
∗ � † ‡

∗

�

†

‡

∗ � † ‡

L 1 ≤ � ≤ L
M

y(t) ∈ C
M×1

L
n(t) ∈ CM×1

Q ∈ CM×M

θ =
[
Re{γ}T, Im{γ}T, φT, τT

]T
Dθ

γ = [γ1, . . . , γ�, . . . , γL]T

φ = [φ1, . . . , φ�, . . . , φL]T
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τ = [τ1, . . . , τ�, . . . , τL]T

y(t) =
L∑

�=1

s�(t) + n(t),

s�(t)

s�(t) = a� (φ�) γ� c(t − τ�).

a� (φ�)
c(t−τ�)

τ�

ξ =
[
Re{vec{H}}T, Im{vec{H}}T, τT

]T
Dξ H =

[h1 · · · h� · · · hL] ∈ CM×L vec{·}

s�(t) = h� c(t − τ�).

N
y[n] = y(n · Ts) n = 1, 2, . . . , N

Y = [y[1],y[2], . . . ,y[N ]] ∈ C
M×N ,

N = [n[1],n[2], . . . ,n[N ]] ∈ C
M×N ,

S(ξ) = [s[1], s[2], . . . , s[N ]] ∈ C
M×N .

Y = S(ξ) + N =
L∑

�=1

S�(ξ�) + N = HC + N.

ξ� =
[
Re{h�}T, Im{h�}T, τ�

]T
C = [c(τ1) · · · c(τ�) · · · c(τL)]T ∈

RL×N

c(τ�)

Λ(ξ , Q) = N · log (det (Q))

+ tr
(
Q−1 (Y − S(ξ)) (Y − S(ξ))H

)
,

(·)H det(·)
tr(·)

Q

Q̂ =
1

N
(Y − S(ξ)) (Y − S(ξ))H.

Λ(ξ) = N · log

(
det

(
1

N
(Y − S(ξ)) (Y − S(ξ))H

))

+ M · N.

ξ̂

L

X̂� = Y −
L∑

�′=1
�′ �=�

S�′(ξ̂�′),

Q̂ =
1

N
(Y − S(ξ̂)) (Y − S(ξ̂))H,

τ̂� = argmax
τ�

{
|| Q̂− 1

2 X̂� c∗(τ�)||22
}

,

ĥ� =
X̂� c∗(τ̂�)

N
.

L

ξ̂ = [0, . . . , 0]T

Q

Q̂ =
1

N
Y YH.

ξ̂

θ̂

2·L

f

ξ = f(θ) ∈ Dξ , ∀θ ∈ Dθ,

lim
N→∞

ξ̂ = lim
N→∞

f(θ̂).

2008 International ITG Workshop on Smart Antennas (WSA 2008) 17

Authorized licensed use limited to: T U MUENCHEN. Downloaded on April 22,2010 at 10:00:16 UTC from IEEE Xplore.  Restrictions apply. 



ˆ̂
θ = argmin

θ

[
ξ̂ − f(θ)

]T
W
[
ξ̂ − f(θ)

]
,

N
θ̂

W = E

{
∂Λ(ξ,Q)

∂ξ ∂ξT

} ∣∣∣∣∣ ξ=ξ̂
Q=Q̂

,

E{·}

[ξ̂−f(θ)]=

⎡
⎢⎢⎣
⎡
⎢⎢⎣

Re{vec{Ĥ}}

Im{vec{Ĥ}}

τ̂

⎤
⎥⎥⎦−
⎡
⎢⎢⎣

Ψ(φ)

⎡
⎣ Re{γ}

Im{γ}

⎤
⎦

τ

⎤
⎥⎥⎦
⎤
⎥⎥⎦ ,

Ψ(φ) =

[
Re{IL �A} −Im{IL �A}
Im{IL �A} Re{IL �A}

]
,

� A =
[a1(φ1) · · · a�(φ�) · · · aL(φL)] ∈ CM×L

W

W =

⎡
⎢⎢⎣

Re{W1} −Im{W1} Re{W3}
Im{W1} Re{W1} Im{W3}
Re{W3}T Im{W3}T Re{W2}

⎤
⎥⎥⎦,

W1 = 2 · (CCH
)⊗ Q̂−1,

W2 = 2 · (ΥH Υ) � (ĤH Q̂−1 Ĥ),

W3 =

⎡
⎢⎢⎢⎢⎢⎢⎣

2 · (Q̂−1 Ĥ) diag{(cH(τ̂1)Υ}

2 · (Q̂−1 Ĥ) diag{(cH(τ̂�)Υ}

2 · (Q̂−1 Ĥ) diag{(cH(τ̂L)Υ}

⎤
⎥⎥⎥⎥⎥⎥⎦

.

⊗ diag{·}

Υ =

[
∂c(τ̂1)

∂τ̂1
· · · ∂c(τ̂�)

∂τ̂�

· · · ∂c(τ̂L)

∂τ̂L

]
.

τ γ φ

ˆ̂τ = τ̂ + Re{W2}−1
[
Re{W3}T Im{W3}T

]

·
[[

Re{vec{Ĥ}}
Im{vec{Ĥ}}

]
− Ψ(φ)

[
Re{γ}
Im{γ}

]]

τ̂

γ

[
Re{ˆ̂γ}
Im{ˆ̂γ}

]
=
(
ΨT(φ)ΩΨ(φ)

)−1

· ΨT(φ)Ω

[
Re{vec{Ĥ}}
Im{vec{Ĥ}}

]
,

Ω Re{W2}
W

Ω =

[[
Re{W1} −Im{W1}
Im{W1} Re{W1}

]

−
[

Re{W3}
Im{W3}

]
Re{W2}−1

[
Re{W3}T Im{W3}T

]]
.

ˆ̂
φ τ γ

ˆ̂
φ = arg max

φ

⎧⎨
⎩
⎡
⎣ Re{vec{Ĥ}}

Im{vec{Ĥ}}

⎤
⎦

T

ΩΨ(φ)

· (ΨT(φ)ΩΨ(φ))−1
ΨT(φ)Ω

⎡
⎣ Re{vec{Ĥ}}

Im{vec{Ĥ}}

⎤
⎦
⎫⎬
⎭ .

ˆ̂
φ

R̂ = Q̂− 1
2 Ĥ (Q̂− 1

2 Ĥ)H,

Ĥ

ˆ̂
φ

L!
ˆ̂
Ap =

[
ˆ̂ap,1(

ˆ̂
φp,1) · · · ˆ̂ap,�(

ˆ̂
φp,�) · · · ˆ̂ap,L(

ˆ̂
φp,L)

]
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p = 1, . . . , L!

min
p=1,...,L!

L∑
�=1

||Q̂− 1
2 (ĥ� − γp,�

ˆ̂ap,�)||22.

γp,1, . . . , γp,L γp,� =
ˆ̂aH

p,� Q̂−1 ĥ�

ˆ̂aH
p,�

Q̂−1 ˆ̂ap,�

max
p=1,...,L!

L∑
�=1

|ˆ̂aH
p,� Q̂−1 ĥ�|2

ˆ̂aH
p,� Q̂−1 ˆ̂ap,�

.

ˆ̂
A Ĥ Q̂

ˆ̂
Ap

Ĥ
ˆ̂
φ

ξ̂

M

B =
T = 1

Tc =

SNR = C/N0 − 10 · log10(2 · B) + 10 · log10(Nc),

C/N0

Nc ∈ N

C/N0

Nc = 20

L =

arg(γ1) = arg(γ2)

φ1 = −30◦ φ2 = 62◦

φI = 10◦ Δτ = |τ1 − τ2|/Tc

L = 2

J1 = [0 IM−1] ∈ R
M×M , J2 = [IM−1 0] ∈ R

M×M .

R̂ss =
1

2

(
J1 R̂ JT

1 + J2 R̂ JT
2

)
,

ξ̂

ˆ̂
φ

ˆ̂
φ

ˆ̂γ ˆ̂τ

Ĥ

ˆ̂
θ

Y

τ̂1
ˆ̂τ1

ˆ̂τ1

ˆ̂τ1
ˆ̂τ1

Δτ

√
C

R
L
B

T
c

τ̂1√
CRLB(τ̂1)√
CRLB(ˆ̂τ1)

ˆ̂τ1

ˆ̂τ1

τ̂1
ˆ̂τ1 Δτ

Δτ
τ̂1

√
CRLB(τ̂1)
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Δτ
X̂1

X̂2

≈ 0.0005 ·Tc τ̂

ˆ̂τ1

Ĥ
ˆ̂
φ1

ˆ̂
φ2

Δτ

√
C

R
L
B

[d
eg

re
es

]

√
CRLB(

ˆ̂
φ1)

ˆ̂
φ1
ˆ̂
φ1

ˆ̂
φ1 Δτ

Δτ < 0.2

Δτ < 0.2

ˆ̂τ

Δτ

√
C

R
L
B

[d
eg

re
es

]

√
CRLB(

ˆ̂
φ2)

ˆ̂
φ2

ˆ̂
φ2

ˆ̂
φ2 Δτ
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