 0, (2.43)
{al}i 1 k

where Pl = alal . and the mazimum is taken over all possible bases of modes {a}};.

For mixed states p, a measure can be defined via

M(p) = min ZPiM(Pi)a (2.44)

where the minimum is taken over all possible decompositions of p = > . pip; into
pure states p;.

Proof. The positivity of M and its invariance under passive transformations follow
directly from the definition. It remains to show that M is zero for separable states.
We need the following lemma:

Lemma 2.26. Every pure separable state p € S(An) fulfills

> PIR),| < N/2, (2.45)

and this bound 1is tight.
Proof. Using Lemma 2.4, we obtain
M M
Y URIP) =Y [PuP sy = Poi Pl (2.46)
k=1 k=1

where P = P2 = P and tr[P] = N. Using the triangle-inequality we get

M
1
Y IRIR) < 5 D (1Pal® + [Posa? + [Peal” + [Pwal?)
k=1 k,l
1
= §tr[P2] = N/2.

In the last step we have used the property that the sum of the squares of a normal
matrix is equal to the sum of squares of its eigenvalues. Taking the square root we
obtain the bound of our claim.

The bound is tight, as P = 1, implies _,, |(P{ P,)| = N/2 which is obtained for
@) =1L, afl0). O

Hence, any separable state of 2N particles fulfills 3, [(PIP)| < N, and this
bound can always be achieved, which concludes the proof. O
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Example: We close the Section by calculating the value of the pairing measure
for two easy examples. Let

iz (P,j v Pik) 10), (2.47)

X =

|\IIS> =

B
Il

1
M N

Wiy = Oy (ZPJ) 10), (2.48)
k=1

the tensor product of N spin-singlet states and the BCS state with equal weights,
respectively. These states have a pairing measure M (|W,)) = N resp. M(\\IISBNCJ?) =
N(M — N). Thus, for the spin singlet the pairing measure has in addition the

property that it is normalized to 1 and additive, while it is subadditive for \\Ilgvcjg)>

Further, this example suggests that the pairing of M(\\IISBNCJ?) = N(M — N) is
stronger than for |U;). We will see indeed in Subsec. 2.5.2 that states of the form

|W.) allow interferometry at the Heisenberg limit.

2.5 Interferometry

The goal of quantum phase estimation is to determine an unknown parameter ¢
of a Hamiltonian H, = ¢H with the highest possible accuracy. The value of ¢ is
inferred by measuring an observable O on a known input state that has evolved
under H,. In a region where the function ¢ — (O(y)) is bijective, ¢ can be inferred
by inverting (O(¢)). In a realistic setup, however, (O(p)) cannot be determined, as
this would require an infinite number of measurements. Instead, one uses the mean
value of the measurement results, o, as an estimate of (O(y)). This will result in
an error dp for the parameter to be estimated, as for a given value of ¢ we have
(O(¢)) = o+ y/Var(o). Linearizing around the real value of ¢, it follows that the
uncertainty of ¢ is given by [83, 84]

o, Var(O)
((0p)7) = 1000 [0 (2.49)

where Var(O) = (O?) — (0)?, and we have used the fact that for many measurement
Var(O) = Var(o) holds. Further, it can be shown that the minimal uncertainty of ¢

is bounded by [85, 86]

(80 Var (1) 2 —, (2.50)

where v is the number times the estimation is repeated. Eq. (2.50) derives from the
Cramér-Rao bound and is asymptotically achievable in the limit of large v.

For a given measurement scheme, i.e. for a given input state and a given observable
O, the uncertainty in ¢ can be reduced by using N identical input states and average
over the N measurement outcomes. As the preparation of a quantum state is costly,
a precision gain which has a strong dependence on N is highly desirable. If these
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Figure 2.5: Scheme of the Ramsey interferometer setup. The incoming wave function
|Wi,) enters a beam splitter. Then particles in the modes all evolve under
the Hamiltonian H = Hy defined in Eq. 2.53. At the end a particle number
measurement is performed on all particles.

probe states are independent of each other, the precision scales like 1/ V/N. This
is the so-called standard quantum limit (SQL). Using distinguishable or bosonic
systems, this limit can be beaten by a factor of v/N by using number-squeezed
input states [87, 88, 89, 90], N-particle NOON states or maximally entangled GHZ-
states %(\N ,0) +10,N)) [84, 91, 92, 93]. Achieving this so-called Heisenberg-limit
is the big goal of quantum metrology.

Less is known for fermionic states where number squeezing and coherent N-particle
states are prohibited by statistics. Nevertheless, there exist fermionic N-particle
state which can achieve the Heisenberg limit for phase measurements in a Mach-
Zehnder interferometer setup [94]. Taking the existence of such states as a starting
point, we show that paired fermionic states can be used as a resource for phase
estimation beyond the SQL. We will consider two different settings. The first setting
will be the standard Ramsey-interferometer setup of metrology, where the coupling
Hamiltonian is proportional to the number operator. Here, we will see that paired
states lead to a precision gain of a factor of 2 compared to separable states. The
second setup involves a more complex coupling. Here it will turn out that by using
paired states the Heisenberg limit, i.e. a phase sensitivity (6p)? ~ 1/N?, can be
achieved.

2.5.1 Ramsey interferometry with fermions

General setup We consider the standard Ramsey interferometer setup Fig. 2.5

where a state in the modes {aLj, alTj jj‘i_ u undergoes mode mixing at a beam splitter,

1

alkj — agj = —2(alkj +allj), (2.51)
1

a'T:tlj - ailj = _(a'T:I:kj - ail:lj)’ (252)
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before evolving under the action of the Hamiltonian

M

Hy =Y (m, +n_,). (2.53)

j=1
Finally, a particle number measurement is performed on the system, to compute the
parity _ _

P = (—1)=m (2.54)

where n(]) = ak aj, and ngj) = a/_Tkja’_kj. According to Eq. (2.49), and using P? = 1,
the phase sen81t1V1ty is given by

1—(P)?

(6p)* = T P

2(P)|

We rewrite the parity operator in a form appropriate for calculations. Noting that
the terms for different j commute, we write

(2.55)

TS S IR ir(n® () _ = (im)™ (])
P et Lo ) < [T 5 O

J Jj m=0
For the evaluation of the sum we use that n, = ny 5, so that for m > 2 we have

(n§ + 0" = zm: ( " ) (n(()j)>k (n@)’”"“

m—1
(e
k=0

- (2
1+Z( )
m=1

1_2( (J)+n(])) + 4P,

by evaluation of the sums. Thus,

P = H ( + 09y + an¥ >n§”) . (2.56)

In the next Section we derive the best possible precision obtainable by using unpaired
states, and compare this result to the precision achievable by using paired states. It
will turn out that already at two-particle level paired states have more power than
the unpaired states for our setup.
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Bound on unpaired states for the standard interferometer We derive a
lower bound on the phase sensitivity when using an unpaired state of 2N particles
as input states:

Theorem 2.27. For the Ramsey interferometer described above the phase sensitivity
15 bounded by

(09)* = 3 (257)

when an unpaired state of 2N particles is used as input state.

Proof. We will use (2.50), ((d¢)?)Var(H) > 1/(4v), to derive the bound. Hence, we
have to estimate an upper bound for the variance of the Hamiltonian Hy defined in
(2.53). As Hy as well as H3 contain operators from the set Ay only, it is sufficient
to proof the bound for product states, as for every unpaired state there exists a
product state having the same expectations. In Lemma 2.4 we have shown that
for pure separable states (ngn;) = |Pul?> — PuPy + Pirdg, where P € CHIAM g
a projector of rank 2N. We arrange the indices as —ly, ..., Iy, —knr, - - ., ky and
partition the projector P such that

. A B 2M x2M
P_<BTC),ARCEC .

As P? = P, we have A — A? = BB, and the variance of the Hamiltonian Hy is
given by

Var(Hy) = }:/h §:|AM2 r[BBT], (2.58)
i,5=1
as Hy only involves the modes —lM ...,y As rank(P) = 2N, there exists some

unitary U such that P = UldynUT, where

1 0
Id2N2< (2)N 0) EC4MX4M.

Partitioning the unitary according to

Un U
the projector P is of the form

P ( UnldonUf;  UnildonUd, )
Unldon U, UnldanUd,

Using the the above representation of P and the cyclicity of the of the trace, we
can write Var(Hy) = tr[AB] with hermitian matrices A = Id2NU11U111d2N, B =
IdgNU21U211d2N. The trace can be interpreted as a scalar product maximized for
linearly dependent A and B. Exploiting the unitarity of U, one sees immediately
that the variance is maximized for A = ¢/(1 4 ¢)Idyy, B = 1/(1 + ¢)Idyy for some
constant c. Hence,

U — ( Ull U12 ) ’ Uz] c @2M><2M for Z,j — 1’27

Var(Hy) < ¢/(1 + ¢)?tr[1oy] < N/2.

Inserting this into Eq. (2.50), we find that (dp)? > 5. O
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Interferometry with two particles In a first step we show that already a two-
particle paired state can beat the bound for the phase sensitivity derived for unpaired
states (2.57). Hence pairing manifests itself as useful quantum correlation already
at the two-particle level. We show the following:

Theorem 2.28. Using the paired state

(Zo‘ﬂak Ak, +ﬁjaz -y ) 10), (2.59)

7j=1

with normalization Y oy |* +13;|* = 1 as input state for the Ramsey interferometer
described above, we can achieve an optimal phase sensitivity given by

, 1
(O Dnin = 3 (1+250, Re(asy)) -

Proof. Take \\Ill(i)) as the input state. After an application of the beam splitter
transformation (2.51) and an evolution under the Hamiltonian (2.53), the output
state is of the form

|\Ilout> = Z |¢j>7

1Y) = [j(Jr)( al —|—e2wa}al)+q() ( —l—ak )} 0},

where q(-i) = (a; £ ;)/2. For the calculation of the expectation value of the parity

J
operator given in (2.56), we use that terms of the form nt (J, where z, 2’ = 0,1

(2.60)

AN

give vanishing expectation value for the state \\Ilout> if 7 # j'. Hence, the expectation
value of the parity operator simplifies to the calculation of

=1+ Z Ann' — 2(n$ + nh). (2.61)

From Eq. (2.51) we see that we have to evaluate terms of the form

1
< (9) + n(])) — §<nkj + nlj + n_kj + n_lj + CLJ]rﬁjalj + ajjakj + aT_kja_lj + aT_kja_lj)
1 1
<né])n§])> = Z<(nkg + nlj)(n—kj + n—lj» + Z<aljatlja_kjalj +hc)
Lov i 1 i t
+ Z(akja_kja_ljalj + h.c.) + Z<(nkj + nlj)(a_kja_lj + a_lja_kj)>
1
+ 1((71_;% + n_lj)(aljalj + alTjakj)>. (2.62)

Since (ng, + ny,;)|Y;) = [¥;) Vj, we obtain

<4n(() )ngj) 2(n () 4 n(J))> - (azjaikja_ljalj + a,tjaT_lja_kjalj + h.c.)
+ ((nk] + nlj)(n_kj + n_lj)> — (nkj + n_kj + nlj + n_lj>
= —4|¢?sin®p  (2.63)
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by direct calculation. Thus, the expectation value of the parity operator is given by

(P)y=1—sin%p (1 + 2 ZRe(ajﬁj)> . (2.64)

J=1

Using the formula for (6¢)?, Eq. (2.55), we obtain (2.60).
The minimal bound of 1/4 can be obtained for a state where ay, = 3 V k, since
in this case the normalization constraint implies 2 [a;[* = 1. O

Thm. 2.28 shows that there exist two-particle paired states exceeding the bound
on unpaired states given in (2.57). However, since for pure two-particle states pairing
is equivalent to entanglement we will study next an example where the nature of
pairing is clearly the reason for an improved phase sensitivity.

Interferometry with 2N-particle BCS-states Generalizing this result, it fol-
lows immediately that states of the form |‘Ifi(§)>®N , will lead to a phase sensitivity

(bp)2,, =1/ [2N(1 +2 Z;‘il Re(ozjﬁj))] . In this Section we will show that the same
result can be achieved using BCS-states.

Theorem 2.29. Tuke the paired state

M N
Wy — ¢ (Z ajaf a’y + ﬁjajjailj> |0Y, (2.65)
7j=1

where we use the normalization condition Y. o +|3;1* = 1 as the input state for
the Ramsey type interferometer defined above. Then the optimal phase sensitivity is
given by

1

2N(1+23; Re(a;3))

(0p)* = (2.66)

Proof. As in previous Sections we will use the correspondence to the Gaussian state

2N
‘\Ilgn,G)auss> = cexp Z ajazjaikj + ﬂja}jaill’ ‘O>
j=1
= cH(l + ozjazjaikj)(l + 6ja;jailj)‘0>

J

where |[N — N| < N for the calculation. After the state has passed through the
interferometer, it has transformed into the output state

(TN ss) =

out,Gauss

+
11 [1+q( )(aka k; ‘H‘l )+qg( (o] T—kj—i_altjail,)—i_ajﬂjak aTkal aly | 10).
J
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Since |\Ifgit )Gauss) is a product of terms with support in disjoint subspaces of modes

+k;, £1;, we can evaluate each factor 1 — 2(ng U) 4 n(])) + 4n(] j of the parity
operators P (2.56) independently. Making use of (2.62) and the fact that
<(nkj + nlj)(aT—kja—lj + aT—lja—kj» = <aT—kja—lj + aT—lja—kj>
the expectation value of the parity operator is readily computed to be
(P)Gauss = H(l — |c[’|ay + B3] sin® ).
J

We expand the last expression for small values in ¢ and obtain
(P)=1—&"c > loy + 3]
J

As only number operators are involved, (P)gauss = (P)n, where (...)x denotes
the expectation value of P for the state \\III(EN)> With the help of (2.49) we obtain

1
)
OO = o oy + AP
Using N = [c[>>2, |ow|* + |Be* = |c|?, one arrives at (2.66). The minimal value
(6p)* = 1/(4N) is obtained when «; = 3; Vj. O

The above result shows that the use of paired states results in a precision gain of
up to a factor of 2 compared to the best precision obtainable for unpaired states
(2.57).

Relation to the pairing measure The pairing measure derived in Sec. 2.3.4
and 2.4.3 quantifies the precision gain obtainable by the use of paired states. To see
this, denote by |\D£i]\éauss> the state after the beam splitter transformation. Then
the value of the pairing measure defined in Def. 2.18, Mg(p) = >, [{ara)|?, for

this state is given by

Mg <|‘I’m Gauss>> = ]\; <1 +2 ZRG(%@)) :

Comparison with Eq. (2.66) leads to the observation

- N
o e (W) o

The above relation demonstrates that M is indeed quantifying a useful resource
present in paired states. Whether this interpretation can be extended to mixed
states will not be explored here.
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Figure 2.6: Setup which allows interferometry with paired states at the Heisenberg limit.
Particles in modes aL and b;rg evolve under the complex coupling Hamiltonian
H (for the detailed form of H refer to the text). In the end particle numbers
are measured.

2.5.2 Interferometry involving a pair-interaction Hamil-
tonian

So far we have seen that paired states lead to a gain of a factor of 2 in precision
compared to unpaired states in a Ramsey-type interferometer. This Section will
show that paired states are even more powerful and can lead to a precision gain of
a factor of NV when measuring the phase of a pair-interaction Hamiltonian.

We consider a setup where two fermionic states enter the ports A and B of an
interferometer. The particles entering port A can occupy the modes {al},i”:_ Mo
while the particles entering through port B can occupy the modes {bl}kMz_ - Then
the two states evolve under the Hamiltonian H. = H.,, Hp defined in (2.78) resp.
(2.81) and a particle number measurement is performed at the end. The situation
is depicted in Fig 2.6. We will compare the power of paired states over unpaired
ones for two different settings. We start by introducing some basic notation:

Prerequisites We define pair operators P,j = a,taT_k and QL = b,th_k and their

equally weighted superpositions

M M
1 1
b Pl | T 2.68
Py VM ; k Aym M ; Qy, ( )
The operators p;\/[ and q]TV[ fulfill the commutation relations
1 -
Phropn] = —1+ N, (2.69)
1 .
b ] = 147N, (2.70)

where n;, = azak so that N, = >, (ng +n_y), and Ny, = >, (my + m_x) with

ng = azak and my = bLbk being the number operators for particles in modes aL and

bL respectively.
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We compare the power of two paired states and two unpaired states entering
through port A and B. The bound for unpaired states will be derived again via
(2.50). Due to the structure of the input states, (H.) and (H?) are expectation
values of operators from As, it is sufficient to compare the power of paired states to
those of separable states. As paired states we take products of BCS-states in modes
a and b,

W) = INERINY, (2.71)
where |N){M) = c%w) (ph,)N]0) and |N)2M) = c%w)(qjv[)Nm) with normalization con-
stant c%w) = (NM!/MN)~z. The separable input state states are of the form

D) = [N o] @MYy, (2.72)

where |V ))a,b are separable states in the modes aL and bL respectively.

After the input state has evolved under the Hamiltonian H.p into the state
|\If§\1,‘/[)(go)> = eiH09”|\I/§\J,VI)) an observable O is used as an estimator to determine the
parameter ¢ to a precision given by (2.49). Instead of working in the Schrédinger
picture of state evolution it turns out to be more convenient to tackle the problem
in the Heisenberg picture. There O evolves according to

O — O = e Qv = O(p).

We are interested in the phase sensitivity for small ¢, so that we can expand (2.49)
in powers of . First, an expansion of the observable O leads to

1
O(¢) =0 —iplH,., O] — iapz(HfO + OHC2 —2H.OH,.) + O(gpg). (2.73)

Next, if the input state |\If§\1,w)) is an eigenvector of O with eigenvalue 0, we obtain
the following simple expressions for (O) and Var(O):

\%@ IO + O, (2.74)
Var(O) = @*(H,O*H,) 4+ O(p?). (2.75)

In this case the phase fluctuation (d¢)? simplifies to
(H.O?H.)

Sp)? = <= L ) 2.
00 = o + O 270
An observable fulfilling this property is
1 2 2
0= <§(prM - quM)) = (JI)". (2.77)

The commutation relations for pjw and qj\/[ (2.69) imply that in the limit of infi-
nitely many modes, M — oo, the operators p;\/[ and q]TV[ become bosonic. We start
out with a scenario where the input states are in the bosonic limit and then turn
our attention to a setting where the fermionic nature is apparent.
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2.5.2.1 Bosonic limit

In this Section we consider the scenario M — oo, i.e. we are in the limit where the
fermionic particles exhibit bosonic commutation relations. The limit is understood
for the expectation values of the operators. We consider a coupling of the form
H.= pH,, where

1
H,, = §(ploqoo + ¢l poo), (2.78)

and measure (J5)2.

Bound on unpaired states We start deriving the best precision for unpaired
states using (2.50). For the calculation we use a finite M for input state, coupling
Hamiltonian and measurement and then take the limit M — oo, i.e. we take

Hy = %(p;rv[qM + ¢!, p) and (JM)2 defined in (2.77). Then

(Dap| Hur|Pap) =0

lim
M—o0
due to the conservation of particle number. Hence,

lim Var(H )

= i 2N t t 2 _

as (ph,py) = L |(PIP)|> < N/M. The last inequality results from the bound

of the pairing measure on unpaired states Thm. 2.25. The same holds for <qL,qM).
Thus, in the limit M — oo the variance of H., vanishes. This implies that unpaired
states are of no use at all for a phase estimation in this setting, since (§p)? — occ.

Phase estimation using paired states Now we use the paired input state de-
fined in (2.71) as the input state for the interferometer. We can prove the following:

Theorem 2.30. For suitable paired input states, the interferometer depicted in Fig
2.6, where H = H, is defined in Eq. (2.78), allows to estimate the coupling para-

meter @ to a precision
1

2N2
Proof. Consider the interferometric setup depicted in Fig. 2.6, where the 2/N-particle
input state and the coupling Hamiltonian are defined in Eqs. (2.71) and (2.78)
respectively. We will again use a finite M for input state, coupling Hamiltonian and

measurement and then take the limit M — oo, i.e. we use |U;,) = |N>[(1M)|N)ISM),

Hy = %(pjqu +pj\4qM) and (JZ(M))2. In Appendix C.1 we show that

(0p)is = (2.79)

1
<HM(J,§M))2HM> = gazzva?v+1(a12v+1_0‘12v—1)2a
I,

<HM(JZ(M))4HM> = 3_205NO‘J2\7+1(O‘?V+1_O‘?\7—1)47 (2.80)
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where ay = /N (1 — &=1). Thus using (2.76), we obtain
(500 = 53— + O(¢)
¥ 5.2 2 ¥).
20‘N+1¢VN
Taking the limit M — oo leads to the result of the theorem. O

2.5.2.2 Interferometry far from the bosonic limit

In the preceding Section we have studied the power of paired states in the bosonic
limit. The power of bosonic particles for interferometry has been known for quite
a while. Hence, the use of paired states where the fermionic nature of the particles
survives might be a more interesting question. In this Section we show that even
far from the bosonic limit paired states can achieve a precision gain of order N for
quantum metrology. To this end we consider a coupling Hamiltonian of the form
H. = ¢Hp where

He =Y PlQ.+ PQ). (2.81)

Bound on product states First, we give a bound for the phase sensitivity achiev-
able by using product states at the input:

Theorem 2.31. Using product states of 2N particles as input states for the inter-
ferometric setting depicted in Fig. 2.6, the phase ¢ of the coupling Hamiltonian
H, = pHp, where Hr is defined in Eq. (2.81), can not be measured to a precision
better than (0p)* > 1/(16N).

Proof. For every product state of the form (2.72) we have (Hp) = 0 due to particle
number conservation. Hence, Var(Hr) = (Hz). We will bound this expectation
value:

(HE) = Y (PIPYQIQu) + c.o. + ) (PIPY(QiQL)
k#l k

1/2 1/2
< 2<Z|<P2Pz>|2> (ZKQLQW) + Y (PIPQQD) + cc..

k#l k#l

1/2
From Lemma 2.26 we know that <Zk# |<P]IP1>|2) < +v/N. Further,

(PePl) = (1= (nk—n)® —men_y) <1,
» (PR < N
k

Thus, Var(Hg) < 2v/NvV/N + 2N = 4N which leads immediately to our result via
(2.50). O
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The power of paired states We show next that the bound derived on product
states can be beaten by a factor of /N using paired states.

Theorem 2.32. Using paired states of the form (2.71) as input states for the in-
terferometric setting depicted in fig. 2.6, the phase ¢ of the coupling Hamiltonian
H,= pHp, with Hr as in (2.81) can be measured to a precision

M(M = 1)
8N(M — N)(M — 1+ MN — N2)’

(5¢)? = (2.82)

For the proof see Appendix C.2. This theorem implies (d¢)*> ~ 1/N? for all
M > 2N.

Concluding remarks In conclusion we have shown that paired states are a re-
source for quantum metrology. Theorem 2.32 is the main result of this Section. We
have remarked already at the beginning of this Chapter that it has been proven be-
fore that the Heisenberg limit can be achieved using fermionic particles [94]. How-
ever, these states were constructed in an abstract way, while we prove that the
BCS-states that can be created easily in an experimental setup are a very powerful
resource for quantum metrology.

2.6 Application to experiments and conclusion

In summary, we have developed a pairing theory for fermionic states. We have
given a precise definition of pairing based on a minimal list of natural requirements.
We have seen that pairing is neither equivalent to entanglement of the whole state
nor of its two-particle reduced density operator but represents a different kind of
quantum correlation. Within the framework of fermionic Gaussian states we could
give a complete solution of the pairing problem. For number conserving states we
have given sufficient conditions for the detection of pairing that can be verified by
current experimental techniques, e.g. via spatial noise correlations [95, 96, 97|, and
prescribed a systematic way to construct complete families of pairing witnesses.

Another important point of our work is the utility of fermionic states for quantum
metrology. While it has been shown that fermionic states can in principle achieve
the Heisenberg limit for precision measurements in a Ramsey-type interferometer
[94], we could prove the usefulness of states that are available in the laboratory.
Furthermore, the resource leading to the improved phase sensitivity is the pairing
according to our definition and not the entanglement according to any of the existing
concepts. This observation gives hope that pairing of fermions will turn out as a
useful resource for different sorts of quantum information applications in the future.
In addition, the optimal precision for the Ramsey-type setup is proportional to the
pairing measure introduced from an intuitive picture in Secs. 2.3.4 and 2.4. This
endows the measure with an operational meaning.

Unfortunately, one of our initial motivations of giving a characterization of pairing,
the pairing debate [28, 29, 30, 31], could not be resolved so far. To do so we need
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access to the proportionality factor linking the quantity plotted in Fig. 4 of [28] to
the local pair correlation correlation function Gy(r,r) = <\DI(T)\I’]{(T)\I’T(’F)\PL(T)>

The results we have presented are just a first step in understanding pairing and
its relation to other types of quantum correlations. We hope that the pairing theory
we have developed will help to get a better understanding of correlated many-body
systems and provide a new perspective on quantum correlations, and may in addition
serve as a starting point for further inquiries. For instance, the pairing theory
developed so far has some formal analogies to the theory of generalized entanglement
(98, 99]. Furthermore, another possibility is to look for a finer characterization of
pairing. For example, 3>_, P/|0) and >_2", P[|0) represent paired states of rather
different nature. Thus, the development of witnesses or measures which allow to
determine over how many modes the pairs in a given states extend is an interesting
question. Further, one could think of relating these differences to applications in
metrology or elsewhere. Next, the role of higher order correlations could be explored.
The set of unpaired states contains both separable and highly correlated states.
This is, for example, reflected in the fact that there are unpaired states which can
be transformed to paired ones by single-mode particle number measurements. For
example, the unpaired state (alalal + alalal)|0) can be transformed into a paired
state by measuring particle number in mode b = a3 4+ ag. A theory of higher-order
correlated states could be developed along the lines discussed here: Define e.g. the
nth-order correlated those states whose expectation values on nth-order observables
cannot be reproduced by m < n-correlated states.

Up to now we have concentrated on fermionic states. But the question of pairing
in bosonic systems might be equally interesting and relevant for recent experiments
[100]. While our theoretical framework can be directly applied to the bosonic case,
the criteria for its detecting have to be adapted since bosons obey canonical com-
mutation relations. Moreover, so far we have considered finitely many modes only,
and it is an obvious question whether generalizing to an infinite dimensional single-
particle space gives rise to new phenomena.

Tools and methods from entanglement theory have been very useful in analyzing
pairing. Omne very important such tool, however, is missing: Positive maps. These
are transformations which do not correspond to a physical operations but neverthe-
less, when applied to a subsystem in a separable state with the rest, map density
operators to (unnormalized) density operators and thus provide strong necessary
conditions for separability. The most prominent case in the qubit case is the partial
transpose of a subsystem, that leads even to a necessary and sufficient condition
in the case of two qubits [101, 102]. Finding an analogy might prove very use-
ful for the analysis of many-body correlations. Another important object in the
theory of entanglement is the set of LOCC operations (local operations and clas-
sical communication), i.e., the operations that cannot create entanglement. In the
case of pairing, the analogous set would contain passive operations and discarding
modes, as seen above, while measurements do not belong to this set. Are there
other physical transformations that cannot create pairing? Do paired states, then,
possibly allow to implement such transformations similar to entanglement enabling
non-LOCC operations?
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CHAPTER 2.

Pairing in Fermionic Systems
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Chapter 3

Quantum Simulations in
Translationally Invariant Systems

In the last Chapter we have applied concepts and methods from quantum informa-
tion theory to gain further insight into the quantum correlations of fermionic sys-
tems. From now on we focus on the possibility to obtain information on quantum
mechanical systems, especially fermions, using simulation techniques and approxi-
mation methods. Our goal is to approximate the ground and thermal states, as well
as the dynamical properties of the system.

The simulation of the time evolution of quantum mechanical many-body systems
is a daunting task, as the underlying Hilbert space grows exponentially with the
number of particles. This observation lead Feynman already in 1982 to the follow-
ing question [33]: Can physics be simulated by a universal computer?. The universal
computer he had in mind should be composed out of elements that are locally inter-
connected, as it is the case, e.g. for a cellular automaton. He noticed that quantum
mechanical systems are much more appropriate than classical ones to achieve this
task:

"Trying to find a computer simulation of physics, seems to me to be an excellent
program to follow out...And I'm not happy with all the analyses that go with just the
classical theory, because nature isn’t classical, dammit, and if you want to make a
simulation of nature, you’d better make it quantum mechanical, and by golly it’s a
wonderful problem because it doesn’t look so easy.”[33]

Following these lines, Llyod could prove in his pioneering work of 1996 [34] that
Feynman’s hypothesis was correct: Quantum computers can indeed be used to simu-
late any local quantum system, and we can efficiently simulate quantum mechanical
time evolutions—provided that we have sufficient coherent control on the system
[103]. In this direction enormous progress has been made during the last years,
in particular in systems of optical lattices [104] and ion traps [105, 106, 107, 108].
Moreover, it was realized that quantum simulators [109] are much less demanding
than quantum computers and, in fact, pioneering experiments simulating quantum
phase transitions in systems of cold atomic gases [104] have already turned some of
the vision [110] into reality.

One of the fundamental questions in the field of quantum simulations is the fol-
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lowing: Given a set of interactions we can engineer with a particular system, which
are the Hamiltonians that can be simulated? Concerning gates, i.e., discrete time
unitary evolutions, it has been shown in the early days of quantum information
theory that almost any two-qubit gate is universal [111, 112]. Similarly, any fixed
entangling two-body interaction was shown to be capable of simulating any other
two-body Hamiltonian when supplemented by the set of all local unitaries [113, 114].
The many-body analogue of this problem was solved in [115, 116] and the efficiency
of quantum simulations was studied in various contexts (cf. [117, 118, 119, 120]).

All these schemes are based on the addressing of sites, i.e., local control. Imagine
now that we have a chain in which we cannot address each particle individually but
only apply global single-particle and nearest-neighbor interactions. Can we simulate
the evolution of a next-to-nearest neighbor interaction Hamiltonian, or obtain some
long-range (e.g., dipole) coupling, or even a three-particle interaction Hamiltonian?

In our work we will concentrate on the case in which the interactions at hand are
short range and translationally invariant as it is approximately the case in different
experimental set-ups, like in the case of atoms in optical lattices or in many other
systems that naturally appear in the context of condensed matter and statistical
physics. In order to make the problem mathematically tractable and to exploit its
symmetries we will consider periodic boundary conditions, even though typically
physical systems have open ones. In this sense, our results may not be directly
applicable to certain physical situations. In any case, we expect that our work will
be a step forward to the establishment of what can and cannot be simulated with
certain quantum systems, namely spins, fermions and bosons.

This Chapter is organized as follows: In Sec. 3.1 we give a concise statement of the
problem as well as an introduction in the techniques of quantum simulation. Next,
we give some preliminaries on quadratic Hamiltonians in Sec. 3.2. Sec. 3.3 will then
treat fermionic and Sec. 3.4 bosonic systems. Both start with the one-dimensional
case which is then generalized to arbitrary dimensional cubic lattices. Finally spin
systems are addressed in Sec. 3.5.

3.1 Statement of the problem

Consider a cubic lattice of N sites with periodic boundary conditions in arbitrary
spatial dimension. Assume that we can implement every Hamiltonian from a given
set & = {Hi, Ha,...} of translationally invariant Hamiltonians and in this way
achieve every unitary time evolution of the form e for arbitrary ¢ € R. Note that
this assumes that both +H, are available. The question we are going to address
is the following: Which evolutions can be simulated by concatenating evolutions
generated by the elements of S7. Our main interest lies in sets which contain all
on-site Hamiltonians and specific nearest-neighbor interactions. The situation is
depicted in Fig. 3.1.

The natural language for tackling this problem is the one of Lie algebras [121, 122]
since the set of reachable interactions is given by the Lie algebra £ generated by the
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Figure 3.1:  One-dimensional translationally invariant lattice with periodic boundary
conditions. On-site interaction (yellow dots) and nearest-neighbor interac-
tions (dashed lines) are implemented in a translationally invariant way.

set ¢S. This follows from the Lie - Trotter formulae [123, 124]

e br Pl —  im (eaLk/”eﬁLl/")n, a, B €R,
ellwld = im (eLk/\/ﬁeLl/\/ﬁe_Lk/\/ﬁe_Ll/\/ﬁ>n’

where Ly is a representation of the generator iHj;. When applying the Lie-Trotter
formulae to the elements of ¢S we can obtain all commutators and real linear com-
binations of its elements, i.e., we end up with the Lie algebra generated by S.
Conversely, it follows from the Baker-Campbell-Haussdorff formula [125, 126, 127]
that all simulatable interactions can be written in this way. We will study the cases
of D-dimensional ‘spin’ systems (£ C supn) as well as quadratic Hamiltonians in
fermionic (£ C soay) and bosonic (£ C spaoy) operators. Whereas in the case of
quadratic bosonic and fermionic Hamiltonians a rather exhaustive characterization
of simulatable time evolutions is possible, a full characterization of simulatable spins
systems still remains an open problem.

3.2 Quadratic Hamiltonians

This Section will introduce the basic notions and the notation used in Secs. 3.3, 3.4.
The presentation is a collection of tools widely used in the literature on translation-
ally invariant quasi-free fermionic [128, 129, 70, 130] and bosonic [131, 132] systems.
We consider a system of NV fermionic or bosonic modes characterized by a quadratic
Hamiltonian

N
H= Z Apapa; + Bklakaj + C’klazal + DklaLalT. (31)
k=1

Here, az and a; are creation and annihilation operators satisfying the canonical
(anti)-commutation relations

CAR: {ax,} = 0, {ax,a]} = 6y (fermions), (3.2)
CCR: [ag, ] = 0, [ax,a]] =6k (bosons). (3.3)
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By defining a vector o = (aq,...,an,al, .. .a},) and a Hamiltonian matriz
~ A B
a2 8) »

Eq.(3.1) can be written in the compact form H = aHaT. The Hermiticity of H
implies the relations

B=B' C=C",A=D" (3.5)
We will identify Hamiltonians which differ by multiples of the identity as they give
rise to undistinguishable time evolutions. The commutation relations can then be
exploited to symmetrize the Hamiltonian matrix H such that

A=71A" D=1D" B=1C", (3.6)

where 7 = 1 for bosons and 7 = —1 in the case of fermions. Instead of working
with 2N creation and annihilation operators it is often convenient to introduce 2N
hermitian operators ¢, via

o = (a} + @) /V2, ey = ila) — ag) V2. (3.7)

In the case of fermions these are the Majorana operators obeying the anti-
commutation relation

{Ck, Cl} = 5kl- (38)

For bosons the ¢, are the position and ¢y momentum operators, and the commu-
tation relations can be expressed in terms of the symplectic matrix o via

[Ck,Cl] =10y, O = ( _01 g ) , 1€ RN, (39)

Eq. (3.1) can now be written in the form

VT X W
H = 7 ;Hklckcl, H = TWT y . (310)

Exploiting again the commutation relations we can choose the Hamiltonian matrix
H real and (anti-) symmetric with H = 7H”. The Hamiltonian matrices of the two
representations are related via

H=- X+Y —i(W—7Wh) X Y +i(W+7Ww7)

- \/F( XY —i(W+rwT) X—I—Y—I—i(W—TWT))
4

Time evolution

We are interested in time evolutions generated by quadratic Hamiltonians of the
form in Eq. (3.1). These are canonical transformations which preserve the (anti-)
commutation relations and act (in the Heisenberg picture) linearly on the ¢;’s:

N
eMee™™M =Y Ty . (3.11)
=1
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In the fermionic case the CAR are preserved iff T € O(2N) is an element of the
orthogonal group in 2N dimensions. This group has two components corresponding
to elements with determinant +1. As time evolution has to be in the part connected
to the identity (for ¢ = 0) we have that 7" € SO(2N) is an element of the special
orthogonal group. For bosons the preservation of the commutation relations implies
that T is a symplectic matrix, i.e. ToTT = o. Both groups SO(2N) and Sp(2N)
are Lie groups and we can express 7' in terms of the exponential map acting on the
respective Lie algebra, i.e., T = e'*. We use the infinitesimal version of Eq. (3.11)
to derive a simple relation between the generator L and the Hamiltonian matrix H.
We make use of the Baker-Campbell-Hausdorff formula

eApeiA = % %[A, B, (3.12)

m=0

where [A, B],, = [A,[A, B]_1] and [A, B]y = B, and expand to first order in At.
For fermions, this leads to

M o~ AL AtZszCz +0((At)?) (3.13)

k.l

while for bosons we obtain

eiHAtCke_iHAt = ¢, + At Z(HO’T)lkCl. (314)
k.l
As T = 237, (01 + AtLy)cy, we can immediately read off
L = —H, for fermions (3.15)
L = Ho" for bosons. (3.16)

Translationally invariant systems

We will throughout consider translationally invariant systems on cubic lattices in
d spatial dimensions with periodic boundary conditions. Hence, the indices of
the Hamiltonian matrix Hj; which correspond to two points on the lattice are d-
component vectors k,l € Z¢ where m is the edge length of the cube, i.e., N = m?
The translational invariance is expressed by the fact that the matrix elements Gy,
of the blocks G € {X,Y, W} of H depend only on the relative distance k —[. Taking
into account the periodic boundary conditions, k& —1 is understood modulo m in each
component. Such matrices are called circulant, and we will denote by C4 and Cg the
set of circulant symmetric and antisymmetric matrices, respectively. All circulant

matrices can be diagonalized simultaneously by Fourier transformation [73]

G = FGF® = diag Zer_%kl ; (3.17)
kezd, I

1 27
m

qu = \/_ﬁe—pq’ pvqezma (318)
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where G, = G is the entry of the k-th off-diagonal of the matrix G. It follows
from (3.17) that all circulant matrices mutually commute.

3.3 Simulations in fermionic systems

In this Section we study the set of interactions that can be simulated in a trans-
lationally invariant fermionic system starting with quadratic local transformations
and nearest neighbor-interactions. Making use of the fact that the blocks X, Y and
W in Eq. (3.10) mutually commute we calculate the commutator L” = [L, L] of two
generators L and L' given by

X0 wo
LY = < —_WwoOr vy ) (3-19)
and obtain
X// W//
L' = ( Wt _x ) ) (3’20>

X/l _ W/WT _ leT’
W' = WY —X')— W(Y - X).

Note that by Eq. (3.20) every commutator has the symmetry Y” = —X”. Hence,
if we start with a set & of Hamiltonians with corresponding generators S, =
{L1, Lo, ...}, then every element of the generated Lie algebra £ has this form up to
linear combinations of elements in S;. On the level of Hamiltonians this symmetry
corresponds to real tunneling/hopping coefficients By, = —Cj, € R in Eq. (3.1).
We will denote by R the vector space of all matrices of the form (3.19) for which
Y =-X.

Let us now introduce the elements of the set S, corresponding to all local Hamil-
tonians and specific nearest-neighbor interactions. Every generator L of a local

Hamiltonian is proportional to
0 1
E_(_IL 0)‘ (3.21)

For giving an explicit form to the nearest-neighbor interaction, we define a matrix
M® via

M = 81 (3.22)

where v, k, 1 € Z¢ and the addition is modulo m in each of the components. This
leads to the properties

M@ ) = pplte) - O =, (3.23)



3.3: Simulations in fermionic systems 55

Moreover, we define the matrices

M_(:)) _ M(v) + M(_U), MSU) — M(U) — M(_U)’ (324)
v MY o
HY = ( Y ) (3.25)
Ho 0 M) (3.26)
W) M((l))T 0 ’ '

where the indices X and W refer to a non-vanishing X- and W-block respectively.
Denoting by e; € Z2, the basis vectors (e;); = &;;, every Hamiltonian matrix corre-
sponding to a nearest-neighbor interaction along e; is of the form

Xo Wy :L'MSei) wM ) 1 M (=€)
Hoy = = . . (3.27
’ ( Wy Y ) < — (WM + wMe)) y M (3.27)

where z,y, w, w € R. We will now start studying one-dimensional systems and then
generalize to the d-dimensional case.

3.3.1 Simulations in one-dimensional fermionic systems

In this Section we consider quadratic fermionic Hamiltonians with translational
symmetry on a ring of m sites. We will give an exhaustive characterization of nearest-
neighbor Hamiltonians which are universal for the simulation of all interactions
obeying the symmetry ¥ = —X, when supplemented by all on-site Hamiltonians.
The results depend on whether m is even or odd.

Theorem 3.1. Consider a translationally invariant fermionic systems of m sites
on a ring with periodic boundary conditions. Starting with all one-particle transfor-
mations which are proportional to the matrix E defined in (3.21) and one nearest-
neighbor interaction Hy of the form (3.27) we can simulate the following set of
interactions depending on the symmetry properties of Xo, Yy and Wy:

1. m=2n+1 odd:

(a) Xo =Yy, Wy € Cs: No further interaction can be simulated.
(b) Xo# Yy or Wy ¢ Cs: The space R (i.e. X ==Y ) can be simulated.

2. m = 2n even:

(a) Xo =Yy, Wy € Cs: No further interaction can be simulated.
(b) Wy € Ca or Wy = 0: The space spanned by

T = {H)(é%_l)el), H{é{%]j_el)aH{(/{(f_k_l)el)}keN

can be simulated. (For the definition of Hy and Hy see Egs. (3.25),
(3.26) ).
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(c) Wo & Ca, Hy € R: The space R can be simulated.
(d) Wy & Ca, Hy & R: The space spanned by

T = {H(kel (2kel) H((2k 1er) _H‘(/[(/Z(k—l)—l)el)}kEN
can be simulated.

Proof. For the proof we will need the relations

[H(ke1 ] _ 2}1‘(/56_1)7 (328)
[E H(kel ] _ Hgfel)’ (3.29)
[H ke1 161 ] — 0’ (330)
[H ke1 161 ] _ Q(H‘(/[(/l‘i‘k)el) _ HI(/I(/l_k)el))’ (331)
[H kel 161 ] — H)(((l—k)el)_ (3.32)

For Xy = Yy, Wy € Cs, [Hyp, E] = 0 according to (3.20) so that we cannot simulate
any further interaction (up to multiples of E). This proves (1la) and (2a).

If Wy ¢ Cs or Xy # Yo, we will show in the first step by mductlon over k that the
set Z defined in (2b) can be simulated. For k = 1, we can get H" and H{" by
taking the commutator of Hy with the one- partlcle transformatlon E:If Wo € Cs,
then [Hy, E] ~ HI(,f/l_) and Hgfl) can be obtained using (3.29). If Xy = Yp, then

05 ~ and we get 2 by (3.28). 0 5 an 0 0, then
Hy, E] ~ HY and HEY by (3.28). If W ¢ Cg and X # Yy, th
[Ho, E]/ (i — w) + [[Ho, E], E]/2(wo = yo) ~ H",
and according to (3.29) we also get Hgfl). From (3.31) we see that we get
HigeY = [HY, H{GY) /2 + 2B,
Now let & > 1. Using (3.31) and (3.29) we get
[H)((eﬂ H(2k61 |+ H (2’f 1e1) HI(/I(/z(k+1)_1)el)

which implies that we also get H%Q(Hl)_l)el). As

W—

Y

(), g20D=Den) | e _ e

we have shown that we can simulate Z. Using the relations (3.28) - (3.32), we see
that Z is closed under the commutator bracket.

If m =2n+ 1, 7 is a basis of all possible interactions of the space R because of
the periodic boundary conditions. To see this, define for an arbitrary & the number
k' = k+n+1. As 2k'mod m = 2k-+1, we see that H( (2K =D)er) _ H)(?kel), Hé‘(ff,_l)el) =
Hﬁﬁel) and H‘(,gliel) = H‘(,V(kJrl “)which proves (1b).

Now let m = 2n. If Wy € C4 or W = 0, then

~ (e1)
Ho=H+wHy, H= ( ol yoﬂgieﬂ ) ¢ 1.
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The elements of Z are the only ones that can be simulated as
(H, Hy ) = (w0 —yo) [HSY HY € T,

where | = 2k, 2k — 1 respectively and H commutes with H( (2k=1)er)

(2D).
If Wy ¢ Ca and Hy € R, then

This proves

Hy = woH" — woHyM + (wo + wo) Hyy,
so that we can extract HI(,f/l). According to (3.31)
[H)(((%_l)el),H‘(,V )] _ 2(H(2k61) _ H‘(/‘;2(k_1)61)),

so that we can get H¥) as HY = E, and we can simulate H¢ " using (3.29).

It remains to show that we can simulate Hy; (Zk=Der) * Note that the possibility of

simulating Hy, (ke) implies that we can get Hy, - kel), as
Hyy™ + ([, B], B/2 = Hy*.

According to (3.32)
[HI(/I? szflfl] H( (2k+1)e1) H( (2k—1)e1),

so that we can get Hy, (2k=1)er) g H is available. This proves (2¢).
Finally we consider the case where Wy ¢ C4 and Hy ¢ R. Then

H() = g+wOH{(/[e/l_)>

> Xo (’wo —|—w0 M(el)
H = ( —(wo + QIJQ)M(iel) Yo ¢ Z.

We will now calculate the commutator of H with all elements of Z in order to see if
we get additional interactions. From

[I:Ia H§§2k—1)61)] _ —2(11)0 + wO)HI(f/k_el)
we see that we can get H{Z*  as H‘(;]fl) € T and using (3.29) we get H™V. As

[Hg?el) H‘(/[%lel)] — 2(HI(/I(/2l+k)el) . H{(/{(/Ql—k)el))’

Y

we have shown that the set J can be simulated. Using (3.28)-(3.32), we see that
{J, H} is closed under the commutator bracket, which proves (2d). O



58 CHAPTER 3. Quantum Simulations in Translationally Invariant Systems

] [ ] ] [ ] ] [ ] ]
° - e
4
7/

4

] [ ] 2e [ /‘ [ ] ]
2 7/
7
7

e o o e °

2e,
] ® ] [ ] ] ® ]
° - °
[ ] [ ] ] [ ] ] [ ] ]

Figure 3.2: Two-dimensional fermionic lattice with box By (see proof of Thm. 3.2).
The interactions along e; and ey (solid arrows) are used to simulate the
interactions in the direction 2(e; + e3) (dashed arrow).

3.3.2 Simulations in d-dimensional fermionic systems

This Section will generalize the previous results to systems in d spatial dimensions.
The following theorem shows that certain nearest-neighbor interactions are universal
for simulating the space R (i.e. Y = —X) on a d-dimensional cube.

Theorem 3.2. Consider a fermionic systems on a d-dimensional translationally
invariant cubic lattice with m? sites and periodic boundary conditions. Then the fol-
lowing sets of nearest-neighbor interactions together with all on-site transformations
are complete for simulating the space R:

1. m=2n+1 odd:

(e:) i ML wi M€ 4 o (=)
g = » o ’

where i =1,...,d, x; # y; or w; # w; for all i.

2. m = 2n even: d interactions Héei) of the above form where x; = —y;, w; # —W;
d s
for all i and 2¢ interactions of the form H‘(,[;izlc' l), ¢; €{0,£1}.

Proof. We start with an odd number of fermions, m = 2n + 1. For the proof we
will consider interactions with a maximal interaction range in each direction e; of
the lattice. To do so, we define for every integer z € N the d-dimensional cube
of edge length 22, B, = {v € Z2|||v||s < 2}. Then a Hamiltonian H®") where
v = (v@, o ,véz)) € B. couples a given lattice site s only with sites which lie
in a cube of edge size 2z with s in its center. We will show by induction over z
that H)(}’) and H&}) can be simulated. We start with a minimal edge length of 2,
ie. z =1 and define N, = {i| |v;| = 1} with cardinality |[N,|. We will show that



3.4: Simulations in bosonic systems 59

o) ey . : .
H_; 1 ), HI(,V ") can be simulated for N, | = 1, ...,d, i.e., for an arbitrary number
of non-vanishing components of the vector v(!). For |N,u)| = 1, the vector v") has

only one non-vanishing component vY) = =+e¢;, and the situation is as the one of

theorem 3.1. Hence H ei) and H (£¢i) can be simulated for arbitrary i. Now let
IN,w|=7>1, 7€ N,w,ie wewant to simulate an interaction in the direction of
the diagonals as depicted in Fig. 3.2. As |./\/ 1 | = r — 1 we know by induction

(o™ —vJ( )eJ) (v

over the cardinality of N,u) that Hy,
as

can be simulated. Then we get H

—oWe, oW WM v
[HI(/V 5 J)’ ‘(/V j ])] :Hg((l))’

and H ‘(}5(1)) can be obtained according to Theorem 3.1. Now we consider boxes with
edge length bigger than 2 assuming that H (o) and Hy, (+) can be constructed for
all v® € B,, and let v+ = (W7D (ZH)) € B.,,. First we show that there
exist p¥),¢® € B, such that p®*) 4 ¢ = vt p) — ¢ ¢ B, (see Fig. 3.3).
Therefore we define the set Z, = {i||v2-(z+1)| =z+4 1}. If we take q(z) =D ez, o€
and p® = vt — ¢(®) then by definition p*),¢*) € B, and p® + ¢*) = p+D).
As for all i € Z, We have |(p®) — ¢@);| = (|v|—2) < z—1and for all i ¢ 2,
we have |(p*) — ¢®);| = (Jvs]) £ 2, it follows that p&*) — ¢*) € B,. Using now the
commutator relation

[Hgg(z)) H‘(/[I;(z))] _ 2(}I(v(zﬂ)) HI(/II}(Z)_q(Z)))

Y

v(+))

(see Eq.(3.31)) we obtain that H
(v(=+1))
HX .

can be simulated, and from (3.29) we know

that we also get

Now consider the case where m = 2n. If x; = —y;, wy # —w; Vi, we can simulate
H¥) and HE) for all i and k accordmg to Theorem 3.1 (2¢). Like in the case

(kv

m = 2n + 1 we can simulate Hy ) for all v® € By, but according to Theorem

. . (D) . .
3.1 (2b) simulating H‘(,[Ij ") seems not to be possible. So we include these nearest-
neighbor interactions in our initial set. The rest of the proof is then like in the case
m = 2n + 1, and we see that the space R can be simulated. O

3.4 Simulations in bosonic systems
In the following Section we will study simulations in translationally invariant bosonic

systems using quadratic on-site Hamiltonians and nearest-neighbor interactions. Ac-
cording to Eq. (3.16) the generators are of the form

o WY
L=c¢ <—X W)’
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Figure 3.3: Boxes B, and B,11. Any vector D) ¢ B, 11 can be decomposed into a
sum of vectors from B, i.e., vt = p(&) 4 ¢(&) where p®), ¢(®) € B,, such
that ¢©*) — p(*) € B, (see proofs of Thms. 3.2 and 3.4).

and their commutator L” = [L, L'] is given by

_W/l Y/l
L' = ( _x" w'T ) ) (3’33>
X" = - X'(W+WH+xW +W'), (3.34)
Y' = YW +WT) —Y'(W+ W7, (3.35)
W = wT=XY - XY (3.36)

As in the fermionic case all commutators obey a symmetry which is in this case W =
W"T corresponding to reflection symmetry (point symmetry) of the Hamiltonian
and we will denote the vector space of all point symmetric Hamiltonians by P. This
means that all simulated interactions are point symmetric up to linear combinations
of the initial Hamiltonians.

Every generator L of an arbitrary on-site Hamiltonian is of the form

—wpl ygl
E(xEvyEwa) = < _I.g]l 'LUEE]l ) ) xEvyanE c R (337)

Generators corresponding to a nearest-neighbor interaction along an axis e; are of
the form

e; 7 —e; (ez)
L) — ( -W YT ) _ [ —wMl >+@M< ) y M (3.38)
-X W a M) WM ) 4 e |7

where z,y, w,w € R and M) has been defined in (3.22).
We define LS{,) = (- MJ(FU)) @ MJ(FU) and

0 0 o MW
LW — ( . ) : LW — ( + ’ (3.39)
X —M" 0 Y 0 0

where the indices X,Y and W correspond to a non-zero X-, Y- and W-block re-
spectively.
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3.4.1 Simulations in one-dimensional bosonic systems

In this Section we show that for one-dimensional bosonic systems an arbitrary
nearest-neighbor interaction is complete for simulating the vector space P (i.e.
W = WT) when supplemented by all on-site Hamiltonians.

Theorem 3.3. Consider bosonic systems with quadratic Hamiltonians on a one-
dimensional translationally invariant lattice with periodic boundary conditions. The
set of all possible one-mode transformations Ey, ypwy) i (3.37) together with one
arbitrary nearest-neighbor interaction given by L in Eq.(3.38) is universal for simu-
lating the space P of all point symmetric interactions.

Proof. First we will show that an arbitrary interaction with X =Y =0, W = W7
can be brought from the W-block in the X and Y-block:

K_gv 12/)<8 0 )} = (8 VOV) (3.40)
(Vo (s 0] - () e

Thus it is sufficient to show that an arbitrary W-block can be obtained. Let us start
with a nearest-neighbor interaction of the form L§fl). As

N[

£, Bon) = 16

we also get Lg?l) according to (3.40). Now [Lgfl), Lg?)] —2FE0,1) = Lgf,el), so that we

also get LY and LY. As L) Lle)) = LD o pl=De) we can simulate
P.

Finally it remains to show that we can get Lgfl) from an arbitrary nearest-neighbor
interaction. If y # 0 in (3.38), then [[L(1), Ewo1/2)], E-1,00)] = ng}f}) so that we get
Lgfl) according to (3.40). If y = 0,z # 0, then [LV, E0.1/2)], Eo1.0) = xLE,f,l) and
we get L(;l) as before. If z = y = 0,w # 0, then [L(°V), Eo.-1,0] = (w +1D)L§fl). O

3.4.2 Simulations in d-dimensional bosonic systems

The following generalizes the previous result to cubic lattices in arbitrary spatial
dimensions in cases where nearest neighbor interactions along all axes and diagonals
are available.

Theorem 3.4. Consider a system of bosonic modes on a d-dimensional trans-
lationally invariant lattice with periodic boundary conditions. The set of all on-
site transformations together with all nearest-neighbor interactions corresponding to
LOZicied) ¢ € {0,41},i=1...,d with L as in Eq. (3.38) is complete for simulating
the space P of all possible point symmetric interactions.

Proof. Like in the d-dimensional fermionic case let B, = {v|||v]|o < 2}, 2 € N,v®) €
B.. From Thm. 3.3 we know that it is sufficient to show that L(Vi{,) can be simulated
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for arbitrary v. By induction over z we will show that LS)/(Z)) can be simulated for
all v®) € B,. For z = 1 we know from Thm. 3.3 that all interactions described by
v € By can be simulated as we have chosen our initial Hamiltonians appropriately.
Now assume that L%(Z)) can be simulated for all v*) € B., and let v**Y € B,_;.
Then there exist p*), ¢*) € B, such that p®) 4 ¢*) = vt p) — ¢&) € B, (see
Fig. 3.3). As

(v(=+D) p(2) —q(2))

(=) (2)
L, 28 = L 1

. (=4+1)
we can simulate LS{, ). O

3.5 Simulations in spin systems

In this Section we will consider translationally invariant quantum lattice systems
where a D-dimensional Hilbert space is assigned to each of the sites. We refer to
these systems as spins although, of course, the described degrees of freedom do not
have to be spin-like. The main result of this Section is that within the translationally
invariant setting universal sets of interactions cannot exist. These results are based
on the following Lemma involving Casimir operators, i.e., operators which commute
with every element of the Lie algebra [121, 122]:

Lemma 3.5. Consider a Lie-Algebra L and subalgebra L' = [L, L]. Let Sy be a set
of generators for L and C a Casimir operator of L fulfilling

tr[CGl =0VG € Sc\ L. (3.42)
Then for every K € L we have that tr{CK] = 0.

Proof. Every K € L can be written as

K= Z arpl + Z 6cG , ar, g € C. (343)

Lel! GeSc\L!
Since we can write any L € L' as L = [Ly, Ls], L; € L we have that
tI‘[CL] = tr[C[Ll, L2H = tr[[C’Ll, L2H =0

where we have used that C' is a Casimir operator, i.e., VL € L : [C, L] = 0. Hence
if we take the trace of Eq. (3.43) with C' we get

2[CK] = Y fetr[CG]

GeS\L/
which vanishes according to the assumption in Eq. (3.42). O

Let us now exploit Lemma 3.5 in the translationally invariant setting in order to
rule out the universality of interactions corresponding to certain sets of generators
Sr. The following results are stated for one-dimensional systems but they can be
applied to d-dimensional lattices by grouping sites in d — 1 spatial dimensions.
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We use Casimir operators of the form

C7::§£:75Tk, v € C, 6}44)
k=1
where T'|iy,d9,...,0m) = |i2,i3,...,0m,%1) is the translation operator which shifts

the lattice by one site. To simplify notation we define an operator

7(X) = Zm: TIXTY (3.45)

i=1

which symmetrizes any operator X with respect to the translation group. If X does
not act on the entire lattice we will slightly abuse notation and write X instead of
X®1®---®1.

Theorem 3.6. Consider a translationally invariant spin system on a ring of length
m. If f is a non-trivial factor of m then there is no universal set of Hamiltonians
with interaction range smaller than f which generates all translationally invariant
interactions. In particular if m is even, nearest-neighbor interactions cannot gener-
ate all next-to-nearest neighbor Hamiltonians.

Proof. Let us introduce a basis of the Lie algebra supm of the form io;, ®---®0;,,,
Jk € Zp2 where oy, is traceless except for oy = 1 and tr[o?] = 2 for all k¥ > 0. For
D = 2 these are the Pauli matrices

01 0 —1 1 0
0'1:(10),0'2:(7; 02),0'3:(0 _1), (346)

and for D > 2 we can simply choose all possible embeddings thereof. Let m = f - f’
and consider a Casimir operator of the form in Eq. (3.44) with v;, = &, i.e., C = T7.
We first show that for every Hamiltonian H € supm with interaction range smaller
than f we have tr[CH] = 0. To see this note that the shift operator T/ contracts
the trace of a tensor product as

f =1
r[To, @ @oy,] =[]t [H ajww)] . (3.47)
pB=1 a=0

In order to arrive at formula (3.47) expand the translation operator 77 in the com-
putational basis

5= " live i) (e (=) (p=2) -1 -]
11 4eeslim,
and find that
w[Toj, @ @0,] = D (im—(r-0log i) im—s-2)|05li2) - (sl lim)-

U1yeesim
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Rearranging the order of the factors and using (f" — 1)f = m — f leads to
f
I D Gmg—slojslis)(islos,plisen) - -

B=Llig,if1p,...
/ f'=1
'<i(f' f+5|0]((f’ 1)f+ﬁ)| (f'= 1f+5 H H Tjprar) | -
/=1 a=0

If the interaction range of H is smaller than f then it can be decomposed into
elements of the form 7(0;, ® --- ® 0y,). Since oy, is traceless for all £ > 0, all these
terms amount to a vanishing trace in Eq. (3.47) so that we have indeed tr[C H| = 0.
This means we can apply Lemma 3.5 to the set S, corresponding to all interactions
with range smaller than f.

Now consider a two-body interaction between site one and site f 4+ 1 of the form

H = T(O']( )a(1+f)). From Eq. (3.47) we get

f
tr[CH] = mtr[a§1)0§1+f)] H tr[1] = 2mD’,
B=2

such that by Lemma 3.5 we conclude that H cannot be simulated. O

The following shows that a universal set of nearest-neighbor interactions cannot
exist irrespective of the factors of m:

Theorem 3.7. Consider a ring of length m. Then the set Sy corresponding to all
on-site Hamiltonians and nearest-neighbor interactions is not universal for simulat-
ing all translationally invariant Hamiltonians. In particular for D = 2 a product
Hamiltonian

H= T(ajl ® - ® ajm) (3.48)
cannot be simulated if 01,09 and o3 all occur an odd number of times.

Proof. We use the Casimir operator C' = T — T and the set of generators S, =
i{T(or ® 0y)} C sugm. As tr[CG| = 0 for all G € S, we can again apply Lemma
3.5. Consider now the above product Hamiltonian H or if D > 2 its embedding
respectively. Using Eq. (3.47) with f = 1, f/ = m we obtain

ﬁ o), — ﬁ aij;] : (3.49)
k=1 1=1
T =

Since o} (—1)%20; and by assumption oy appears an odd number of times we get
tr[CH] = 2mtr[H2”:1 aik} which is non-zero iff 0; and o3 appear and odd number
of times as well. O

tr[C' H] = mtr

Clearly, one can derive other no-go theorems in a similar manner from Lemma 3.5.
However, we end this Section by providing some examples of interactions which can
be simulated. For this we define gy, = 7(0% ® 0y).
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Theorem 3.8. Consider a translationally invariant system of m qubits (D = 2) on a
ring. By using on-site Hamiltonians and nearest-neighbor interactions the following
interactions can be simulated:

7(0: ® 07 ® 0y), (3.50)
J.(U) = T(Ui®aj®--~aj®ai)7 (351)

ij
where 1,7 € {1,2,3} and r; denotes the number of o; matrices. Moreover, for

m = 5 one can simulate next-to-nearest neighbor interactions of the form N; =
T ®1®o;@1®1).

Proof. We will restrict our proof to the pairs ¢ = 1,j = 2 as the other interactions
can be obtained in an analogous way. We start proving (3.50). The Hamiltonian
(3.50) can be simulated due to [g21, g13)/(2¢) = 7(01 ® 01 ® 01). For proving (3.51),
we start with (g5, g11]/(20) = Jiy. As [J{5”, gai]/(20) = J570 = S50, U9 = gu,
we have shown (3.51).

Now we will prove that the next-to-nearest neighbor interaction can be achieved
for m =5,7 =1 (i = 2,3 follow similarly). Using (3.51), we see that 7(0; ® 01 ®
o1 ® 0 ® 1) can be simulated, as [gos, JS]/(2i) + J((z?) =701 ®0®o®o1®1),
and similarly we get 7(03 ® 03 ® 03 @ 03 ® 1). As [[g11, ga3], g32]/4 = 2N, — 7(07 @
01 R0 Q01 & ﬂ) — ’7‘(0’3 R o3 R 03KR03Q ﬂ) we can extract Nl. ]

3.6 Summary of the results and conclusion

Before coming to the conclusion we give a a simplified summary of the main results.
Hamiltonians and interactions are meant to be translationally invariant throughout
and it is assumed that interactions along different directions can be implemented
independently.

e Fermions: All simulated evolutions have real tunneling/hopping amplitudes.
Within this set generic nearest-neighbor interactions are universal for the sim-
ulation of any translationally invariant interaction when supplemented with
all on-site Hamiltonians. Whereas for cubes with odd edge length the proof of
universality requires interactions along all axes and diagonals, the diagonals
are not required for even edge length.

e Bosons: All simulated evolutions are point symmetric. Within this set every
nearest-neighbor interaction (available along axes and diagonals) is universal
for the simulation of any translationally invariant interaction when supple-
mented with all on-site Hamiltonians.

e Spins: There is no universal set of nearest-neighbor interactions. Moreover, if
f is a factor of the edge length m of the cubic lattice then there is no universal
set of interactions with interaction range smaller than f. In particular, if m
is even, not all next-to-nearest neighbor interactions can be simulated from
nearest neighbor ones. Sets of Hamiltonians that can be simulated have been
constructed.
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In conclusion, we have presented a characterization of universal sets of translation-
ally invariant Hamiltonians for the simulation of interactions in quadratic fermionic
and bosonic systems given the ability of engineering local and nearest neighbor in-
teractions. Thereby the Lie algebraic techniques of quantum simulation restrict the
space of reachable interactions to Hamiltonians with real hopping amplitudes in the
case of fermions and to point symmetric interactions in the case of bosons.

For spins the situation appears to be more difficult and a complete characterization
of interactions that can be simulated remains to be found. As a first step, we have
identified Hamiltonians that cannot be simulated using short range interactions only.
Furthermore, we have introduced a technique based on the Casimir operator of the
corresponding Lie algebra which allows one to find Hamiltonians that cannot be
simulated with a given set of interactions.

In this work we have considered the question of what can be simulated leaving aside
the question of the efficiency. In this context it is important to remark the fact that
the number of applications of the original Hamiltonians in order to obtain a result
bounded by some given error scales polynomially in the Trotter expansion. The
scaling with the total number of particles depends on the number of commutators
that are required to obtain the Hamiltonian.

Finally, whereas we have shown that it is not possible to perform certain simula-
tions for spin systems it is still possible to perform those simulations by encoding
the qubits in a different way.
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Chapter 4

Fermionic Projected Entangled
Pair States (fPEPS)

After the considerations on the power of fermionc, bosonic and spin systems for
quantum simulations in Chapter 3, we concentrate from now on on the possibili-
ties of simulating fermionic systems on a classical computer. To this end, we aim
at constructing a family of states that allow a good approximation of ground and
thermal state properties of the system while depending on few parameters only.
For spin systems on a lattice with local, i.e., short-range interactions, such families
could be found in recent years. In one spatial dimension, Matrix Product States
(MPS) [39, 40] which underly [133, 134] the successful Density Matrix Renormal-
ization Group algorithm [135, 136] provide a good approximation to the ground
state of any gapped local Hamiltonian [137, 138]. Projected Entangled Pair States
(PEPS) [139, 140] (cf. also [37, 141, 142]), which naturally extend MPS to higher
spatial dimensions, approximate spin states at any finite temperature [41, 143], and
have been successfully used to simulate spin systems which cannot be dealt with
otherwise [144, 145, 146, 147, 148]. In one spatial dimension, it is possible to adapt
the methods based on MPS to fermionic systems using the Jordan-Wigner trans-
form [149], which maps fermions into spins while keeping the interactions local. In
higher dimensions, however, this is no longer possible: Fermionic operators at differ-
ent locations anticommute, which effectively induces nonlocal effects when mapping
fermions to spins. Thus, the use of PEPS to describe fermionic systems is no longer
justified (see however [150, 151] for different approaches).

In the following we introduce a new family of states, the fermionic Projected
Entangled Pair States (fPEPS), which naturally extend the PEPS to fermionic sys-
tems. According to their definition, fPEPS are well suited to describe fermionic
systems with local interactions. They can be, in turn, efficiently described in terms
of standard PEPS at the price of having to double the number of parameters. This
automatically implies that the algorithms introduced to simulate ground and ther-
mal states, as well as the time evolution of spin systems using PEPS [139, 140], can
be readily adapted to fPEPS. We also show that certain fPEPS are exact ground
states of local fermionic Hamiltonians, in as much the same way as PEPS are for
spins [152, 153]. In particular, we give the explicit construction of a Gaussian
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Figure 4.1: a) Construction of a PEPS in two dimensions. The balls joined by lines
represent pairs of maximally entangled D-dimensional auxiliary spins, which
are then mapped to the physical spins (red), as illustrated by the light blue
spheres. b) Contraction of the tensor network performed by the map C given
in Eq. (4.2) for a 3 x 3 lattice. The horizontal and vertical lines linking
adjacent tensors B indicate the contraction of the corresponding indices [
and r resp. u and d.

Hamiltonian which has an fPEPS as its exact ground state. Remarkably, the state
is critical, i.e. gapless with polynomially decaying correlations, yet obeying an en-
tropic area law [154], in contrast to what happens with other free fermion systems
[155, 156].

In Sec. 4.1 we review the PEPS-construction and explain why PEPS are well suited
to describe spin systems with local interactions in thermal equilibrium. Based on
this idea we construct the family of fPEPS in Sec. 4.2, and show their relation to
the PEPS-description for spin systems in Sec. 4.3. Then we consider a subfamily
of fPEPS for which we can build local parent Hamiltonians, i.e. those for which
they are exact ground states, in Sec 4.4. Finally, in Sec. 4.5 we give a particular
example which exhibits criticality. For the sake of simplicity, we will concentrate on
two spatial dimensions.

4.1 MPS and PEPS for spin systems

This Section gives a short review of the basic concepts of Projected Entangled Pair
States for spin systems. These states can be understood best using the valence
bond state construction: For simplicity, let us consider a 2D lattice of N = Ny - N,
spin-1/2 particles, with states |0) and |1). The nodes have coordinates (h,v), where
h=1,..., Ny is the horizontal and v = 1, ..., N, the vertical position on the lattice.
To each node with coordinates (h,v) we associate four auxiliary spins of dimension
D. Each of them is in a maximally entangled state |I) = 1/v/D 3.7 |n,n) with
one of its neighbors, as indicated by the curly lines in Fig. 4.1a. |I) is called the
entangled bond, and D the bond dimension. The state of all maximally entangled
virtual particles, |¥g), is called resource state. Next we apply a linear operator, also
called “projector” (blue spheres in Fig. 4.1a), to each node mapping the auxiliary
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Figure 4.2: a) Area law for a lattice spin system with short-rang interaction. Only spins
(grey spheres) on the boundary dA give rise to the correlations (orange ar-
rows) between the region A and the rest of the system, L\ A. b) PEPS fulfill
the area law by construction. The entropy of the reduced density operator
pa = trp\alp] is upper bounded by the rank of p4. For every PEPS rank(p)
scales with the size of the boundary dA .

spins onto the physical ones. Every map is of the form

D—1 1
Powy = D D (B ol dl, (4.1)
l,ryu,d=0 k=0

where (B,)) is a five-index tensor. Due to the special structure of the resource
state |WUR), the state after the projection is given by

1
k k
o) = > e ((Baw) o (Bonwn) ") ko) (42)

k1,....,kn=0

The function C performs a contraction of the tensor network as depicted in Fig. 4.1b.

In the following we review some important properties of the PEPS. First, if the
bond dimension D is high enough every state can be described as a PEPS, since
the entangled bonds can be used as a resource for teleportation. Second, and more
important, PEPS allow for an efficient description of ground and thermal state of
physical systems described by a Hamiltonian with short-range interaction, H =
>y ha, where hy acts on a finite region of the lattice only. We briefly review the
ideas that have led to this result and sketch the proof given in [41]. We start
with some general considerations regarding zero and finite temperature properties
of a system with Hamiltonian H. Since H is local, ground and thermal states are
expected to depend on few parameters only, so that these states occupy only a small
part of the exponentially large Hilbert space. PEPS can be described by a number
of parameters that scales polynomially with the system size, rising the question if
these states lie exactly in the region of the Hilbert space we are interested in. A hint
that this might hold true is given by the fact that all PEPS fulfill the so-called area
law (see [154] for a review). The area law states that the entropy of a subsystem A
of a lattice spin system L with short-range interaction grows linearly with the size of



70 CHAPTER 4.  Fermionic Projected Entangled Pair States (fPEPS)

N
S
&

Figure 4.3: Why PEPS approximate thermal states well: exp[—fh;;] can be implemented
using local maps only if an entangled pair is available.

the boundary of A. In an intuitive picture only spins in the boundary of the region
of A, dA will give rise to correlations of A with L\ A, as depicted in Fig. 4.2a. The
PEPS defined above fulfill the area law by definition, which can be understood with
the help of Fig. 4.2b. The entropy S4 of the subsystem A is upper bounded by the
rank of the reduced density operator p4 = trp\a[p], where p is the density operator
of the whole system [5]. Due to the PEPS-construction, we see immediately that
rank(pa) < Nga, where Ny4 denotes the number of bonds linking the region A with
the rest of the system.

These general considerations on spin systems have suggested for some time that
the family of PEPS can efficiently describe ground and thermal states of short-
range interacting systems, and this hypothesis could finally be proven to hold
true in [41]. The idea of the proof is the following: Consider the Hamiltonian
H =), hy and assume for simplicity that each h, acts on two neighboring spins
only. We first rewrite the unnormalized density operator as e P = trp[|W) (¥|],
where |U) = e PH/2 ® 1|y),, is a purification of the thermal state e % [157]
and |x),p a pairwise maximally entangled state of each spin with another one,
the latter playing the role of an environment. We argue now that |¥) can be ex-
pressed as a PEPS, considering first the simplest case where [hy,hy] = 0, so that
W) =T], e #/2®1 |x) 45 The action of each of the terms e=#*»/2®1 on two spins
in neighboring nodes can be viewed as follows: Include in each node one auxiliary
spin such that they are in a maximally entangled state and apply local maps to the
real and auxiliary spin in each node. Finally project the auxiliary spins on the state
|0). By proceeding in the same way for each term e=#"»/2 we end up with the PEPS
description (see Fig. 4.3). This is valid for all values of 3, in particular for § — oo,
i.e., for the ground state. In case that the local Hamiltonians do not commute, a
more sophisticated proof is required [41]. One can, however, understand qualita-
tively why the construction remains to be valid by using a Trotter decomposition
to approximate e ~ [[_, [1, e #/?M with M > 1. Again, this allows for a
direct implementation of each exp[—/h,/2M] using one entangled bond, yielding M
bonds for each vertex of the lattice. Since, however, the entanglement induced by
each exp[—Fh,/2M] is very small, each of these bonds will only need to be weakly
entangled, and the M bonds can thus be well approximated by a maximally entan-
gled state of low dimension. Note that the spins belonging to the purification do
not play any special role in this construction, and thus we will omit them in the



4.2: Construction of fPEPS 71

l T
pr‘{iwof * ;? ; P

Figure 4.4:  Ordering of the virtual modes on the lattice and tensor A. We associate to
each lattice site four V1rtua1 modes, such that the local basis is of the form
( ) (ﬁ(hv )" ( )) (67 (hv) ) 0), where u,d,l,r € {0,1}. Then o) is in
an entangled state w1th the mode ;1 . to its left, and 73 ) is entangled
with the mode d(3 ,_1) above. The tensor A corresponding to the local pro-
jector is a five-index tensor (the physical mode is not shown in the figure).

following.

4.2 Construction of fPEPS

We will now extend the PEPS construction explained above to fermionic systems,
in such a way that the same arguments apply. We consider fermions on a lattice,
and work in second quantization. For a Hamiltonian H = > hy, each term hy must
contain an even number of fermionic operators, in order for the Trotter decomposi-
tion to be still possible. Thus, we just have to find out how to express the action
of e7P" in terms of auxiliary systems. This is very simple: one just has to consider
that the auxiliary particles are fermions themselves, forming maximally entangled
states, and write a general operator which performs the mapping as before. To this
end we associate to each node (h,v) four auxiliary fermionic modes, with creation
operators azh’v), B(Thm), 'y(Th’U), 52}%”), respectively. Now we have to decide on the form
of the maximally entangled states of two neighboring virtual modes v and v. Fermi-
onic states have a definite parity, and for the even resp. odd parity sector the most
general pure two-mode state is of the form

0e) = (u+voh)|0), (4.3)
|60) = (uv'+op")|0),

where e and o refers to even and odd parity respectively. The states |¢.,) have some

non-trivial quantum correlation iff u,v € C\{0}. But then both these states can be
mapped to the state

1 _

max:—1+TT0, 4.5

|Pmax) 7 (1+£1£7)10) (4.5)

via a local operation: In case of |¢.) apply Pe = (0|5 f (v + ufv), in case of |¢.)

apply P, = (0],5f o(uf’ + vv). Thus, wlog. we can use entangled states of the

form |pmax) for the entangled bonds, as the action of the local transformation can
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be absorbed via a redefinition of the local projectors. We define

1 by
H(hﬂ;) = ﬁ <1 _'_ 6(h,v)a(h+1,v)) 9 (46)
Vo= (st (4.7)
(hyw) /3 (h) V(hwt1) ) 0 :

which create maximally entangled states between adjacent sites, as shown in Fig. 4.4.
Next we have to consider the form of the local projectors. The most general operator
involving four virtual modes and one physical mode a ) is of the form

k k T u
Q(hﬂ)) = Z(A(hvv»l[rlda;rh,v) aéh,v)ﬂ(h,v)fY(h,v)égh,v)7 (48)

where the sum runs from 0 to 1 for all indices. However, as the physical state must

be of definite parity as well, the operator (), .y must also commute with the parity

operator. This requirement imposes an additional condition on the tensors (A v)),

namely (u +d + [ +r + k)mod2 = ¢, were c is fixed for each node'. If ¢ = 0 the

map is parity-preserving, while the choice ¢ = 1 defines a parity-changing map.
The fermionic projected entangled states (fPEPS) is now obtained via

W) = <H Q) H Hnw) Vi) )aux [Vac), (4.9)

(hy) (h,)

where the expectation value is taken in the vacuum of the auxiliary modes, and |vac)
denotes the vacuum of the physical fermions. Note that the definition of fPEPS
straightforwardly extends to systems with both more than one physical mode per
site and more than one mode per bond, as well as to open boundaries or higher
spatial dimensions.

4.3 Relation between fPEPS and PEPS

The goal of this Section is to find an efficient description of any fPEPS in terms of
standard PEPS. This will enable us to use the methods introduced for PEPS [139,
140] in order to determine physical observables, as well as to perform simulations of
ground or thermal states, and time evolution. We have to identify the Fock space
of the fermionic modes with the Hilbert space of spins. For that, we sort the lattice
sites according to (v — 1)Ny, + h, where v = 1,...,N,, h =1,..., N}, and associate
al™ .. al¥|vac) to the spin state |ki, ..., ky). Then we write |¥) in that basis, and
express it as a PEPS in terms of tensors B (4.1). The goal is to find the relation
between the tensors B corresponding to the spin description and A corresponding
to the fermionic description. In principle, the fPEPS to PEPS transformation can

be done straightforwardly by adding extra bonds to the PEPS which take care of

!In fact one can freely choose ¢ for all but one Q(h,v): Since, e.g., the bond (4.6) is invariant under
(iB(hv) + 62}171)))(7:@(}1_’_17@) + O‘](Lh+1,v))v the corresponding maps (4.8) can be right multiplied with
it, switching their parity.
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Figure 4.5: Derivation of the relation of fPEPS and PEPS for a 3 x 3 lattice, step 1. In
order to apply the projector P to the virtual system, we first commute all
physical modes a' to the left of all virtual modes «, 3, v, 6. This action gives
rise to local and global phases only.

the signs which arise from reordering the fermionic operators. However, this would
lead to a number of bonds per link that scales linearly with the system size and
thus to a dimension which is exponential in N. Remarkably, it is possible to express
every fPEPS as a PEPS by introducing only one additional bond per horizontal link
as follows: Replace each fermionic bond by a bond of maximally entangled spins,
adding one additional horizontal qubit bond everywhere except at the boundaries
(see Fig. 4.8). This means that the tensor B will have now two more indices, say I’
and 7/, which are associated to those new bonds. Then, we find the relation

k w,d,lr k r!
(Bho)ipmrgg = (—1) 0 B (4, ) (—1)(+0r, (4.10)
for h = 1, while for A > 1 we have

(Bro)ih g = (=1)Jooeudbo g, A s, ) moa s (4.11)

where fo,.)(k,u,d,l,r) is a function which only depends on the local indices, and
" =0 for h = N,

Let us now explain how to obtain this result. Consider an fPEPS of the form (4.9)
which we want to bring into the normal ordered form by commuting the fermionic
operators. To this end, we perform the following three steps on the total projector
P =1[Qnw (see Fig. 4.5, 4.6, 4.7), observing that local sign contributions can be

absorbed in the tensors (A(h,v))l[f]ud3
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First, commute all physical modes to the left, as depicted in Fig. 4.5 for
a 3 x 3 lattice. Commuting a},va to the very left results in a contribution

(—1)F8n e 206,80 €0) - gince for all (h,v) the operators Q(h,v) have the fixed

parity c(p.). We continue with the next operator a},hil, ~, and so on, and finally

arrive at

1 1 Ny,
P = (1) H H I’}i(z v)HHO/(h ) E“;thv> ?}Ehvv)ézl}ihvv)’ (4.12)

v=Ny h=N), v=1 h=1

Where Sphys,1 = 2 (hv) k(h v)C(h,v)- Here we have introduced site-dependent constants

Z(h/ < (hw) Ch ). Thus, Sprys1 gives only a local contribution. We still

. Kho) . . )
have to bring the physical modes in normal order, Hivz”l hNil azh(zi ) giving rise

to a sign (—1)%w=2 where Sppyso2 = %Z(hvv)#h/,vl) ko ko = ip(p — 1), and
p = Z(hm) E(nw) is the parity of the fPEPS; since the latter is fixed, this yields a
global phase. In total, commuting all physical modes to the left gives rise to a sign
contribution (—1)%ms where Spnys = Sphys.1 + Sphys.2, the first term giving rise to
local sign contributions while the latter gives a global phase.

Next, we contract the horizontal bonds. This can be done by reordering the
modes of the tensors acting on each horizontal line independently. Thus, consider
the operators on the first horizontal line, L; = Q1 1)Q2,1) - - - Q(n,,1) and abbreviate
the indices (h,1) = h, as well as N, = N. Then L, is of the form

Ly = [l B8] [abgpseotr] [ gpaprsd) .. [ak opsvet] . (413
where we have put square brackets around the modes on each site for better visu-
alization. Since the horizontal bonds are of the form H), = \[(ﬂ + 6hah+1)|0), we

reorder the modes in L, as [ah”jll Bk

Ly = (=1) 205 b wnctdntr) o
ol [(a0r) o om] [(abs) aa] . | (ol 8RS ) awistowy | B [rievon ]

Each term 1,1 (up, + dj + 71,) results from moving the mode oy to the left of the
modes S3,7,0n, as shown in Fig 4.6. Now we contract all the horizontal bonds except
the one at the boundary, resulting in a delta-function o h=1,...,N—1) for
each contracted bond, so that

Thylh1 (

(v=1)
b = (bl [st] Do) agatay] g e,

with only local sign contributions S((}fégc) = ZhNil_l ri(up + dp + 7). In case of
OBC we are done with the horizontal contraction, while in case of PBC the modes
a1 and By remain to be contracted. To this end we move «; to the right of the
modes v;, d;, 7 =1..., N — 1. After the contraction of the bond, we are left with

(v=1)
L, = (—]_)S(H,PBC) [ %15?] hgzégz} [7N 115dN 1] |:,}/J'U{7N57VN:| ’
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Figure 4.6: Derivation of the relation of fPEPS and PEPS for a 3 x 3 lattice, step 2.
As the physical modes have been separated from the virtual modes in the
last step, we can consider the virtual modes only. The horizontal bonds can
be contracted on each line independently. For PBC this gives rise to local
sign contributions only, while a non-local contribution occurs in case of PBC
when we contract the boundary bond.

where S((ZTP}%C) = S((I}LZI,:S])?,C) + 1 Zf)\fz_ll(uh + dp). In summary, the contraction of
the horizontal bonds for open boundary conditions gives rise to only local sign-
(v)
contributions of the form (—1)S<H»OBC> for each line horizontal v = 1,..., N,, where
Np—1
5((2)@30) = o (nay + Aoy + 7)), (4.14)
h=1
while in case of periodic boundary conditions we obtain for each horizontal line
(v)
v=1,...,N, anon-local sign-contribution of the form (—1)S<H»PBC), where
S((Z?,PBC) = S((Z?,OBC) + 11,0 11N, v), (4.15)

and II(h, v) = 325 (uia) + d))-
In the last step we contract the vertical bonds, proceeding columnwise from / = 1,
as shown in Fig. 4.7. We denote by P the product of all remaining operators,
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(_ 1)51 (Y2+8,+y3+33) (_ 1)54 (v5+85+y6+36)

Figure 4.7: Derivation of the relation of fPEPS and PEPS for a 3 x 3 lattice, step 3.
After the contraction of all horizontal bonds in step 2 we finally contract the
vertical bonds proceeding columnwise, starting with the first vertical line.
The contraction gives rise to non-local sign contributions for both, open and
periodic boundary conditions.

u(1,1) ¢d(1,1) u(2,1) ¢d(2,1) U(NG,,1) (N, T)
[7(1,1> O, 1) ] [W Oa,1) } [V(Nh'fl) (NiD) ]
u(1,2) ¢d(1,2) u(2,2) ¢d(2,2) U(N,,2) +A(Ny,2)
P _ [V(m 013 ] [W 0,3) } [V(Nh,z) (Nu.2) ]
U(1,Ny) §(1,Nw) U(2,Ny) §9(2,N0) U(Ny, No) AN, No)
TN Cane | TN %) TN O (NN

We move all operators of the form 5 o) ) — 1,...,N,

(1) » — 1 down one line, which

results in a non-local contribution (—1)%»Maw for each v =1,..., N, — 1:
P =
[ U1, 1):| [ U (2, 1)5d(2 1)] [ U(Np,, 1)5d(Nh 1)] %
T Yen fen | Y i
d u u d W(Ny,2) d(Ny,,2)
(=1)fen e, (o0 eis] by 5] ooy s |
d , d(1,2) _uq, u(2,3) £d(2, w(ny,.3) sd(n),.3)
T et P o] o]
v da,ny—1) U,y | sl Uz, Ny) sdi2,n, U(N, Ny) SANy Ny)
(oo nBND .St | SO e o] vy S |
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The contraction of all but the boundary bond on the first vertical line gives rise to
a local contribution (—1)%» for v =1,..., N, — 1, and we are left with

N-1
P H d(l U)H(l v
v=1

U(1,1) U(z,1) ¢d(2,1) U(N,1) AN, ,1)

[ ) } enOen | v

d U(z,2) ¢d(2,2) U(Np,2) A(Ny,2)

(—1) L. 7(2222 5(222§ s 7(Nhh) 5(N;: 2)

d u(2,3) ¢d(2,3) U(N, ,3) cd(N},3)

(=1)fe T3 0@ | Vs 5(N;f>
d _ . d ‘,Nv) u( an)‘ d(2,Ny) U(Np , Ny) d(N Nu)
(1) [5(1,1NU>] [7(2,21\@) 5(2,21\@)} [V(Nh?zm (NoN)

For OBC, all bonds on the first vertical line are contracted now, while for PBC we
still have to contract the boundary bond. To this end, we commute the mode d(; x,)
next to the mode 7(;,1). Due to the fixed parity of the bonds this gives also a sign
contribution (—1)%nn LN “while the contraction of the bond results in a local
contribution (—1)%.~) . In summary, the contraction of vertical bonds results in

(h)
a non-local sign-contribution for all but the most right vertical line, (—1)S<H,OBC>,
(h=1,...,N, — 1), where
S(H OBC) = d(nw)nw)- (4.16)

In addition we get a local sign-contributions (—1)%"%) for h = 1,..., N, and v =
1,...,N, — 1.

Summary: From the contraction scheme we have explained above we conclude
that every fPEPS obtained via a projection described by tensors A can be repre-
sented as a PEPS obtained via the application of projectors described by tensors
B in the following way: First, all local sign contributions can be absorbed via the
following redefinition of the tensors:

A k r(u T k
ho=1.. Nuw=1:  Auo)ia = U0 A
h=Npv=1,... Ny—1: (Ao = (=) Apu)E . (4.17)
(k]

v=Nyh=1,...,No—1: (Apo), = (=)@t (—1)(Ap.)E,.

All non-local signs, however, can be computed if the respective parity II(h,v) is
available at each site. This can be achieved by adding an additional bond passing
this information to the left, as depicted in Fig. 4.8:

k e k !
h=2,.  No=1: (Buw)itrrua = (An) ina(— 1) 00 (s mod 2,
" -
h =Ny : (B(Nh,v))l[l']md = (A(thv))lrud(sl/v(u-i-d-i‘?“/)m‘)d 25 (4'18)

k = k o
h=1: (B ibaa = (Ag)ihg(—1) 07

Irr’ud
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Figure 4.8:
& Every fPEPS can be represented as a PEPS at an extra cost of at most one

additional bond per link (shown for a 3 x 3 PBC lattice).

Note that the same proof applies to open boundaries, as well as systems with
more physical or virtual modes per site, without the need for further extra bonds
to compute II(h,v). Similarly, one can derive a corresponding result for higher
dimensions.

4.4 Fermionic Gaussian states and parent Hamil-
tonians

It would be desirable if there existed classes of Hamiltonians that have an fPEPS
of low bond dimension as their exact ground state. In this Section we encounter
such a family of states, the class of Gaussian fPEPS. These enable us to show that
fPEPS naturally appear as ground states of free local Hamiltonians. As we have
given a detailed introduction to the class of Gaussian states in Sec. 2.1.3 we only
repeat the facts necessary for the understanding of the following Section. Fermionic
Gaussian states constitute an important subclass of states, as they appear as ground
and thermal states of quadratic Hamiltonians, corresponding to free fermion or
BCS-states. They are completely characterized by their covariance matrix (CM)
T = L[, )], where ¢ = af + ay and ¢ = (=i)(af, — ;) are Majorana
operators fulfilling the CAR {¢x, ¢;} = 205, Maps that transform Gaussian input
states to Gaussian output states, so called Gaussian maps, have been introduced in
Ref. [70]. These maps can equivalently be defined via their action on the covariance
matrix of the input state. Applying the Jamiolkowski duality [158, 159] between
maps and states to a fermionic system, the most general Gaussian map &€ : 'y, — Tow
could be shown to have the form [70]

E(Tw) = B(D+ T, 'B" + 4, (4.19)
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where

A B
6= ( g p)=-0". 99" <1, (4.20)

with block matrices A, B and D, and G can be understood as the covariance matrix
of the state dual to the map £. A map transforming pure states into pure states has
to fulfill GGT = 1. Since we are interested in ground states of physical systems we
focus from now on on the set of pure fermionic Gaussian states.

In the following we construct the family of all translationally invariant pure
Gaussian fPEPS with one bond of the form H resp. V' (see Egs. (4.6), (4.7)) between
adjacent sites. The state of the virtual system is already translationally invariant
and Gaussian, and we denote its CM by I'y, = @wy,, where wy,,, is the CM of the
maximally entangled horizontal resp. vertical bonds. Then the desired family of
states can be obtained by applying the same Gaussian map to each node 7 = (h,v)
of the lattice: G = @;G, where GG = 1.

We show now that all Gaussian fPEPS constructed in this way are ground states
of local Hamiltonians. To this end we follow an approach similar to that presented
in [160] where an analogous result could be derived for bosonic systems. We derive
first the form of the covariance matrix obtained after applying the channel G to I',.
Then we show that this CM corresponds to the ground state of a local Hamiltonian.
The translational invariance of the problem suggests an approach in Fourier space.
We introduce the Fourier transform of the the mode operators

2 7o

where f is either a physical or virtual mode, and we have introduced the reciprocal
lattice vector ¢ = (ke 2hu) WWe consider now the CM of the output state in the

Nh 7 Ny
qgp-ordered form, i.e. we write
1_‘(171) 1_‘(172)
Fou — out out , 422
t ( YRR )

where T’ ((Lf) = (£[c™,e®]), r,s = 0,1. The translationally invariant construction

is reflected in the fact that the blocks Fgﬁf) are circulant matrices. Hence, they
all can be diagonalized simultaneously by a Fourier transtormation F. The Fourier

transform of Ioyt, Gout = FlousF ', has diagonal blocks
G = (e N FT = (S[d",d ) = diag (47(6)) (4:23)

where g9 (¢) € C are the eigenvalues of the blocks I'\2}

out

). The operators cig) are
the Fourier transformed Majorana operators,

N 1 2 27 T =
% = (\/ ) e N
) N Z n
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while the Majorana operators in the reciprocal lattice space are given by ég) =

&(TE+ ag, é((;) = (—i)(al.— a7), where ag is defined in (4.21). The CM in the reciprocal

lattice space, (I (x’y)) Frde = (%[ég) C((Z;)D can be obtained from Goy with the help of
) 1

the relation

A1 7(1)

s 1 4« 1 —i C{ﬂ

& 1 — 11 d((;)

) - Z

CO N IS RN S B O G (4.24)
e i 1 =i 1 oyt

g d-

and we use in the following Gout tO » derive properties of [oue. To this end, we regroup
the modes such that Goy = P 3 Gout () is a direct sum of blocks corresponding to
the same lattice vector, i.e.

R 5 LY (4 1,2) (4
Goul®) = | Tt L) (4.25)

) (¢)
and derive properties of the elgenvalues g(” (¢ ) Since Glut = (f Foutf )= —Gout
it follows immediately that gD (g) = (_}/d( ), 9(22( ?) = ip(o )/d( 5), where
p(6), B(¢), d(¢) € R and g2 (¢) = 9(1 Do) = ( 5)/d(¢) with Q(¢) € C. It will

become clear soon why we have introduced d( 5). Further, as the Fourier transform
is unitary, we have G2 ,(¢) = —1, implying
o +la() =

p(o 1,
B + e = 1,
(p() +B(#)a(@) = 0

-, —,

From the last equation we get p(¢) = —p(@) or ((Z)) = 0. In the latter case this
requires p(¢)2 = p(¢)? = 1. But then ip(¢) and if(¢) are the eigenvalues of Goy (),
and due to the antisymmetry of I" we have p(¢) = —p(¢) as well. Thus,
. 1 (6 5
out( ) —. Zp( —)‘ q(gb)—* . (426)
d(¢) \ —a(¢) —ip(¢)

To obtain information on p(¢), ¢(¢) and d(¢) we use that the channel & describes
a translationally invariant map. This implies that the blocks A, B and D are
block diagonal, and thus commute with the Fourier transform. Since for pure states
't = —T holds, we have

Gowt = FlowF' = FB(D+T;1(0) "B " Ft+ A= B(D—Gu(¢)) ' BT+ A, (4.27)

-

where Gy, = FGuFT. We use that (D — Gi(¢))™* = adj(D — Gin(¢)) /det(

—,

Gin()) where adj denotes the adjugate matrix [73], and we define d(¢) = det(D —
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-

G’in(gb)). As T'y, is the covariance matrix of a system of maximally entangled states
between nearest neighbors, its Fourier transform Gm(gz;) is built out of terms of the
form €12 only. Thus, d(¢) = det(D — Gin(4)) and adj(D — Gin()) are polynomials
of low order in ¢;5. As B and A are local operators, we see that p and ¢ are
polynomials of low degree as well.

Now we are in a position to show that every translationally invariant fPEPS is
the ground state of a local Hamiltonian. To this end we define the Hamiltonian
H =i, hucrey, where h is defined through its representation in reciprocal lattice
space via h(¢) = d(¢)Lout(¢), where Loy (¢) is obtained from Gou(¢) with the help
of Eq. (4.24):

0 Relel@) -Img@) pd)
o L | Relw@ 0 plé)  Im(e(@)
MO=0 | mae)  -»6) 0 Reao) | O

Then, since Lou () and h($) are diagonal in the same basis, H has the state with
covariance matrix "oy as its ground state (c.f. Sec. 2.1.3), and unless H is gapless

—,

— corresponding to zeros of d(¢) — the ground state is unique. Moreover, since the

degree of p(¢) and ¢(¢) is bounded by twice the number of virtual modes per site,
it follows that H is local.

4.5 Example of a critical fPEPS

Let us now give an example of a local Hamiltonian which has a critical fPEPS as its
exact ground state. We start giving the channel description of the fPEPS, and prove
then its criticality by showing that the state has polynomially decaying correlation
functions. Further, we give the explicit form of a parent Hamiltonian of this fPEPS.
Finally, we express the channel in terms of local projectors, relating the channel
description to the construction of fPEPS introduced in Sec. 4.2.

Construction of the example

We consider the class of Gaussian fPEPS defined above and use the trick of calcu-
lating the output state with the help of the Fourier transformed CM of the output
state, Gout (4.27). Before giving the form of the channel, we calculate the covariance
matrix of the entangled bonds, Iy, = @ wp,», where wy,, is the covariance matrix of
an entangled horizontal or vertical bond:

wh = cire(0,1,0,...) ® X — circ(0,...,0,1) @ XT, X = ( 8 050 ) ;o (4.29)

where o, denotes the Pauli x-matrix. Here we have ordered the modes according to

(c&l),cg),c(ﬁl),c(;)) resp. (cgl),cgz),cgl),cgz)) for the horizontal resp. vertical bonds.
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circ(xy, ..., x,) denotes the circulant matrix, where xy, ..., x, are the entries of the
first row. The Fourier transform of wy, , is given by

Onp = FupoF' = @) Xett2 — XTemi12, (4.30)
1,2

Then, when grouping the modes for each lattice site according to

(cg),cg),c(ﬁl),c(ﬁz),cgl),cg2 ,cgl),cff)), the Fourier transformed covariance matrix

of the bonds, Gy, = FTiuF becomes block diagonal, i.e. G = @¢7 Gin(é), where

0 —eig, 0 0

Ao g, 0 0 0
Gin( ) - 0 0 0 _€i¢20_ (431)

0 0 g, 0

Now we give the explicit form of the channel describing the local map, G = @, G,
where the direct sum is taken over all lattice sites with coordinates 77, and take the

modes ordered as (cgl),cff),c&l),0&2),c(ﬁl),c(;),cgl),cg),cgl),cf)). We take a transla-

tionally invariant channel, i.e. Gz = G V. Referring to Eq. (4.20), G has blocks of
the following form:

00 1/1 -1 -1 10 0 0 0
A = (oo)’ B‘?(o 0 0 01 4_—1—1)

0 0 2 2 1 -1 1 -1

o o 2 2 -1 1 -1 1

-2 =2 0 0 1 -1 1 =1

1 -2 -2 0 0 -1 1 -1 1
D=7 -1 1 -1 1 0 0 2 2 (4.32)

1 -1 1 -1 0 0 2 2

-1 1 1 1 -2 =2 0 0

1 -1 1 -1 -2 -2 0 O

With the help of (4.24) we arrive at
0 q@) 0 po)
- 1 —q(¢) O p(¢) O
Fou == = - - 5 (433)
' ? d() o ople) 0 q(9)
-p(¢) 0  —q(¢) O
where the functions p, ¢ and d are given by

p( sin (1) — sin (¢s) (4.34)
q(¢) = cos(¢1)cos(¢), (4.35)
d(¢) = 1—sin(¢1)sin(¢2). (4.36)

In the next step we show that this fPEPS describes a critical system.
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Decay of the correlation functions

We prove criticality by considering the asymptotic behavior of the correlation func-
tions in position space. For large systems we can replace the discrete Fourier trans-
form by a continuous one. Let £ = p,q and define

W) o L [T, )

nime = (1€ C = eMO1em292 ) dhy, 4.37
rama = (1 (nl’n2)> (27m)% Jo  d(¢1,d2) P10 (437)
where y, = 1 and y, = 2 for p- and g-correlations respectively. We make the
substitution z = "' so that dz = izd¢$,, and arrive at
p(Z7 ¢2) - 4 ’2.2 —1—2iz Sln ¢2 ’ (438)
d(z, ¢2) 2iz — (22 — 1) sin ¢
(2, ¢2) _ i (Z2+1)Cosa?2 . (4.39)
d(z, ¢2) 2iz — (22 — 1) sin ¢
Then &, », can be written as
1 2m
s = ), A2 19, (62), (4.40
](5 - = d g( ¢2) n1—1 441
ni, n2(¢2> 27T’l ( ¢2> Y ( )

where C is the closed loop on the unit circle in the complex plane. Since d(z, ¢o)™!
has poles at zo = i (1 £ | cos ¢2|) / sin ¢ and p as well as ¢ are holomorphic at zy, the
integral Ir(f ns(@2) is proportional to the residue within C' according to the residue

theorem. As only z_ lies within the unit circle we obtain

(20, 92)

1O () = —20 2 4.42
%) = e el 2
In the following we give a detailed calculation of these integrals.
Calculation of p-correlations With the help of (4.38) we obtain
1 2?2 — 1 — 2izsin ¢y
@) — — b dzi ni1—1
mae(92) = 50 fc % — (2 1)sings
_m(] m_lcosda|
= 1 (1 | cos ¢2D ' (Sil’l ¢2)n1+1 )
The p-correlations are obtained via (4.40):
1 2 5
Prnine = % 0 d¢ 6 ? 2[n1 n2(¢2>
1 w/2 inads 7(7) 1 3/2m ingo
T o —7/2 A2 T Ll (02) F %/7r/2 102 zlnl na(2)
1 w/2
= 5= d¢2 m2¢2[r(zl1] n2(¢2) m2 ¢2+7r)]n1 na (¢2 + ﬂ-) (443)

27 —7/2
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The symmetry 12, (s + ) = (—1) TP, (¢2) leads to

1 w/2
o = 5 (1= (17) [ oy 1), (0n) (149

w/2

For ¢o € [—7/2,7/2] we have |cos ¢y| = cos¢e. Then Ir(fi)m(qbg) simplifies to the
following expression:

ni+1
[0 () = i+t 5% (tan@) . (4.45)

on2 1 —cos gy 2

Note that I8, (—¢s) = (—1)"*+IE) (5). For ny even (odd) I, (¢s) is an odd
(even) function, and only the sine (cosine)-part of the exponential ¢2?2 gives a
non-vanishing contribution. This corresponds to the real part of the integral, and
hence

1
Pning = %(1 - (_1)n1+n2)2Re

w/2
/ depy €™ IP) n2(¢>2)]- (4.46)
0

Calculation of ¢-correlations Application of the residue theorem results in

1 - (22 + 1) cos ¢y
[(q _ d ny—1
ni, n2(¢2) 271-'& - 2222.2—(22—1)Sin¢22
et (L= o5 63"

(SiIl ¢2)n1+1

COS Qs.

Using I, (62 + 7) = (1) I}2,,, (¢2) we obtain

1 m/

Qnyne = g(l + (_1)n1+n2)/

—7/2

2
dgy ™10, (). (4.47)

ni,no

For ¢ € [—7/2,7/2] we have L, (h9) = =1, (¢2), resulting in

1 w/2
s = —5- (1 (1) ")2Re /0 Ay ™10 (6,)] (4.48)

Asymptotic behavior of the integral To prove criticality we are interested in
the asymptotic behavior of the integral

w/2
Tovms = / ddy ™RID (). (4.49)
0

The correlations are symmetric under the exchange of n; and n,. This follows from
translational invariance and can also be seen directly from the form of p(¢q, ¢2)
and q(¢1, ¢2). Hence, to determine the asymptotic behavior, we can assume wlog.
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b) ny + ng odd (¢ = 0) a) ny + ne even (p = 0)
N9y 1 T 2711 N9 1 nq 2711
p(n1) ”1_2 ™ e ™ r’ q(ni) | ng e m r’ ”1_2

Table 4.1:  Asymptotic decay of the correlation functions p and ¢ along the axes (ny = 1),
the diagonal (ny = n;) and in the direction ny = 2n;.

ny > 1. In this limit, the absolute value of L(ﬁ),ng(qbg) attains its maximum for
¢o = tarccos(l/n — 1) — /2. We rewrite

1®) (¢) = in1+1c(¢2)e(”1+1)t(¢2)7

ni,n2

where ¢(¢9) = 1250‘5’22 and #(¢,) = log (tan %) and expand ¢(¢y) and t(¢y) around
w/2:

% = - <¢2 - g) + (¢2 - g)2 ((Cbz ) ) (4.50)

;
log (tan g) = <¢2 — g) + % <¢2 - g) <(¢2 g) ) (4.51)

Substituting ¢, — ¢» — 7 the integral attains the form

0
Jnl,nz = in1+n2+1/ d¢2J(n1,n2,¢2), (452)

—7/2
J(n1,na, o) = €9 (—gy + ¢3) eMFVOHR/6mID (1 4 O(¢F)).  (4.53)

We use Jy, n, = fi)oo dpaJ(n1,n2, ¢2) — f_—;/z dpz.J(n1,n2, ¢2), and obtain

0 3+ ny +ing 11
/_OO daJ (1, N3, P2) = (14 ny +ing)? O (n_i“ n_é) 7

while the second integral can be bounded by

—7/2
’/ dpaJ (n1,na, ¢a)| <

o~ (n+1)m/2

/2
/ d¢ 61/6n1+1 ¢2( (b _|_¢2) (1+O(¢g))‘

oo

This gives rise to only an exponentially small correction that can be neglected in
the asymptotic limit. Summarizing, we see that the p-correlations are non-vanishing



86 CHAPTER 4.  Fermionic Projected Entangled Pair States (fPEPS)

Figure 4.9:
& Exact value and asymptotic scaling of the correlations pp,n, =

(1) @ (1) (2 . C e
<chl?1)cgn)17n2)> (left) and gy, pn, = <ZCE1?1)CEH)1JL2)> (right) in direction of the
axis (ny = 1, red), along the diagonal (ne = nq, green) and along the direction
(n1,2n1) (blue). We conclude criticality of the system from the polynomial

decay of the correlations.

only for n; + ny odd, while g-correlations are non-vanishing only for n; 4+ ny even:

3+n1+in2
s~ (1= (=1)mtm 4.54
Prnyng ( ( ) >Re((1+n1—|—ln2)3) ( ) )
3+n1+in2
o~ (L (=DM . 4,
Qn; ny ( +( ) ) m((1+n1—|—1n2)3) ( 55)

Table 4.1 summarizes the asymptotic behavior of p and ¢ for ny = 1,ns,2n,. In
Fig. 4.9 we have plotted the asymptotic scaling and the exact value for the corre-
lations obtained via numerical integration for three different directions along the
lattice. The algebraic decay of the correlation functions implies criticality of the
system. Hence, we have found the ground state of a critical system obeying an area
law. To understand why this is no contradict the violation of the area law expected
for particle number conserving free fermionic systems [155, 156] we determine next
the explicit form of the parent Hamiltonian.

Calculation of the parent Hamiltonian

As we have explained in Sec. 4.4, the parent Hamiltonian H of an fPEPS with
covariance matrix I'oy(¢) is given by H = ), hicpc, where h is defined through

— A

its representation in reciprocal lattice space via W) = d(¢)Tout(¢). Using the form
of T'oyy given in (4.33) and the relations
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A _dd _B A _ad'a_ _B
a2 a'a O’/
.. o - ... o
B 7 A B 7 A
Figure 4.10:
Critical Hamiltonian Hegt. Hopping of the form aiay occurs along the

diagonals, while non number conserving operators alaL act along the edges

(left). Applying a particle-hole transformation on the B sublattice, Hyit
can be converted into a number conserving Hamiltonian with hopping terms
along the edges and the diagonals (right).

we obtain the Hamiltonian in position space:
H=143p(d) (a(%a*_(g— aq;a_(g) +4¢() (1 —alag—al 5&_(;) . (4.56)
We split the calculation:

A At A 2T 2T T 9w T
ZQ(QS)G'II:(E a:l:(f; = ZCOS (Wkl) COS (Wk’g) 6i2ﬁz¢n€:‘:%z¢n agaﬁ/

¢7ﬁ

(G 11+ Gng 1) (Gnpna—1 + Gngnas1) @b,
. 27T . 27T 27 7o 2w T
{sm (Wkl) — sin (ng)] e NP ieT agag,

= Z [5n1,n’1 (5n’2,n2—1 - 5n’2,n2+1) + 57127”'2 (5n’1,n1—1 - 5n’1,n1+1)] ai?aii’7

RSy

<1
=[]
i~
—~
=
N—
Q>
SNl
Q>
I —t
©
Il
-

and obtain a parent Hamiltonian of the form (see Fig. 4.10)
— 9 T T T T
Het = 20 afy )@l 1) = Qlp) @) +0C
(hyv)

— CLJ(rhm)(a(h_i_l,v_;_l) + a(h+1,v_1)) + h.c..
(hyv)

As we have explained above, the ground state of H is unique unless d(gg) =0. We
see from (4.36) that we can ensure that by considering only N, N, odd. Note that,
although H, is not particle conserving, it can be converted into a particle conserv-
ing Hamiltonian via a simple particle-hole transformation in the B sublattice. This
new Hamiltonian possesses a spectrum with a Dirac point separating the modes with
positive and negative energies. Thus, the Fermi surface has zero dimension, which
explains why our results do not contradict the violation of the area law expected for
free fermionic systems [155, 156].
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Calculation of the projectors

Finally we derive the form of the projectors

k k r u
Qnw) = Z(A(hw))Er]udazh,v)al(h,v)ﬂ(hmﬂ(h,v)égh,v)> (4.57)

corresponding to the channel (4.32). To this end we show that we can decompose
the channel in an orthogonal transformation acting on the virtual modes followed
by projecting the modes (3, v and 6 on the vacuum. Finally, the remaining modes
« are identified with the physical modes a. Summarizing, we want to show that

g(rin) = gvac,ﬁ,’y,(S(OFinOT)a
where O is an orthogonal transformation and Eyac 4,6 is the channel that maps the
modes (3, v and 0 on each site on the vacuum. Following [70], Evac,g,4,5 is represented

by a covariance matrix Gy = @(jo, where the direct sum is taken over all lattice
sites, and Gy is of the form (4.20) with

00 10000000
AO_(OO)’B°_<01000000)’
([ Dy 0 _— 0 1
Dy = (o 02),170_@(_10). (4.58)

Then it follows by direct calculation that B = By,O, D = OTDy,O, where the
orthogonal matrix O is of the form

1 0 — . -1 1 _ 1 L L
i RS A S SRS GRS
=2 VY 55 " TV 3 A
1 0 —-L 0 0 1 1 0
2 VG i V2
Lo 0o 0 0 ¥ 0 0
0= r _ /3 1 L 1 1 4.59
0 3 8 26 23 0 =55 o3 |’ (4.59)
0 _1 _\/3 1 0 L __1
2 8 2v6 2V3 2V2 22
1 2 1
R .
0o 1 0 X 0 0o %

and E(Ty,) = Bo(Dy — OT,0OT) 1 BE + Ag. Decomposing the channel in this way
allows a calculation of the projector as follows: The orthogonal transformation O is
a canonical transformation on the Majorana operators that has a unitary represen-
tation in Fock space, ¢, — ¢, = UcyUT, where

1
2 Z uk,lckcl] ) (4.60)
k.l

U =exp
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is unitary and u = u? is real. The matrix v can be obtained via the relation

Uc Ut = (e%c)y, implying O = e*. The matrix elements of the projector can be
obtained via the relation

(k] (0157601000 = D Apa(0la(0lass(al) ol 577"6|0), (4.61)

where |k), = (aT)k |0)4, and we have made, as explained above, the identification
a = a on the left side of the equation. In this way we obtain the following result:

0o _ 0o _

Agoop = T+, Al = oy,
0o _ 0o _ 0o _ 0o _

A(1)010 =T, AO%}lO =—zy, Apor =7, Algy = —T4,

A0 = T4, Agor1 = T4, (4 62)
1 1 1 1

‘L}IOOO =T, A(lnoo = T4, AO({IO = T4, A(1)001 =T,

A1110 = T4, A1101 =T, A1011 =T, A0111 = T4,

where x+ = (1 £1)/4. As the channel is mapping a Gaussian input state to a
Gaussian output state it is a Gaussian map and can thus be written as the expo-
nential of a quadratic form in the modes:

Q = exp [(ia+ B)(—y +1i6) + af + 0 + a' (—ia — B — v +id)] . (4.63)

4.6 Conclusion

Motivated by the success of PEPS for the description of spins we have introduced
the class of fermionic Projected Entangled Pair States (fPEPS) in this Chapter.
Theses states are obtained by applying fermionic linear maps to maximally entan-
gled fermionic states placed between nearest neighbors. This construction resembles
the construction of PEPS and is well suited to describe ground and thermal states
of local fermionic Hamiltonians, both free and interacting, in the same way as PEPS
are suited to describe ground states of local spin systems. We have then shown how
fPEPS can be used for simulating fermionic systems, since they can be transformed
into PEPS at the cost of only one additional horizontal bond between neighboring
sites, and we have provided an explicit mapping for the corresponding tensors. Fur-
ther, we have investigated the role of fPEPS as ground states of local Hamiltonians.
To this end, we have introduced Gaussian fPEPS and shown that they naturally
arise as ground states of quasi-free local Hamiltonians. Finally, we have used these
tools to demonstrate the existence of local free fermionic Hamiltonians which are
critical without violating the area law. One might ask if it is also possible to find
fPEPS with low bond dimension that are the exact ground state of more compli-
cated Hamiltonians, e.g. the Hubbard type Hamiltonians that we will encounter in
the next Chapter. This is a line of research we pursue at the moment.
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Chapter 5

Interacting Fermionic Systems in
Generalized Hartree-Fock Theory

In the last Chapter we have constructed a new family of fermionic states, the fPEPS,
well suited for the description of physical systems with local interaction. We have
explained that all ground and thermal states of these systems can be approximated
arbitrarily well by an fPEPS as long as the bond-dimension D is taken large enough.
For numerical applications the bond dimension becomes the main bottleneck, since
the number of multiplications required for the contraction of the tensor network on
an Lx L lattice scales as ~ L2D'? [145]. Hence, the development of an approximation
technique tailored to the system under investigation might be another promising
approach. In this Chapter we take this route to study strongly correlated fermionic
many-body systems with two-body interaction, all described by a Hamiltonian

H=— Z tklazal + Z uklmnaza;aman. (5.1)
kl

klmn

These models are used among others for the description of superconductivity in
BCS-theory, the Kondo effect or, most prominently, the Hubbard model [161]

Hyubbard = — Z twyaloaya- + Z UgNgtNy| + Z JTI - (5.2)

z,Yy,0 T z,0

The Hubbard model describes fermions with two different spin states (¢ =1, ]) on a
lattice that can tunnel between sites  and y, and have attractive (u, < 0) or repul-
sive (u, > 0) interaction. The tunneling Hamiltonian Hyopp = — >, ., teyal a,, as
well as the interaction Hamiltonian Hiy = ), uzn.n,| alone are easy to analyze.
However, the sum of the two terms and their interplay with the filling Zx’o JTo—
is believed to describe many fascinating effects of condensed-matter physics, and we
just give a brief overview on various possible phases of this model. More details can
be found e.g. in [162]. In the attractive regime, and for equal spin population the
Hubbard model describes e.g. superfluids or Luther-Emery liquids that exhibit ex-
ponential decay of spin correlations For imbalanced spin population the appearance
of the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-phase is predicted [163, 164, 165].
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This is a superfluid phase of Cooper pairs with non-vanishing center-of-mass mo-
mentum. In the repulsive regime (u, > 0) the Hubbard model can exhibit e.g. Mott
insulator, ferromagnetic and antiferromagnetic phases [166]. Current experiments
with ultra cold fermionic quantum gases allow the realization of the Hubbard model
in optical lattices, giving hope to gain further insight into interesting properties of
the model [18], like the BEC-BCS crossover. Due to its immense importance for
the understanding of fermionic many-body systems the Hubbard model has under-
gone an intense theoretical investigation in recent years (see e.g. [167] for a review).
This includes the exact solution for certain instances of the model in 1D by Lieb
and Wu [168, 169] or exactly solvable Gaudin-Yang-models using the Bethe ansatz
and generalizations thereof (see e.g.[170, 171, 172, 173, 174]). In all other cases, we
have to confine ourselves to numerical approximation schemes, like Density-Matrix-
Renormalization Group (DMRG) [175, 176] or Quantum Monte Carlo (QMC) [177]
techniques. While DMRG works only in one dimension, QMC for fermions leads to
negative probabilities, known as the fermioic sign problem. Another approach uses
special trial wave functions like Gutzwiller [178] or projected wave functions (see
e.g. [179, 180, 181]).

One prominent approach for approximating ground and thermal states of the Hub-
bard model is the Hartree-Fock theory, where the energy for an N-particle system
is minimized with respect to a Slater determinant formed from N orthonormal one-
particle functions. The Slater determinant will break certain symmetries of the
system, like translational or rotational invariance. One might think of using other
trial wave functions that break other symmetries of the systems. One possible idea
is to give up particle number conservation using a grand canonical ensemble, as it
is done, for example, in the BCS-theory of superconductivity. The states that are
now allowed as variational ansatz states are the fermionic Gaussian states we have
already encountered at different points throughout this Thesis. Since the Slater
determinants used in Hartree-Fock theory are a special case of this approach, the
variational approach within the set of fermionic Gaussian states is a known as gener-
alized Hartree-Fock theory (gHFT). This approach has been applied by Lieb [43] to
the Hubbard model, deriving analytic solutions for gHF ground and thermal states.
Though being exact, these results involve complicated optimization conditions that
are hard to solve numerically for big systems without translational invariance and
periodic boundary conditions.

In this Chapter we show how to overcome these problems by developing numerical
techniques allowing the determination of ground and thermal states in generalized
Hartree-Fock theory applicable to large systems governed by any Hamiltonian of
the form (5.1). In order to make this Chapter self-contained we start with a short
summary of the properties of fermionic Gaussian states that are necessary for the
understanding of the Chapter in Sec. 5.1. This brief review also allows us to argue
why we believe that the gHF'T is very well suited to capture the physical properties
of the Hubbard model. Then we derive in Sec. 5.2 consistent equations for real
time evolution in gHFT. These can be seen as an analogue of the Gross-Piteavskii
equations [182] long known for bosons. This result is of special interest as dy-
namical experiments on many-body systems have become possible in recent years,
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among others Hanbury-Brown-Twiss experiments [183] or BEC-BCS crossover ex-
periments [46]. These evolution equations further motivate the determination of the
gHF ground state via an approach closely related to the known technique of imag-
inary time evolution, which we explain in Sec. 5.3. A slightly different approach
is taken in Sec. 5.4, where we show how the finite temperature gHF states can be
found using a fixed-point iteration. We close the Chapter with an application of
our techniques to the two-dimensional translationally invariant Hubbard model in
Sec. 5.5, and compare our results for ground and thermal state to the exact solutions
derived in [43].

5.1 Toolbox of generalized Hartree-Fock Theory

In this Section we summarize the tools necessary for the understanding of this
Chapter. Our goal is to find the ground and thermal states as well as the dynamics
of a system governed by the Hamiltonian H given in (5.1). We approach the problem
in the Majorana picture and define ¢;, = az + ag, crenr = (—1)( L — ay), where M is
the number of modes and £k =1,..., M. These operators satisfy the canonical anti-
commutation relations (CAR) {ck, ¢;} = 265, The Hamiltonian H in this picture is
given by

H(T> U) = ZZ Tklckcl + Z Uklmnckclcmcn = Hhopp + Hinta (53)

kimn

where Ty, Upyimn € R. The CAR allow to antisymmetrize T' and U such that
TT = —T while U is antisymmetric under the exchange of any adjacent indices.
Gaussian states are fully characterized by their second moments collected in the
real and anti-symmetric covariance matrix (CM) Iy = (%[, ¢;]) from which all
higher correlations can be obtained via Wick’s theorem:

iPtr(pcy, ... cj,| = PET 0 2y, (5.4)

where 1 < j; < ... <y <2M and I';, _ ;, is the corresponding 2p x 2p submatrix
of I'. Pf(Ij,. j,,)* = det(T'j,... j,) is called the Pfaffian. I" is the CM of a physical
state iff ;I" < 1, while pure states have to fulfill ['? = —1. Every Gaussian state is the
ground state of a quadratic Hamiltonian Hg = i) ,; hicke, with real and antisym-
metric Hamiltonian matrix h. All Gaussian states remain Gaussian under the time
evolution governed by a quadratic Hamiltonian, and the CM transforms according
to I'(t) = O()['(0)O(t)”, where O(t) = e/* is an orthogonal transformation.

We argue now why we believe that the gHF'T is well suited for an approximation of
physical properties of the Hubbard model. It has been proven in Ref. [43] Thm. 2.9
that the generalized HF ground states of all interacting two-body Hamiltonians are
pure states. Further, as we know from the results of [75] and Appendix A every pure
Gaussian state can be brought into a standard form |¥) = [, (u, + vralal})]0),
where |ug|* + |vi|> = 1 Vk. But these are exactly the states used to derive the
properties of superfluids in BCS theory. Further, if for all k either uy = 0 or
v = 0, then we can arrive at a product state of particles with either zero, one,
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or two particles with opposite spin at each lattice site. Thus, the pure Gaussian
states capture two extreme cases of the Hubbard model, the Mott phase as well as
the superfluid phase, and are hence good candidates as variational states for that
model.

5.2 Real time evolution

In the following we derive equations capturing the dynamics of a system governed
by an interaction Hamiltonian of the form (5.3) in gHFT. The key idea is to use the
covariance matrix for the description of the dynamical evolution. In the Heisenberg
picture, where the time evolution of the Majorana operators is given by cx(t) =

(IO e o= H(TUN the covariance matrix evolves according to
d
gLas(t) = ([ea(t)es(t), H(T, U))). (5.5)

As H(T,U) involves terms quartic in the Majorana operators this evolution clearly
takes us out of the Gaussian setting. We truncate this transformation imposing that
Wick’s theorem holds, i.e. we write

(cicieper) = =TT — Tt + Tal'ji). (5.6)
With the help of the commutation relation
[caCp, Cicj] = 2(cicadjp — €iC0ja — C3C0ia + CaCidip)
we can calculate the contributions for the hopping and the interaction term to be

<[Cacﬁth0pp]> = 4[T7F]aﬁv
<[Cacﬁ>Hint]> = 24[tI'B[UF],F]a5,

where we have defined trg[UI'];; = > _,, Uijml'ix. This implies the following time
evolution for the covariance matrix:

Lag(t) = 4[(T (), T()]as, (5.7)
h(T(t)) = T+ 6trg[UT(t)]. (5.8)

This equation can be formally integrated:
L) = oMmroow",
t
O(t) = Texp (4/ h(F(t'))dt’) , (5.9)
0

where 7 denotes the time ordering operator. Note that due to the anti-symmetry of
R(I'(¥')) Eq. (5.9) guarantees that the matrix O(#) is an orthogonal transformation.
Hence, when starting with a valid covariance matrix I'(0), our approximation scheme
ensures that we remain within the set of Gaussian states. Further, from what we
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have said in Sec. 5.1 it follows that the dynamical evolution under the interaction
Hamiltonian H(7,U) can be understood as time evolution under a quadratic but
state-dependent Hamiltonian

i h(L())ucker. (5.10)

Our approximation scheme does not only ensure that we always remain within the
set of Gaussian states, but it also conserves energy and particle number, as we show
in the following:

Conservation of the particle number Let H be a number conserving Hamil-
toman ie [H, N] = 0, and write the particle number operator as N = ZZ & ala; =
-5 —I— Zkl Nklckcl, where Nkl = 51 k+M for k£ = 1 M and Nkl = 5l,k M for

k‘ M—I—l ,2M. Then

0 = trlp[H, V] ZNM ([H, exel]) = itr[zvf(t)] L

Conservation of the energy For a closed system the energy should be a con-
served quantity, too. Using Wick’s theorem we can calculate the energy to be
E(t) = tr[Hp] = —tr[(T + 3trp[Ul'])I']. Then

Z aTMF’“ = 4tr[A(D)[R(T), 7] = 0.

In conclusion, we have shown that the application of Wick’s theorem to the evolution
equation of a system governed by a two-body interaction Hamiltonian leads to a
consistent dynamical equation that can be considered as the analogue of the Gross-
Pitaevskii equation known for bosons [182]. The truncation of the evolution is
equivalent to an evolution under an effective state-dependent quadratic Hamiltonian.
The particle number as well as the energy remain conserved quantities within this
approximation. In the following Section we will see that this approximation scheme
leads to a dynamical equation for the determination of the ground state of the
system.

5.3 Ground states

In principle, the ground state in generalized HF-theory can be found via a direct
minimization

min  tr[Hp] = min {Tijrij—3z Uijklrijrkl}. (5.11)
]

p Gaussian I'<1
i7jik7l

For the translationally invariant Hubbard model this problem could be reduced to an
optimization over two parameters only [43]. Generically, this constrained quadratic



96 CHAPTER 5. Interacting Fermionic Systems in Generalized Hartree-Fock Theory

minimization problem is a daunting task. We attack this problem from a different
perspective. A well-known approach for the determination of the ground state |¢o)
of a Hamiltonian H is imaginary time evolution. Starting with an arbitrary initial
state |U), the application of the operator e=#! will result in the ground state for
t — oo as long as |¥) has non-vanishing overlap with |¢g). This can be seen directly
by writing |¥) = > . ¢;|¢;), where |¢;) and E; are eigenvectors and the corresponding
eigenvalues of H. Then

M) e Pelg) o) for t — oo. (5.12)

le= @) |2 et |2

Due to the exponential growth of the state space with the number of modes this
approach can be applied to small systems only. The idea is to apply the Gaussian
approximation, i.e. Wick’s theorem, to derive an evolution equation for the covari-
ance matrix which only scales quadratically with the number of modes. Starting
with an arbitrary pure Gaussian state p(0), the evolution under H in imaginary
time,
B 6_Htp(0)6_Ht
A0 = e
clearly takes us out of the setting of Gaussian states. But we could discretize the
evolution and find for small time steps At the best Gaussian approximation at
each step. However, due to the truncation it is not clear that this procedure will
converge. And even if we find a steady state is is not clear that this will be the
ground state of the system. Another possible approach is to use the quadratic but
state-dependent effective Hamiltonian Hq(I') that is derived from H (7', U) for the
imaginary time evolution. As Hg(I') is a quadratic operator we will stay in the space
of Gaussian states. But as the Hamiltonian is state-dependent it is the outcome of
this procedure is not clear. But we are lucky, and we show in the next Subsections
that both approaches are equivalent and lead indeed to the desired solution. To be
precise, we show that the following is equivalent:

(5.13)

1. Direct minimization of the energy Eq. (5.11) in generalized Hartree-Fock the-
ory.

2. Imaginary time evolution of the state p with the quartic Hamiltonian for small
time steps At followed by an approximation of p(t + At) by a Gaussian state.

3. Imaginary time evolution of p with the quadratic but state-dependent Hamil-

tonian Hg(I).

5.3.1 Minimization of the energy

In order to obtain the generalized Hartree-Fock ground state we have to solve the
minimization problem

p Grilulsrsllan E(p) p Gr;hl;llan tr[Hp o zIII‘liI% {Z EJ Fw 3 Z UZ]MFZJFM} (5 14)

i,5,k,l
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The condition iT" < 1 is fulfilled iff 1 —iT' = (A +iB)(A+iB)!, where A and B are
real matrices, from which we derive
I = ABT — BAT, (5.15)
1 = AA" + BB (5.16)
The problem can be reformulated as an optimization problem using Lagrange mul-
tipliers. The Lagrangian is given by
L = > T (AB" — BA");; =3 Uyu(AB" — BAT);;(AB" — BAT),
ij ijkl
+ Z Mt (Ari A + BriBii — 0nt), (5.17)
ikl
where AT = X are the Lagrange multipliers. The necessary condition for a local
minimum are given by

oL

il 2(hB + AA)as = 0, (5.18)
oL .
5 = 2(—hA + AB)as = 0. (5.19)

It has been proven in Ref. [43] that the HF ground state is always pure, i.e. I'? = —1.
Using this information and (5.15) and (5.16) we arrive at the following necessary
conditions for a minimum:

[7(I'),T] = 0, (5.20)

rz = —1. (5.21)

These two equations are non-linear matrix equations and thus hard to solve, both
analytically and numerically, for large systems. But we will see in the next Subsec-

tion that these equations appear as the steady-state conditions of imaginary time
evolution.

5.3.2 Imaginary time evolution

From Eq. (5.13) we see that the evolution of the density operator p under the
Hamiltonian H in imaginary time is given by

p(t) = —{H, p(t)} + 20(t)tx[H (1)), (5.22)
so that the covariance matrix evolves according to
Fkl(t) = —itl"[{H, CkCl}p(t)] + QZFkltl"[Hp(t)] (523)

As we show in Appendix D both approaches for imaginary time evolution, number
2 and 3 described right before the beginning of Subsec. 5.3.1, lead to the same
evolution equation of the covariance matrix:

1 _

— I =Th(D) + A(I). (5.24)
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Starting from a pure Gaussian state both approaches ensure that we always remain
in the set of pure Gaussian states. Thus I'(t+At) = O(t+At)['(#)O(t+ At)T, where
O(t + At) = eAA% is an orthogonal transformation, i.e. A(t)7 = —A(t). Then

L(t+ At) = T(t) = [A, D) At + O ((At)*) = —4(ThL + h)At + O ((At)?).

The solution of this equation is given by

O(t) = Texp [ / tA(t’)dt/], (5.25)
Alt) = —2[n(I),T). (5.26)

The steady-state is obtained for O(¢) = 1 or equivalently [h(T),T] = 0. But this
is exactly the necessary condition for the generalized Hartree-Fock ground state
derived in Eq. (5.20), while (5.21) holds true as we always stay in the set of pure
states. Thus, instead of solving the highly non-linear matrix equations Eq. (5.20)
and (5.21) we can solve Eq. (5.25) numerically and arrive at the ground state.

5.4 Thermal states

As we have seen in the last Section, the generalized Hartree-Fock ground state can
be obtained via an imaginary time evolution. To learn about the finite temperature
properties in gHF'T we have to consider the approximation to the Gibbs state p ~
e P where 8 = kB%T is the inverse temperature. We recall that the Gibbs state
minimizes the free energy, F'(p) = F(p) — 37'S. Thus, we have to solve

p GI;}JiSIslian F(p) - p GI;}lisIslian {E(p) B ﬂ_ls(p>} '

An expression for the energy has already been given in Eq. (5.14). For the calculation
of the entropy we consider a one-mode Gaussian state in its standard form

e fla 14N 1=,

= = Rl S, (5.27)

p

where +i\ are the eigenvalues of the covariance matrix I'. The entropy S =
—tr[pln p| is given by

S(p) =In2 — % (1 =X)In(1—=X)+ (1+X)In(1+ N)], (5.28)
so that for M modes we have

S—Min2-— %tr (1 4+ iT) In(1 + iT)] . (5.29)

Thus, using (5.14) the generalized HF Gibbs state is obtained via the following
minimization problem:
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min F(p) =

p Gaussian

min {—tr[(T + 3trp[UT])I] — 87* (M In2— %tr[(]l +40) In(1 + iF)]) } :

ir<1

In analogy to the minimization of the energy in Sec. 5.3.1 we use Eqs. (5.15) and
(5.16) to transform this minimization problem into an optimization with Lagrange
multipliers A = AT and Lagrangian

L=E(AB)-B"S(A,B) - > \j(AA" + BB" — §;)). (5.30)

.3

Here, E(A, B) is as in Eq. (5.11). Since we have already done the optimization of
the energy term in Sec. 5.3.1, we consider now to the entropy term. With the help
of In(1—X)=—377, 1X" (see e.g. [184]) we obtain

(1 +iT) (1 +i0)] = = 3 %(—z')'f(rk LT,

Taking the derivative of the entropy wrt. to I',,,, we arrive at

os | i A A N N ,
5= = |50 zr);@r) +2;k<w) = =5 L+ (@ =i,

where we have made use of the formula (1 — X)~! = 727 /X% [184]. Then we
obtain the following necessary conditions for a minimal entropy:

[he(T),T] = 0, (5.31)
hp(T)(14T%) = 0, (5.32)

i 14T
he(D) = h- T (5.33)

It has been proven in Thm. 2.8 of Ref. [43] that the quasi-free state minimizing
the free energy is always a Gibbs-state of the form p ~ exp[—37'h4], where h4 is a
quadratic operator on a finite Hilbert space. Since we consider the finite temperature
case, i.e. # < oo this implies that Eq. (5.32) can be fulfilled only for hr = 0 leading
to the following implicit equation for the covariance matrix:

' = itanh [2i3h(T)] . (5.34)

This equation can be solved numerically via a fixed-point iteration.
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5.5 Application: The 2d-Hubbard-Model

As a benchmark, we apply the numerical methods derived in the last Sections to
the two-dimensional translationally invariant Hubbard model with attractive inter-
action. The Hamiltonian of the system is given by

H_ = Z t2PPal Ly, — UZ (nﬂ — %) (nml — %) — ,uan,o, (5.35)

z,yEN,0 rEA

where z and y are points on the two-dimensional lattice A, and ¢ =T, | denotes the
spin degree of freedom. The hermitian |A|x |A| matrix th°PP is called hopping matriz.
In the following we take t"°PP to be real and consider nearest-neighbor hopping, i.e.
thoPP = 7 when  and y are nearest-neighbors, and to°" = 0 otherwise. For u > 0 the
second term in H_ is an attractive on-site interaction between particles of opposite
spin. Further, we have included a chemical potential p. In Ref. [43] it is shown that
in this case the ground state energy as well as the free energy of the Gibbs state can
be obtained via a two-parameter optimization of the pressure functional

P(B,n) = (267 In2 + p)|A|
— gni<n {—26‘%1" {ln cosh g\/(thopp — pl)? — 2ud(thorr — p1) 4 u%} + un|A|} .
2<n
(5.36)

The free energy is related to this functional via F(8,u) = —P(8, 1), while the
ground state energy F(u) can be obtained when taking the limit § — oo:

E(y) = min {—tr [\/@hopp ~ )% — 2ud(fove — 1)+ u2n] + un\A\} — ulAl.

d?<n
(5.37)
We consider a 10 x 10 lattice and compare our numerical values for the ground
state energy as well as the free energy to the results obtained via the optimization
of (5.36) and (5.37). We set the strength of hopping as the energy scale of the
system, i.e. 7 =1, and we take u = 0.

Ground state energy To obtain the ground state energy we use imaginary time
evolution according to Eq. (5.25), i.e. T'(t) = O(t)TzO(t)T, where

o) = Texp [ /0 tA(t/)dt’} |
AW = —20R(T), T,

and h(T) = T + 6trg[UT(t)]. We discretize the time-ordered integral, such that
O(t + At) = eADAO(t), and expand the exponential to first order,

ane_ 1+ TANt

€
— 1ANt

+0((At)?),
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Figure 5.1:
& Generalized Hartree-Fock ground state energy FEy for the two-dimensional

translationally invariant Hubbard model (c.f. Eq. (5.35)) with attractive
interaction on a 10 x 10 lattice for 7 = 1, 4 = 0 and u € [1,10]. The red line
shows the exact gHF ground state energy, Fexact, obtained from Eq. (5.37),
while the triangles correspond to the energy obtained via imaginary time
evolution, Eimae (c.f. text for the details of the numerical realization). The
relative error, (dE)yl, is plotted in logarithmic units.

which ensures that O(t + At) is orthogonal. Starting from a covariance matrix Ty
of an arbitrary pure state, we evolve for a time 10°At, where At = 1073, In Fig. 5.1
we compare this approach (triangles) to the exact solution given by Eq. (5.37) (red
line) for an interaction strength uw = 1,2,...,10. We find excellent agreement of
the ground state energy obtained via imaginary time evolution, FEiy.g(u), and the

exact solution, Fe.ct(u), with a relative error (green circles) upper bounded by
(dE)rel - |Eimag - Eexact|/|Eexact| <2- 10_8-

Free energy The gHF Gibbs state is given by the implicit equation (5.34), derived
in Sec. 5.4: )
I' = itanh [2i8h(T)] .

We start either at a) § = oo, i.e. we take the ground state of the system (which can
be obtained for example via the minimization of the energy explained above), or b)
at =0, i.e. we take the maximally mixed state p ~ 1, as the initial state for the
iteration. Then we change the temperature in steps AS and obtain the new Gibbs
state via a fixed-point iteration. In Fig. 5.2 we give the results for both approaches,
taking as an example an interaction strength of u = —6, a temperature 5 € [0, 1],
and change [ in steps A = 0.01. Again, we have set the hopping energy as the
energy scale of the system, i.e. we take 7 = 1, and take zero chemical potential. For
a better visualization of the result we have added a model independent term to the
free energy, plotting F'* = F +23711In2|A|. The blue line depicts the exact solution,
E* obtained from the minimization of the pressure functional Eq. (5.36), while

exact?
the triangles show the numerical solution, F We also show the relative error

num"*
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Figure 5.2:
& Comparison of the exact solution for the free energy in generalized Hartree-

Fock theory (blue line) with the numerical solution of Eq. (5.34) (triangles)
via a fixed point iteration starting from a) the ground state and 8 = 1, b) the
completely mixed state and § = 0. For a better visualization of the result we
have plotted F* = F +2In23"!A|. We take 7 = 1, u = —6 and p = 0. The
green dotted line shows the relative error of the numerical solution compared
to the exact result in logarithmic units (c.f. text for an explanation of the
error peak).
dE:, = |Free — Finl /| Fi o] in logarithmic units. There is excellent agreement of
our approach with the exact solution. However, we find a slightly bigger error in a
region of J ~ 0.8. We argue now why this discrepancy might occur. As it has been
shown in Ref. [43], whenever (t"°PP — ;1) is unitarily equivalent to —(¢1°PP — ;1) and
1< ﬁtr“th"pp—um_l] < oo holds true, the pressure defined in (5.36) is non-analytic
at a finite critical temperature . uniquely determined via

1= g |l — | (% ore _ Mn\)} . (5.39)
Since in our case = 0 and t"PP is antisymmetric, we find a critical temperature
B, = 0.77, and it is exactly in the region around [, that we see the increased deviation
of I}, from the exact solution. The numerical accuracy might be improved by
decreasing A or taking a higher accuracy for the fixed-point iteration. Currently,
we stop the iteration process for a fixed temperature as soon as ||, (8) =41 (8)|] <
1075, Another idea is to take for each value of 3 the minimal value of approach a)
and b).

Since the translationally invariant two-dimensional Hubbard model is only a
benchmark for our numerical routines, we do not investigate these ideas in more
detail here. Summarizing, we can state that the numerical methods developed in
the last Sections allow in general the determination of the ground state energy as
well as the Gibbs free energy for our toy model to very high accuracy. These re-
sults give hope that we can successfully apply our procedures to physically relevant
scenarios as well. Further, we learn that more care has to be taken in parameter
regimes where quantum phase transitions occur, and we have suggested possible
approaches to achieve solution of high accuracy in these regions as well.
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5.6 Conclusion

Summarizing, we have developed numerical methods to approximate the time evo-
lution and the ground and thermal states of finite fermionic systems with arbitrary
two-body interaction, H(T,U) =Y Trckci + Y1 pmm UkimnCrCiCmCy, in any dimen-
sion. Our approach makes use of the generalized Hartree-Fock theory, where pure
and mixed quasi-free states are used as variational input states such that the whole
problem can be considered on the level of the covariance matrices.

The dynamical evolution of the system within this approximation leads to an
evolution equation of the covariance matrix that can be seen as an analogue of
the Gross-Pitaevskii equation known for bosons. The solution of this equation is
given by a time-dependent orthogonal transformation of the CM that can be easily
implemented numerically. Furthermore, this evolution is equivalent to the dynamics
of a system governed by a quadratic but state-dependent Hamiltonian Hg(I"). This
result is a starting point to attack the problem of finding the variational ground
state via an imaginary time evolution with Hg(I'). The dynamical evolution we can
derive for the CM in that way can be reformulated as a time-dependent orthogonal
transformation as well, and leads to a steady-state that is indeed the gHF ground
state. In case of thermal states the minimization of the free energy leads to an
implicit equation for the covariance matrix that allows a solution using a fixed-point
iteration.

So far we have performed first numerical applications of our methods to the trans-
lationally invariant 2D Hubbard model with attractive interaction at half filling,
since this problem has been reduced to a simple optimization problem in [43]. For
a 10 x 10 lattice we have obtained results for the ground state energies in a regime
of u/T € [0,10], and we have seen that our results are in excellent agreement with
the exact solution. In the case of thermal states, we have considered an interac-
tion strength u = —6 in a temperature region 3 € [0, 1], and have found excellent
agreement with the results of [43]. However, we have seen slightly bigger errors in a
parameter regime where the model exhibits a quantum phase transition

The application of the framework presented in this Chapter to physically relevant
scenarios, where, e.g., translational invariance is broken, and its numerical opti-
mization is work in progress [45]. One important goal is to investigate regimes of
the Hubbard model away from half-filling where exotic quantum phases, like the
FFLO-phase, are expected to arise.
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Chapter 6

Conclusions and Outlook

Fermionic particles are the basic building blocks of matter, and their quantum cor-
relations are central to many fascinating physical effects. In this Thesis we have
investigated a broad range of topics related to these systems from the perspective
of quantum information theory.

The first part of this Thesis, Chapter 2, is devoted to conceptual considerations
regarding quantum correlations in fermionic many-body systems. So far there have
been various attempts to adapt the framework of entanglement theory developed for
distinguishable spin-systems to a system of indistinguishable particles, none of which
has lead to a conclusive result. Thus, in our approach to characterize correlations
in these systems we use a different approach, taking the well-established notion of
”paired” fermions in solid state and condensed matter systems as a starting point
to develop a pairing theory for fermionic systems. Starting from a minimal list of
requirements a paired state should fulfill we propose a definition of pairing, and de-
velop methods for its detection and quantification applicable to current experiments.
Our approach is guided by concepts and tools known in entanglement theory, like
convex sets or witness operators. Further, we show that pairing is distinct from any
of the existing notions of quantum correlations introduced for systems of indistin-
guishable particles. In addition, we show that pairing is a resource for high-precision
phase estimation. Most remarkably, certain instances of the BCS-states of supercon-
ductivity, that are all captured as paired by our definition, can be proven to allow
quantum metrology at the Heisenberg limit.

The idea to come up with a pairing theory for fermions was initially motivated by
current experiments on ultra cold quantum gases. We set as a goal the definition,
detection and quantification of pairing, as well as to study its resource character
and to find its relation with known concepts of quantum correlations in fermionic
systems. We not only achieved all these goals, but in the course of our work we
have encountered numerous questions for further investigations, and we just men-
tion some of the most interesting ones. First, one might think of generalizing the
notion of pairing to higher order correlations, what might lead to an understanding
of the complete fermionic Fock space. Next, one could also take the other road
and try to find finer characterizations of pairing, which could lead to equivalence
classes of paired states that cannot be transformed into each other by certain phys-
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ical transformations, in analogy to the GHZ- and W-states well known in quantum
information theory. Furthermore, other methods for the detection of pairing might
be developed. Especially, the concept of positive maps that has turned out so pow-
erful in the spin-setting could not be applied successfully to fermions yet. Another
possible way to follow is to try to come up with quantum information applications
other than metrology where the pairing of fermions plays the role of the resource.

After these conceptual considerations, the second part of this Thesis, Chapters 3-5,
is devoted to simulations of fermionic systems. The simulation of quantum mechan-
ical systems falls into two big classes, namely simulation on a classical computer and
quantum simulation. We start in Chap. 3 with the latter one, including bosonic and
finite dimensional quantum systems in our investigations. Considering a translation-
ally invariant lattice of arbitrary dimensions, we ask what time evolutions can and
which cannot be be simulated given certain sets of translationally invariant Hamil-
tonians. Using the machinery of Lie algebras we can give a full characterization in
the case of quasi-free bosonic and fermionic systems, while we can only derive no-go
theorem in the case of spin systems. However, the technique of finding Hamiltonians
that cannot be simulated with the help of Casimir operators might turn out useful
for other questions in the field of quantum simulation.

Finally, we consider the simulation of fermionic systems with the help of algo-
rithms tailored for a classical computer. In this case the exponential growth of the
quantum mechanical state space generally demands for an approximation in the
determination of ground and thermal states, as well as the time evolution of the
system. One possible approach is the construction of a class of states that describe
relevant physical systems with few parameters sufficiently well. To this end we intro-
duce the family of fermionic Projected Entangled Pair States (fPEPS) in Chapter 4,
that are the generalization of the Projected Entangled Pairs States (PEPS) known
for spin systems. The fPEPS do not only approximate ground and thermal states
of fermionic systems with local interaction well, they can also be mapped to the
PEPS-representation by only doubling the number of parameters. Thus, the well-
developed numerical tools of PEPS can also be used for the simulation of fermionic
systems. The application of the fPEPS to numerical simulations is one major line
of research to follow in the future. Another line of thought is the determination of
fPEPS of low bond dimension that are the exact ground state of some fermionic
system. In the case of quasi-free fermions we introduce the class of Gaussian fPEPS
all of which turn out to be ground states of some short-range Hamiltonian. We pro-
vide an example of a critical fPEPS in two dimensions, which is remarkable, since
only states with vanishing Fermi surface can fulfill an area law in 2D. This example
could be a starting point for finding further examples of this kind, and perhaps even
to categorize critical free-fermionic systems. Currently, we are interested in find-
ing fEPS that are ground states of local Hamiltonians with hopping and two-body
interaction, and we could see first indications that such examples might exist.

Due to the rich structure of quantum phases described by the Hubbard model,
its investigation has occupied physicists for decades. Since this model is realized in
systems of ultra cold quantum gases in optical lattices, it is currently in the cen-
ter of investigation both from a theoretical and experimental perspective. In the
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final Chapter of this Thesis, Chap. 5, we develop a framework for the simulation of
fermionic systems described by any Hamiltonian with two-body interaction. Start-
ing from the idea of generalized Hartree-Fock theory (gHFT), where pure and mixed
quasi-free states are taken as variational states, we could derive a dynamical evolu-
tion equation for the covariance matrix of the system that can be understood as an
analogue of the Gross-Pitaevskii equation known for bosons. The gHF ground states
can be found as steady-states of an imaginary time evolution of the covariance ma-
trix (CM), while the CM of thermal states is given by an implicit equation solvable
by a fixed-point iteration. Since the covariance matrix depends only polynomially
on the number of modes, our approach can be applied to large physical systems as
they appear in current experimental setups. We hope that the numerical application
to the Hubbard model will give information on interesting quantum phases captured
by this system, e.g. the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-states [44] in the
regime of attractive interaction.

In conclusion, this Thesis presents important results for the understanding of
fermionic systems and their correlations. The understanding gained by the introduc-
tion of the pairing theory and the possibilities for numerical simulation of fermionic
many-body systems with the help of fPEPS and the formalism based on gHFT are
the main results of our work. The interplay of quantum information science and
condensed matter physics has turned out as a very fruitful approach for our investi-
gations, and we hope that the interaction of these two different fields of physics will
lead to many interesting insights in the future.



108 CHAPTER 6. Conclusions and Outlook




109

Appendix A

A standard form for pure
fermionic Gaussian states

In the following we give a derive a standard form for all pure fermionic Gaussian
states. After completing the proof we found out that this result had already been
obtained in [75] and is known as Bloch-Messiah reduction. However, as we think
that our derivation of the result is more transparent, we would like to present it
here. Recall that in Sec. 2.1.3 we have introduced the complex representation of
the covariance matrix given by

1 .-~ (O R
= Q0= ¢ =
L. 49 o ( R O ) : (A1)
where Qg = (%|ak, i), R = <%[ak,a”> and @) denotes the complex conjugate.

Note that Rf = —R and Q7 = —Q and hence I'’ = —TI'.. Every anti-hermitian
matrix can be diagonalized and every anti-symmetric complex matrix can be block-
diagonalized by a unitary transformation. The following lemma gives a necessary
and sufficient condition that @) and R can be (block-) diagonalized simultaneously:

Lemma A.1. Let Q, R be complex n X n matrices and assume that ) = —QT and
R = —R' Then RQ = —QR if and only if there exists a unitary U such that
UQU" = P o, = Qo (A.2)
k
URU' = @iryls = Ry, (A.3)

k
where oy, is the Pauli y-matriz, and g, € R.
Proof. If Q and R are in the standard form (A.2) and (A.3), then it follows imme-
diately that RQ) = —QR.
Now let RQ) = —QR. As R is anti-hermitian, R can be diagonalized by a unitary
U and has only complex eigenvalues, i.e.

iTlfl
RU =U ,

Wdm



110 APPENDIX A. A standard form for pure fermionic Gaussian states

where I}, is the identity on the eigenspace Ej of R corresponding to the eigenvalues
ir,. Let e, be an eigenvector of R corresponding to the eigenvalues iry, i.e. Rug =
irrer. Then RQeé, = QRey, = irpQéx, and Qey, is an eigenvector of R corresponding
to the eigenvalue irg. Hence,

Q1

@n

where @) are block matrices and dim(Q) = dim(Fy). Next, we show that the
dimension of the eigenspaces of R is always even. To do so, note that [QQ, R] = 0,
and hence QQ and R are simultaneously diagonalizable: XQQX' = diag(g;) and
XRXT = diag(ir;), where X is unitary, and the eigenspaces of R and QQ have the
same dimension. Further, as ) is antisymmetric, there exists a unitary Y such that
YQYT = @, qxo,. As a consequence, QQ = Y @, (—q.)12Y7, i.e. the spectrum
of QQ as well as of R is doubly degenerate: dim(E;) = 2d,. Now we are nearly
done. As @) is antisymmetric, so are the blocks ();, and hence there exists a family
V; of unitary matrices of dimension 2d; such that V;Q,V;" = @, q,(f)ay. Defining
W =@, Vi we find that WIQWT = Q, and WIRW = Ry. O

With this Lemma we are now in the position to state the following theorem about
pure fermionic Gaussian states:

Theorem A.2. For every pure fermionic Gaussian state |V) there exists a basis of
modes {ay} such that |¥) = [, (ux + vealal )|0), where |ug|?® + |vp|?> = 1 VE.

Proof. It |W) = T[[.(ur + vralal,)|0), then its covariance matrix T.p =
tr[i/2p[Ag, A)]], where A = (ay,a_1,...,an, a_p,alal,,...) is of the form
_ (@ R
(g
— = — ¢ 2
Q = @Ukukay, R = 5@(1 — |k]?).

Now let I'. be the covariance matrix of a pure state, i.e.

QQ"T+ RR" QRT + RQT 1
Fc”::(RQwQRT RRT+@QT):Z (A-4)

The equation is satisfied iff QQT + RR' = i]l and QR = —RQ. The last condition
implies that Q and R can be (block-)diagonalized simultaneously and attain the
standard form (A.2) and (A.3) according to lemma A.1. Hence, there exists a unitary
U such that UQUT = @, qxo, and URUT = i @, rr12. As QQ'+ RR' = 1/4 must
be fulfilled, we have the condition 4(|g|? + |rx|?) = 1Vk. Define wu;, and ry via
ri = (1 —2|ve]?)/2 and g = g, Then we see that |¥) = [, (ux + vralal,)]0) for
some particular choice of basis. O
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Appendix B

Proof of Thm. 2.23

In the following we provide all the details leading to Thm. 2.23, starting with the
bound on separable states:

Lemma B.1. Let p € Sy, with tr{Nopp] = N and let H({vy}) be as in Thm. 2.25.
Then tr[H ({v})ps] > 0.

Proof. The operator Hj, acts non-trivially only on the modes az, al ks az M al (kM)

Denote by p the reduced density operator obtained when tracing out all but these
four modes. According to Lemma 2.2, pp = S0, 6,2") |n)(n|is a convex combination

of separable n-particle states |n)(n|. We proved in Lemma 2.3 that [tr[(P] Ppyas +
h.c.)ps|]| < 1/2. Hence

M
(H({ve})) > 2N(1 =€) = 2 Y (lunl*(Ni) + 5.
k=1
Now 26, < (N;) < 4 and |vg[* < 1 — € so that |vg|>(Ng) + ﬁ,(f)) < 4. Due to

the particle number constraint >+ (N;) = N this value can be taken for k =
1,...,N/4. Hence,

—23 (P (N) + B) > 2 4(1 - €)N/4
k=1

so that (H({vx})) > 0. O

To show the witness character of H({vy}) we also have to prove that there exists a
BCS state that is detected by the Hamiltonian. We will need the following theorem
about the distribution described by the [Ay|? in (2.20):

Theorem B.2. Let [Ugaues) = Son o AWUY like in (2.19), (2.21). If
SOV ukP o> = O(NY) for some v > 0, then in the limit N — oo the |Ax|?
converge to a normal distribution,

Al = — e

ex —
V2nog p{ 205
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where 2N = 2 Z,ﬁil |v|? is the mean particle number for the variational state, and
; ‘o i 2 _ M 20, |2
the variance is given by o5 = 4% .~ |vk|*|ux]?.

Proof. For the proof we will need a theorem from probability theory known as
Lyapunov’s central limit theorem [185]:

Theorem B.3. (Lyapunov’s central limit theorem)

Let Xi,X5,... be independent random wariables with distribution functions
Fy, Fy, ..., respectively, such that the expectation value E(X,) = u, and the variance
Var(X,,) = o2 fulfill pin,0, < 0o and at least one o, > 0. Let S, = X; +---+ X,
and s, = \/Var(S,) = \/o? + - - - + 2. If the Lyapunov condition

1 n
257 2 BN = 0 S 0
n k=1

is satisfied for some § > 0 then the normalized partial sums w converge in

distribution to a random variable with normal distribution with mean pw =0 and
variance o = 1.

Consider the observables X, = ngy +n_y, k = 1,..., M, where ny, = 0,1 is
the number of particles with quantum numbers £k respectively. The X can be
considered as classical random variables since they commute mutually. In the vari-
ational BCS-state the random variable Sy, = 22/[:1 X, is distributed according to
the probability distribution

M
P(SM = 2N) = Z |,Uk?1|2“‘|Uk'N|2|ukN+1|2"'|uk‘M|2
ki1<..<kp=1
M
|'Uk |2...|Uk |2
- <H|u’f|2> . lu 1|2 |uN|2 (B.1)
k k1<..<kpy=1 L Y
IC|? (M) 2
= — =)\ . B.2
(N')2|CN|2 | N | ( )

With the help of Thm. B.3 applied to the random variable Sj; we can now com-
plete the proof of Thm. B.2, i.e. show that )\E\J,VI) converges to a normal distribution
for large M. We start calculating the expectation value uy of Xi. For a BCS-state,
X, takes the values X = 0, 2, as particles with quantum numbers +k always appear
in pairs. As

P(Xy=0) = [wl*, P(Xy=2)=|ul,

we get py, = 2|vg|? and

E(Su)=2)  |ul*=2N.
k

For calculating the variance, note that X7 = n2 +n?, + 2ngn_x = 0,4, and
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P(X;=0) = lux]?, P(X;=4)=|ul”

Hence
Var(X,) = 4fug|*|vg)?, s =4 Juklluel.
k
To apply the central limit theorem, we consider E(] Xy — pux|*). Using
P(IXy = il = ) = lul®, P(IXp — el = (2= p)") = [onl*s g = 2Jwg|?
we arrive at

E(|Xe — pel?) = 16Juwel vl *(Jur]® + |vk]®) < 16]wpl?og]*(Juel* + |vil?)
= 16|uk|2|vk|2.

Setting 0 = 2 in the Lyapunov condition, we obtain

1 X 4
— > E(1X), — ml*) < = =0T =0,

1 2
s
M 3= M

where we have applied the assumption of the theorem Z,iwzl lor)?lug|* = O(N7)
in the last step. The central limit theorem implies that S;; converges to a nor-

mal distribution with expectation values 2N = 23, |v;|? and variance 0% =

437 Lol 0
With this result at hand we can prove the following:

Lemma B.4. Let H({v}) and |\IISBJ\QS) be defined as in Thm. 2.23. If e > 18/v/nw N,
then

N
(U508 sy H {0 D505 ) < 0.

Proof. We will use the correspondence of variational and number conserving BCS-
states, deriving first a bound for [(H ({v}))causs — (H ({vk}))n|, where |Ugauss) =

2141 )\n|\lfg%37sym> with |\If%%578ym> like in Thm. 2.23. To do so, we will need that
the |\,|? are normally distributed. From |ug|? = 1 —|v|? > € where € > 18/(V27N)
and S22 [u? = N, it follows that o5 = S22 |vk|*|us|? > €N = O(V/N). Hence,
we know from Thm. B.2 that the |\,|? describe a normal distribution around N ~ N

with standard deviation oy.
Now, write H({vy}) = Hy — 2W + 2(1 — €) 3L, N, where

M
H() = —22|Uk|2Nk,
k=1

W = 2 PPy + Pl P
k
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We start with a bound for |(Hp)yer — (Ho)n| < 11 + 15, where

Iy = > Pwveal((Ho)nia — (Ho)w)|
AG[—U%,U%}
T, = Z (|)‘N+A|2(<H0>N+A — (Ho)n)| -
Aé[—a%,a%}
(B.3)
A bound for T3 can be easily derived noting that
[(HoYn = (How| =8> [oal* ({(nie)n — (n)wr)] (B.4)
k

and for n = N+ A > N we have >, |vi|*((ng)n — (ni)n) < 304 [oe/*(ng)n < n, as
|up|? < 1. Hence,

T, < 16| Y PvsalIN+A]
Ag0,0%]

UN _0.2/2
<8N o=N/2 L AN (1 — Erf(ox/V?2
<87 (1~ Exi(ox/v2)

< 8\(;—2N_7T + 4N (1 — EI‘f(O’N/ﬂ)) )

where we have approximated the sum by an integral in the second step. For bounding
Ty, we will show first that for n = N 4+ A where A € [—0%,0%] we have (ny), —
(ng)n—1 > 0. Expanding the BCS wave function

2M

‘q]glés,sym> = Cnn' Z Qjyovve Oéjnp;rl . PJTn‘O>7

J1<...<jn=1

the expectation value of the number operator is easily calculated to be (ng), =
|C]2(n)2[ |25, where

If 0 < |u/*> < 1 — ¢ there exists a lower bound on the coefficients |ag|? =
vel2/v/T = Jve]? > bV k. Then SV and 5" are related via

2M — (n — _
(n 1)S(n 2).
n—1

n—1
S > p ¢
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In the proof of Thm. B.2 we show that

Anl? G ((n —1)1)°

Mol G2
resulting in
2M — (n—1) Al 20, N\2| ., 2 ¢(n—2)
(o = a2 (b2 Y 6l
Forn = N+ A and A € [—0%,0%] the normal distribution of the |\,|* implies
IAnl?/ | Anc1|? = exp[(2A — 1)/(20%)] < e. Hence,
_ _ 2 _
b2M (=1 |\l S0eb>e n 3" 1

n—1 Doi]? oM —(n—1) " "2M —(n—1)

For M = g(n—1), this is equivalent to |ag|* > 3/(2¢—1), which can be achieved for
g > 1. The last condition is satisfied, as we are considering dilute systems, where
M > N. Thus, (ng)n, — (ng)n—1 > 0, implying >, |vxl>((n)n — (Mkn-1) < 1, as
|og|* < 1. Using (B.4) and a telescope sum, we conclude that

— 162

T, < 8 A 2IAll < 8 .
C< 8] Y (wallal| < o

A€[-ox,0x]

> PwrallAl

A

Next, we derive the bound for the operator W. Its expectation value is given by

2M

(W = G202 Y el S Janl oy, P
k

J1<<Jp—1
i #k,k+M
Forn € [N — A, N + A], we use the same argumentation we have used for bounding
<nk>n - <nk>n_1, to obtain
<W>n - <W>n—1 S 2.

Further, (ng), = <P,IPII_M +h.c)yn /24 (npngrar)s due to the symmetry o = gy
Hence, (W), < 2n. Thus, up to a factor of 2 we obtain the same bound as for Hy.
Putting all the pieces together we find that

{03} = (H{BIIN] < 2(1 = )+ o + 128 (1= Brf(on/V2))

In the limit of large x, the error function Erf(x/+/27) can be approximated by the
following formula:

_ exp[—2?/2] sl _ 3
1 — Erf(z/v/2) _27\/% ( +..).
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As oy = O(V/N), we conclude

12N (1 — Erf(o5/V?2)) < oy exp[—o% /2] — 0

24
eV 2T

for N > 1. A straightforward calculation results in

(H({vg}))var = —4Ne,

leading immediately to the statement of the theorem. O
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Appendix C

Interferometry with paired states

In this Section we give the details for the derivation of the formulae used in Sect.
2.5.2. We start with some basic formula that will turn out useful later on.

Some useful formula

Notation We briefly summarize the notation necessary to follow the calculation.
We use to different kinds of modes, a; and b, that are used to build the pair operators
Py =dala', and QI = blb!, and their equally weighted superpositions

1 M 1 M
i __Zp’r t __ZQT‘
Pu \/Mk:1 L \/Mk:1 k

The operators pjvj and q}vj fulfill the commutation relations

[pJ]r\/DpM] = -1 + MNa
[dhan] = -1+ iNb
M> M 9

where N, = >, (ng+n_y), Ny = >, (my+m_y) and ny, = azak, my = bzbk. Further,
we define states

M

NI = G0l )N 0y,
M

N = GO (gh,)N0),

with normalization constant c%”) to be determined later.

Relation to angular momentum algebra Calculations for interferometric se-
tups are often done with the help of angular momentum operators. We follow these
lines by introducing the following set of operators:
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1

J:EM) = 3 (PLQM +quM) (C.1)
)

JM = (quM quM) (C.2)
2
1

JZ(M) = 3 (p}prM - C_I]TVIQM) . (C.3)

These operators fulfill the commutation relations

?

LI = 00 = 5 (s~ ).
1 1 - o

JWM) OO — g (4 — .~ (N, + N,

[y » Yz ] Ly +M QM( + b) ’
1 1 - o

00,900 = 42 (1 57 = gy ).

which are to lowest order the SU(2) commutation relations explaining the used

nomenclature. In this language, we can write O = (ng\}))2 = (JZ(M))Z. These oper-
ators will turn out to be useful for the derivation of the phase sensitivity far from
the bosonic limit.

(M)

Calculation of the normalization constant cy ° Next we derive an explicit

expression for the normalization constant c§§4’ of the states |N >1(,M). As

!
(NINYAD =10 1200] (par)™ (1) V]0) = 1,

we must first find an expression for py;(ph,)V[0). Using the commutation relation
[pjw,pM] =1- ﬁNa and the fact that Na(pL)N|0) = 2N(pL)N|O> as (pEM)N|0) is a
state with 2N particles one can derive the following expression:

par(ph)N10) = paph, (ph)Y 7 0)

(1 _ M pMpM> L))

<1 Ml ) (Ph) 110} + phypasly (0h) ¥ 210)

= (1257 ) v 10 + 4l (1 - +px,pM) (vh)"~?10)

Nl 2—‘2) (ph) 10 + (P 2pas () Y210}

N-oN- Tt %Zk) (110 = @3 (b)) (C.4)
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where we have introduced

QNZWQ_%).

The bracket (0](par)V (ph,)V|0) can thus be evaluated to

013 *10) =TTV + 1= (1= 27 ) = v

so that we get the following result for the normalization constant:

1
M M!'\ 2

Relation between cg\l,w) and cg\];{)l Starting from Eq. (C.6) we obtain

A0 = -N_l((N—1)+1—k) (1—u)]

N

M

N=

k=1
v _
N —
= H<N+1—r><1— MT)] = ancy”.
Lr=2

(C.5)

(C.7)

Useful commutation relations The following lemma is a collection of commu-

tation relations needed later on:
Lemma C.1. The following commutation relations hold:
[nimPL] =

M
JOSTRIQN = =
; kYEk \/—

Proof. We start with the calculation of (C.8):

1
[ phy] = [ajar, Pl =

—_
—

ol yay, P] = ——a' yajfa_y, a}) =

VM

[n—k’p;[\/[] =

9~ g

(C.10)
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Next, we derive (C.9).

[Pe,ph) = [Pe, Pl] =

1 P
Nl [a_gax, aja’,]
1
= a_plag, aflal, + \/—M@Z[a—ka a’Jax

HQ‘H

(1= ) (1 — 2m) + ——ng(1 — 2n_4)

VM

(1 — Ny — n_k)

S

The derivation of (C.10) is a little more involved. First, we calculate the commu-
tator of pl,pyr with 3ot PIQ! using (C.9) and the hermitian conjugate of (C.9),

[par, Pl = 5 (1= g — ny):

NE

M M
phypa, Y PlQ) = [par. PYIQL = plsals — phy Y (i + n_y) Q)
k=1 k=1

B
Il
—

M M
2 1
_ b Tt
= PyAy T+ § PQy — E (g + n_y QkpM
VM= k 1
In the same way we get

M M M
2 1
[aheanr, Y PIQY = Piydhy + —= > BlOL — —= > (my +m_i)Pla},
k=1 M= M=
Subtraction of the two equations leads to (C.10). O

Action of the operators py,, p}rv[, P,I and P, on |[N), . Inorder to obtain the
action of the Hamiltonians used in our interferometric setups the following results
will turn out useful:

Lemma C.2. The operators pL, P P,I and Py act in the following way on the
state |N)

pul MM = an|N — 1)), (C.11)
PN = aya|N + 1) (C.12)
VM
P,I|N>1(7M) = aN+1N+ 1nk\N+ 1>1(,M) (C.13)
1
PN = (1 — )|V = 1)), (C.14)

ay v M
where ay was defined in Eq. (C.5).



C.1: Quasi-bosonic limit 121

Proof. The first expression, (C.11) is Eq. (C.4). For the (C.12) we use (C.7):

(M)
M
PN = 0p1 (ph )N |0y =

CN+1

To obtain (C.13) we use the commutation relation (C.8) N times:

o) ¥10) = (o + =P ) 60710) = .. Pk, )

The relation for the normalization constants cN )/l o +1 = aN ) derived in (C.7)
leads to the desired result.

To arrive at (C.14) we use induction over N. For N = 1 we have ch) =1,p=1
Thus, the commutation relation (C.9) leads to

PAD = Piryl0) = —=(1 = .= n_1)[0) = —-——[0).
For the induction step we use (C.8) and (C.13) to obtain
RO = (A == me— ) (00

= P (=m0 0 + =1 = = 010

= k) I0) = =k 1)
- (mk = =Pl ) 60
<N +1 N+2 1 -

= (T - T ) 600

- =m0k )

Again, cg\J,V[)/ c%)l = a%”) leads to the desired result.

C.1 Quasi-bosonic limit

This Section shows in detail the derivation of the formulae used in Sec. 2.5.2.1. The
Hamiltonian H,; can be rewritten as

Hy = (quM + pug) ) = J9,

l\DI}—t
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For the calculation of the phase sensitivity given in (2.76) we have to determine
(HyOHy) = (U0 (E0)2 T 00",
(Hy O Hyg) = (U7 |20 (PO LI 0.

In the following we calculate JS* JSM | N, NY and (JSM)278 | N, N), as the norm
of these vectors is the desired expectation value. We start with JéM)|N , N), using

(C.12) and (C.11):

1
JMIN,N) = §(qu}w+quM> |N, N)
1
= §OzNOzN+1(|N+1,N—1>+|N—1,N+1>).

In this way it is easy to see that

1
JO AN, N) = 5 <pMpM - quM) JIMIN,N)
1

= 5ONAN+1 (v —oX ) (IN+1L,N—-1) =[N —1,N +1))

(JOD)? JOD|N, N) =
1

= HONON+1 (i —ay ) (IN+1,N=1) = [N —1,N +1))

Combining these results we arrive at

(pMpM - QJTV[QM) JZ(M)J:EM)‘Na N>

N —

1
<J£M)(J,§M))2J9EM)> = ga?vajzv+1(0‘zzv+1_a?\f—1)2
1
(DI = adada(0de — k) (©15)

C.2 Interferometry far from the bosonic limit

In this Section we give the details of the calculations in Sec. 2.5.2.2. We have to
calculate (Hp(JM)2HE) and (Hp(JS)4 Hy).

Action of H on the input state In the first step, we derive an expression for
the action of H on the input state:

Lemma C.3. Let |\IIE\J,VI)> = |N>,(1M)\N)£M) = |N, N) be the input state of the inter-
ferometer and let Hp =Y, P,IQk + QLPk be the interaction Hamiltonian. Then

Hp[o(y = QQL:N(\N+1,N—1)+|N—1,N+1>)
N(N-1) 1

M
— PIQI (IN,N —2) +|N —2,N)).
i QNQN_lk; o )+ )
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Proof. Using (C.13) and (C.14) we see that for all £ < M

(P{Qr + QLP)IN, N) =

o N
e N = m)IN LN = 1) (L= N = 1N 1)),

and (P/Qy + Q! P,)|N, N) = 0 for k > M. Summation over k leads to

M
Hp|N, N) = Z‘“;V;NUNH,N— D+ N =1,N +1))
k=1
_ an anmk IN+1,N—1)+|N—1,N+1). (C.16)

N N+ 1
From (C.13) we see that ng|N) = %LP,I\N — 1) implying

npmi(IN +1, N — 1) + [N — 1, N+1))

(N-D(N+1) 1
M O‘N+1QN—1(‘N’N_2>+|N_27N>)'

Plugging this in (C.16) leads to the desired result. O

Calculation of JM H|N, N) and (J™)2H|N,N) Next, we derive an ex-
pression for J\" H |N, N) and (JZ(M))QH |N, N), as the length of these vectors gives
rise to the desired overlap:

Lemma C.4. Let V = N/(anpian), a = (a3 —ok) and y = (o —ar_y—4/M).

Then
(M) _ . 1) — [N —
JMHIN,N) =V (:c NV anmk> (IN+1,N—1)—|N —1,N +1))
(JOYV HIN,NY =V [ 2? - —gﬁznkmk (IN+1, N=1)+|N—1, N+1)).
z ) N+ 1 Y )

Proof. For the proof we will need the commutation relation [J. éM), Z,ﬁil P,I QL] given
in (C.10) and the action of H on |N, N) derived in lemma C.3. Using

JM(IN,N=2) £ |N=2,N)) = (a& — ay_o)(N,N — 2) F |[N — 2,N)),
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and (C.10), we can further obtain

M
TN PIQL(IN,N —2) £ [N — 2, N))
k=1

M
= Y PiQL(a} — o} _)(IN.N=2) F|N —2,N))
k=1

+ (my +m_p) Pl (an_1|N,N —1) + ayq|N —2, N +1)

(nk +1_1)QL(ans1 [N +1,N —2) + any|N — 1, N)

- gl-
M= 1=

B
Il
—

M
4
— (a?V —af - M) > PIQL(IN, N —2) F [N —2,N)).
k=1

using (C.13) leads to the desired result. O

Calculation of the expectation values The result for the expectation values
is summarized in the following lemma:

Lemma C.5. For the input state |N, N) the following equations hold:

ON(M — N)(M + MN — N2 — 1)(M + 1 — 2N)?
M3(M = 1) ’

(N, N|Hp(J™)?Hp|N,N) =

<N7N‘HF(J:EM))4HF|N7N> — 2N<M_N)(M—|—MN—N2 — 1)(M_|_1_2N)4

M>5(M —1) ’
Proof. For the proof we use lemma C.4 to obtain
(N,N|Hp(JM)Hp|N,N) = V?(22%+ 273/2T _dw
) F\Jdg F ’ <N+1)2 nnmm N+1 nm |

2y4 4x2y2
N, N|Hp(JMY HRIN,NY = V(22 '+ ——LT0m — ——Tom

where the matrix elements T),,,,,» and T, are given by

M
T = Y (N+1,N—1ngmg|N+1,N—1),
k=1
M
Tnnmm = Z<N+1,N— 1|nknlmkml\N+1,N— 1>

=
Il

1
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To evaluate these matrix elements, we write the state | V) in the form

M

M N
1
W= )<¢—MZPJ> DT RN DR AU
7j=1

J1<j2<...<jn=1
and the normalization constant g](VM) fulfills

NI(M — N)!

M
lon" PV = ==

With this result and from
M

ng| Ny = g\ NP} > PP o)

J1<j2<...<jn=1
JiFk

we can deduce that

— (M))2 12 M—-1 :E
Ny = PO (VD) = 5

M—2)_N

<Mmmw>=|ﬁm%mf(w_2

Putting all the pieces together one arrives at the formulas stated above. O
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Appendix D

Derivation of the evolution
equation

In the following we give the details of the calculations of Subsec. 5.3.2.

Imaginary time evolution with H

We have to evaluate tr[Hp(t)] and tr[{ Hs, cxc; }p(t)] using Wick’s theorem.

Calculation of tr[Hp(t)]:

tr[Hp(t)] = ZTWFW Z Uijra(LijUk — Tigljy + D) = —tr[Chg(D)],
ijkl

hy(T) = T+3trB[UF]. (D.1)

Calculation of tr[{H,cxc;}p(t)]: We split the calculation into the evaluation of
the terms tr[{ Hs, crc; }p(t)] and tr[{ Hy, crci }p(t)):

tr[{Ha, cre}p(t)] = = Y Tylciciener + crercics) + AT
1,7#k,l

— Z Tik(cickener + cxacicr) + Tii(cpejerer + cxeicrey) + (k1)
=2 Z (il — Tielje 4+ Tal') + 4T

1,j7#k,l
=2 Y (Tylij)Tu—4 > TyTuly + 4Ty
ikl ikl
= SO(TTy — 2Ty Ty — 21Ty Ty + 4Tk — 43 Ty Tuly
ij ij

+4 Z(TikFikaZ + 1,0l 1)
= —2tr[TT |0 +4TTT + 1)
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—itr[{ Hy, cr }p(t)] = —i Z Usjmn (CiCjCmCnCiCl + CreiCiCjCmCn) =
Z Usjmn (CiCjCmCnCrCl + Cr1CiCjCmcn) — 241 Z Usjie{cic;)

1,7,m,n#k,l i,J
E Usijmi((ciciemer) + (aciciem)) + Uijmi({cicjemer) + (creiciem))
i,5,m,n#k,l
= —1i g Ui jimn (CiCiCmCnCiCl + CECICCjCmCn) — 24 g Uijikl'i;
i7j7m7n#k7l i7j

Now, we perform the following simplification using Wick’s theorem:

E Usjmn (CiCjCmCnCrCl + CLCICCjCmCr)

1,7,m,nFk,l
= —21 E Uijmn<CiCijCanCl>
1,7,mn#k,l
= E Ummn zy <Cmcnckcl> + Fzm <Cjcnckcl> - an <Cjcmckcl>
1,7,m,n#k,l

+Tlk(ciemenc) — Tulcjemenc))

= Z Usijmn (=3l {(emencrer) + Dik(cjemenc) — Lalcjemency))

1,7,mn#k,l
= 6 Z Uijmnrijrmnrkl - 24 Z Uijmnrikrjmrnl
i,J,m,n#k,l ,J,m,n#k,l

We treat the two terms independently:

6 Z Uijmnrijrmnrkl
i,5,m,n#k,l
= 6 tI‘[FtI‘[UFHFkl
=24 " (UkjmnL ki Tomn + Utjonn 15T mn ) D

Jimin

+24 Z(Uklmnrklrmn + 2Ukmin U kemUin ) it

+24 ) (Ui iTmn + 20k Dt k) Tt

m,n

—24 Z (Ukjmnrkjrmn + Uljmnrljrmn)rkl —24 Z Uklmnrklrmnrkl

J,m,n m,n
= 6Tt [UT]|T + 24 Uptn(Con Ty = 205 L)

m,n

—24 Z (Uk]mnrmnrk] + Uljmnrljrmn)rkl

Jimin
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- Z Uijmnrikrjmrnl

i,7,mn#k,l
= - Z Uijmnrikrjmrnl
1,7,MmM,n
+ Z(Umklnrmkrklrnl + Uit Lt L it )
+ 3 ULt = D (2 Ui DDk Tt = Ubans Dt D Uit
J,m,n m,n
+ 3 Ll = Y Uknn Dkt + Uit Dok DD
immn m,n
+ 3 Uit DLt = > (Ui Dot Dt + Uit Dok Dt Tt
Jm,n m,n
+ 3 Upmin Dokl Dot = Y Usiten DDt Dot + Ut Dk i Do)
Jym,n m,n
+ 3 Uit DDt = Y Urattn Dok Dkt it + Uniie Dokt Uit
Jym,n m,n
+ > Upnntk Dok Dot = Y Usnn Dk Dt + 20t D D D)
Jym,n m,n
= —(CaUID)u +2 Y Uimn kLl = UtgmnL it Dol t)
J,m,n
+2 Z Uklmn(rklrmkrnl - anril) + Z (Ukjmnrmnrkj + Uljmnrmnrlj)rkl
m,n j?mvn

The second term in the last expression vanishes, as it is symmetric under exchange
of k and [ in the I'’s, but antisymmetric in the U. Taking all pieces together, we
obtain

—itr[p{ Hy, ckci }] = 24tr[UT )y — 24(Ttr[UT D) gy + 6tr[Ctr[UT] Ty

Imaginary time evolution with H
First, tr[Hp(t)] = —tr[AT]. With the helpof Wick’s theorem, we obtain

—itr[p(t){H, cxer}]

= —1 Z Z;LU <C,’CjCkCl + CkClCiCj>
i,J

= Z hij(cicierer + cracic;) — 4hy

ij£kl

+2> " ha((eicr) + {eiei)) — Ahu + 2 hy({ejer) + (ere;)) — Ahy

i J
= 2 Z hij(=TiTk + DLy — Tal'jy) — 4hy
ij£kl



130 APPENDIX D. Derivation of the evolution equation

- —2 Z Bijrijrkl +4 Z BijfikFﬂ - 4Ekl

i ik i j
= =2 Z hij i — 4hyg
Z"j

+4 Z(Bkjrkj + by — 4hi Uy — 4hg Tl
J

+4 Z hiiTyTaplj — 4 Z(}_Lljrlkrjl + hj Dl + 4hp Dy Trg + 4hp DT
.J J

—  2tr[HT|Cw — 4(CAT + h)w
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