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1. Supernovae

1.1. History of Supernova Astronomy

The term ’nova’ stems from the Latin denomination for ’new star’ (stella nova) since to observers of yesteryear
novae appeared to be momentary appearances of star-like spots in the night skies. The term ’supernova’ was coined
much later in the 1930s, to high-light the extraordinary luminosity of those events.

The earliest records of ’new stars’ reach back up to three thousand years and essentially hail from the Far East,
but also from the Near East and Europe. A clear identification of historical supernovae is often not possible, since
confusion with comets and classical novae cannot be excluded. However, some have been identified unambiguously.
The best known examples are dated to the years 1006, 1054, 1572 and 1604 A.D.

Supernova 1006 is to this day the brightest (apparent magnitude) supernova recorded. Contemporary witnesses
compared its luminance with that of the moon in the first quarter. Scores of reports from all over the world are avail-
able. Thanks to these records supernova 1006 can be linked to the remnant PKS 1459-41 (e.g. Clark & Stephenson
1977).

Only 48 years later supernova 1054 was observed. Its luminance was comparable to that of Venus at maximum
light. Thanks to numerous reports mainly from Asia and the Near East, today supernova 1054 can be associated
with the Crab Nebula (Mayall & Oort 1942, Clark & Stephenson 1977), discovered by John Bevis in 1731. The
Crab Nebula has played an important role for the development of modern astronomy. It is the strongest persistent
source of γ-rays in the sky and has provided astronomers with observations of various radiation phenomena, which
were hardly observed before, like synchrotron radiation and pulsar emission. The centre of the Crab Nebula hosts
the Crab Pulsar, which was among the first neutrons stars discovered in the 1960s and has been studied intensively
since then.

Supernova 1572 occurred near the constellation Cassiopeia and was comparable in brilliance to supernova 1054.
In contrast to the Far and the Near East, astronomy in Europe had undergone a rapid development during the Re-
naissance in the 15th and 16th century. Particularly thanks to the work of the Danish astronomer Tycho Brahe there
is more information about supernova 1572 than for any other recorded before. An amelioration of the Sextant al-
lowed him to determine the position of this supernova relative to other stars accurately. For that reason its remnant
(3C10) can be unambiguously identified with the supernova (Argelander 1864, Hanbury Brown & Hazard 1952).
Furthermore it was possible to reconstruct the light curve of supernova 1572 (Baade 1945), since detailed compar-
isons between the apparent luminosity of the supernova and other planets and stars over a period of one year exist.
Supernova 1572 is a ’normal’ Type Ia (see below), as it was found from its light echos (Rest et al. 2008, Krause
et al. 2008).

In 1604, just 32 years later, another bright supernova appeared at the firmament. Detailed reports from Fabricius,
Kepler and other European astronomers, but also from Korea allow to reconstruct the light curve of supernova 1604
(Baade 1943) and to identify its remnant (Schlier 1935, Baade 1943). Kepler’s Supernova was the last galactic one
observed to this day. Although the galactic remnants Cas A and Gl.9+03 suggest that some light from Milky Way
supernovae might have reached earth in the last centuries, none of those had been recorded.

Beginning with the 17th century, the invention of the telescope heralded a new era of astronomy. Thanks to
steadily improving instrumentation a rising number of ’new stars’ has been observed since then. As it became
possible to determine the distance of novae at the beginning of the 20th century (e.g. Lundmark 1919) it was realised
that they can be separated into two groups differing in absolute brightness. The brighter class, which exceeds
other novae by several orders in magnitude was termed supernova (Baade & Zwicky 1934b), to emphasise their
extraordinary luminosity. This subdivision is relevant since it turned out that novae and supernovae are physically
distinct phenomenons. While novae results from the explosion of thin layers of material accreted onto white dwarf
surfaces (e.g. Bode 2010), supernovae mark the death of white dwarfs or more massive stars (e.g. Hillebrandt &
Niemeyer 2000, Janka et al. 2007, Podsiadlowski et al. 2008, Nomoto et al. 2010).

The rapid improvement of observational methods and fundamental physical theories in the 20th century was
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Supernovae

Figure 1.1.: Spectra of core-collapse supernova 1993J at 45 (early), 182 (early nebular), 387 (late nebular) and 1766 (rem-
nant) days after explosion taken from Matheson et al. (2000). While the early time spectrum is dominated by absorption,
the nebular spectra show strong O [] λλ 6300, 6363 and some H  λ 6583 (Hα) emission, which becomes increasingly
stronger with time. The remnant phase is dominated by O [] and Hα emission.

accompanied by a growing theoretical understanding of supernovae. Shortly after coining the term supernova, Baade
& Zwicky (1934a) proposed the idea that supernovae could be powered by the gravitational energy released by the
transition of ’ordinary’ to neutron stars. In the following years it was discovered that neutron stars may collapse to
even more compact objects (black holes) (Schwarzschild 1916, Tolman 1934, Oppenheimer & Volkoff 1939) and
the importance of neutrinos in the context of supernovae was first realised (Gamow & Schoenberg 1941). Until that
time spectral observations showed that there are different classes of supernovae, some showing hydrogen lines (Type
II), others not (Type I) (Minkowski 1940, 1941). The idea that supernovae could be exploded by nuclear burning
processes was developed later (Borst 1950, Burbidge et al. 1956, Baade et al. 1956, Hoyle & Fowler 1960, Colgate
& White 1966). Today, it is commonly accepted that different types of supernovae exist and that some are powered
by gravitational energy and some by thermonuclear burning. Advanced calculations of silicon nucleosynthesis
(Truran et al. 1967, Bodansky et al. 1968) led to the recognition that the decay chain 56Ni → 56Co → 56Fe is the
radioactive source of supernova light-curves (Colgate & McKee 1969). Today it is believed that both gravitational
and thermonuclear supernovae produce 56Ni, which is the cause of their outstanding brightness. In the last decades
the understanding of supernovae has further improved owing to advances of observational methods, particle and
atomic physics, supernova theory and computational facilities. The modern picture of supernovae is discussed in
Section 1.2 in more detail.

Although there is consense about the fundamentals of supernova physics, many details remain unclear to this day.
A key role in the progress of astrophysics has always been played by the comparison of theory and observations.
In the case of supernova astronomy this also demands an accurate and reliable understanding of the formation of
supernova light curves, spectra and other observables such as polarisation, neutrinos or gravitational waves.

In the 19th century the existence of electromagnetic waves was observed in interference experiments (Young
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1.1 History of Supernova Astronomy

1802), predicted by Maxwell’s theory of electromagnetism and confirmed by experiments of Hertz and others.
Maxwell’s theory describes light by transversal waves, which means that they oscillate in a direction perpendicular
to the direction of propagation. The orientation of these oscillations is called polarisation. The conditions generating
a radiation field have direct influence on its polarisation state. Therefore, certain physical properties of light sources
can be inferred from polarisation measurements. Polarisation measurements of supernova light have been used to
detect synchrotron radiation or ejecta asymmetries, for example.

The neutrino was proposed by Pauli in the 1930s to explain the energy spectrum of the β-decay, but was not
experimentally detected before 1956. Today, the neutrino plays an important role in the standard model of particles
and various other areas of physics. In modern particle physics the neutrino is described as weakly interacting, which
means that it is hard to detect but it can escape from high density regions which are obscured for electromagnetic
observations. It is predicted that more than 99% of the explosion energy of core-collapse supernovae escapes as
neutrinos, which in principle makes them attractive for direct observations of the centre of the explosion. However,
since they are hard to detect the only supernova where neutrinos could be verified unambiguously so far is SN
1987A (Bionta et al. 1987, Hirata et al. 1987, Aglietta et al. 1987).

In 1915 Albert Einstein proposed ’general relativity’, a theory which predicts the existence of gravitational waves,
i.e. a deformation of space-time, which travels detached from its source. Today, general relativity is one of the
best tested theories of physics and there is little doubt that gravitational waves exist. However, their detection is
difficult. Gravitational waves are expected if the quadrupole (or any higher) moment of a gravitational system is
changed. Therefore, compact binaries but also certain deformations of supernova cores during the explosion and
the formation of compact objects are expected to generate gravitational waves. Although gravitational waves eluded
direct detection to this day, observations of the rotational period of close binary systems consisting of two compact
objects (Hulse & Taylor 1974) allowed to confirm their existence indirectly.

Supernova light curves describe the time resolved luminosity of a supernova. A bolometric light curve is obtained
by integrating the luminosity at all wavelengths, but also light curves of specific wavelength intervals are common
(e.g. V−, B−,R− band). If these wavelength intervals become very small, i.e. there are several bands observed
simultaneously one speaks of a spectrum. The characteristics of supernova spectra evolve with the epoch (the time
since explosion). Although these transitions are gradual, at least three distinct phases can be identified.

In the ’early’ phase, which describes about the first 100 days of a supernova, the inner parts of the ejecta are
optically thick at all observable wavelengths. Light emitted from this region is scattered in the outer parts. The
resulting spectra resemble a black-body rugged by absorption valleys and emission bumps (see Figure 1.1). The
typical shape of these scattering lines is called a P-Cygni profile, which is characteristic for expanding, centrally
illuminated atmospheres. Photons emitted in the optical thick centre are line-scattered in the outer regions if they
come into resonance with any optical thick line. Since the expansion velocity increases from the inside to the
outside, the flux bluewards of the line’s rest wavelength is reduced by the absorption. The wavelength of the re-
emitted photons in the frame of the observer depends on the relative velocity of the gas and the observer and is
centred around the line’s rest wavelength in the observer’s frame if the scattering region is approximately spherical
symmetric. Therefore, the line is observed by a blueshifted absorption valley and a rest wavelength centred emission
bump. Early phase observations can primarily be used to study the outer parts of supernovae, since the inner parts
are obscured. Beside possible ejecta inhomogeneities and the composition of the outer layers, the total mass and
kinetic energy can be best estimated from this phase.

Between 100 and 200 days after explosion supernovae change into the ’nebular’ phase. As the supernova ejecta
expand with time they become transparent to optical light, the continuum emission ceases and absorption becomes
a subordinate process. Instead, strong emission lines, powered by electron collisions and recombination form.
The spectra are dominated by blends of numerous weak and scattered strong emission lines (see Figure 1.1). In
principle all parts of the supernova can be observed in this phase. However, because of the lower density of the
outer regions, a clear interpretation of the data is often restricted to the core of the supernova. Early and nebular
phase observations are therefore complementary. While the outer parts can be studied from early time observations
more accurately, interesting observables of supernova cores, like asymmetries in the ejecta or the products of the
central nucleosynthesis, which link most directly to the explosion mechanism, can be accessed best during this late
phase.

The nebular phase is followed by the ’remnant’ phase but this transition is subtle. Like in the nebular phase
the spectra are dominated by emission lines, but the gas is more ionised and the characteristic emission lines of
both phases are different (see Figure 1.1). The gas falls out of ionisation equilibrium and the interaction with the
circumstellar medium becomes dominant causing compression, heating and mixing of the gas. Physical processes,
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Figure 1.2.: Classification scheme of various types of supernovae taken from Turatto et al. (2007).

which elude direct observations, like the formation of magnetic fields, the deceleration and annihilation of positrons
or shocks, become important. Since the supernova ejecta are decelerated considerably, it is more difficult to trace
back the original structure of the supernova ejecta from remnant phase observations. On the other hand, such
observations can be used to obtain information about compact remnants of the supernova (neutron stars, black
holes) or to study physical processes like synchrotron radiation. An important example is the Crab Nebula, which
has extensively been used as an astrophysical laboratory.

This work is exclusively devoted to the formation of spectra in the nebular phase of supernovae.

1.2. Classification

With the possibility of spectral observations it became evident that Supernovae (SNe) can be separated into different
groups by their early spectral characteristics. Initially, SNe had been separated into SNe I and II, depending on the
presence of hydrogen absorption lines in their early spectra (Minkowski 1940, 1941). However, later it turned out
that the classification scheme had to be refined. Today, supernovae are grouped into Type Ia, Ib, Ic, IIb, IIP, IIL and
IIn (e.g. Barbon et al. 1979, Wheeler & Harkness 1986, Branch et al. 1991, Filippenko 1991, 1997). While SNe I
show no obvious signs of hydrogen, SNe II do. Among the SNe I, some show strong Si  λ6355 absorption. These
are called SNe Ia (see Section 1.2.1). The remaining SNe I are divided into SN Ib and Ic depending on whether
there is helium absorption (especially He  λ5876) or not, respectively. Among the SNe II, SNe showing only weak
signs of hydrogen are classified as SNe IIb, while the others are distinguished by their light curves (II-P ’plateau
like’ and II-L ’linear decreasing’ light curves) and the width of their spectral lines (IIn ’narrow’ emission lines,
almost no absorption lines, slow decline of the light curve) (see Section 1.2.2). SNe Ib, Ic and IIb are often called
stripped-envelope core-collapse (SECC) supernovae, since they lost all or most of their hydrogen before explosion.

Although the classification is sometimes not unambiguous (for example it can be difficult to distinguish between
SNe Ib and Ic or between SNe Ib and IIb), a connection between physical properties of SNe and their classification
can be established (e.g. Nomoto et al. 1996, Filippenko 1997, Heger et al. 2003). While SNe Ia originate from
white dwarf explosions, SNe Ib, Ic and II are associated with the collapse of massive stars. While the progenitor
system and the details of the stellar mass loss and evolution decide which type of SN is produced, the details of this
chaining are not understood completely.

In addition to the types of supernovae listed here there are others, which are however poorly established, as for
example supernovae Ibn (e.g. Pastorello et al. 2008). An interesting supernova species, which has however no spec-
tral classification yet since these events are rarely observed and since there is still debate about these detections (e.g.
Woosley et al. 2007, Umeda & Nomoto 2008, Blinnikov 2010, Moriya et al. 2010), are pair-instability supernovae
(see Section 1.2.3). Pair-instability supernovae have been predicted by theory, but so far the only possible detections
are SNe 2006gy (e.g. Smith et al. 2007) and 2007bi (e.g. Gal-Yam et al. 2009).
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1.2.1 Thermonuclear Supernovae

1.2.1. Thermonuclear Supernovae

SNe Ia are classified by the absence of obvious hydrogen and by the presence of clear Si  features in their early
spectra. While the spectra are dominated by absorption lines of neutral and singly ionised intermediate-mass el-
ements (O, Mg, Si, S, Ca) directly after the explosion, the relative contribution of iron-group elements quickly
increases as the photosphere recedes into the core of the SN (e.g. Filippenko 1997). About two weeks after maxi-
mum light the spectra are dominated by Fe . In the nebular phase the spectra are dominated by blends of dozens
of forbidden Fe, but also Co lines.

Although there is growing evidence for diversity among SNe Ia, their physical properties are probably more
homogeneous than those of core-collapse supernovae. It was noted by Branch et al. (1993), Filippenko (1997) that
about 80% of all SNe Ia belong to the ’normal’ type, which is defined by a sample of well observed events. More
recent studies suggest that about 60% − 70% of all SNe Ia belong to that ’normal’ type (e.g. Li et al. 2001, Foley
et al. 2009), which may however be affected by selection effects.

Supernovae Ia, which are not of ’normal’ type by their spectral characteristics can be divided into sub- and super-
luminous events. The luminosity of supernovae Ia varies by roughly a factor of ten but only by about a factor of two
among ’normal’ supernovae Ia.

1.2.1.1. Progenitors and explosion mechanism

It is commonly accepted that supernovae Ia are thermonuclear explosions of white dwarfs (e.g. Nomoto et al. 2009)
but the details are still under debate.

White dwarfs (WDs) can consist of various light and intermediate mass elements (e.g. He, C, O, Ne, Mg) (e.g.
Iben & Tutukov 1985) but the most promising candidates for SNe Ia are ’C + O’ WDs (e.g. Hillebrandt & Niemeyer
2000), since He WDs explode when reaching about 0.7 M� (e.g. Woosley et al. 1986) inconsistent with the observa-
tions and O+Ne+Mg WDs tend to collapse to neutron stars instead of exploding in SNe Ia (e.g. Nomoto & Kondo
1991, Saio & Nomoto 1998).

All WDs have in common that their material is completely ionised and that most of the free electron gas is degen-
erate to varying degrees (e.g. Hillebrandt & Niemeyer 2000, Hansen 2004). Because of the quantum mechanical
uncertainty principle, the momentum of a particle becomes increasingly indefinite the more localised in space it is.
If this quantum mechanical momentum exceeds the thermal momentum or the rest mass energy of the particle it is
called degenerate or relativistically degenerate, respectively. Because of this quantum effect degenerate electrons
cause a pressure, which can stabilise a white dwarf against gravitational collapse up to a critical mass, known as the
Chandrasekhar (CS) limit (e.g. Chandrasekhar 1931).

Since WDs are inert systems (’C + O’ WDs are born with typical masses of 0.6 M� Homeier et al. 1998, well
bellow the CS limit), an external mechanism is needed to trigger the explosion. Supernova Ia models can be
divided into two classes (e.g. Hillebrandt & Niemeyer 2000). In single degenerate (SD) scenarios (Whelan &
Iben 1973, Nomoto 1982b) the WD has a stellar companion from which mass is accreted and the WD is heated
by compression. Initially the heating process can be compensated by neutrino losses (e.g. Woosley & Weaver
1986). When the mass of the WD increases towards the CS limit MCS ∼ 1.4 M� it contracts significantly. At such
high densities the generation of nuclear energy is enhanced by electron-screening (e.g. Woosley & Weaver 1986).
Nuclear carbon burning is triggered, which can become unstable and disrupt the WD (e.g. Arnett 1969). Explosive
burning is preceded by a phase of convective carbon burning and neutrino cooling lasting for about 1000 years
(e.g. Paczynski 1973, Hillebrandt & Niemeyer 2000). Over this period the temperature rises while the convective
turnover timescales become increasingly shorter. Finally the conditions for explosive carbon burning are reached
at temperatures of T ∼ 1.5 × 109 K (e.g. Hillebrandt & Niemeyer 2000). The ignition of the WD may occur close
to its centre, where the density and the temperature are highest, but it could also ignite slightly off-centre because
of burning bubbles rising several 100 kilometres from the core (e.g. Garcia-Senz & Woosley 1995, Niemeyer et al.
1996) before triggering the explosion.

After ignition the nuclear burning front can transverse the star either by deflagration Nomoto et al. (1976) or
detonation (e.g. Arnett 1969). Pure detonation scenarios seem to be inconsistent with the observations. Since
detonations cross the WD super-sonically, which means that the unburned material cannot expand before the burning
is initiated, too little mass is burned to intermediate mass elements (e.g. Arnett et al. 1971). Deflagrations on the
other hand propagate sub-sonically. In this case the material expands prior to burning enhancing the burning of low
density material. Depending on the velocity of the deflagration front different ratios of intermediate and iron-group
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elements are produced (e.g. Hillebrandt & Niemeyer 2000). Turbulence could be important for accelerating the
propagation of the flame (e.g. Niemeyer & Hillebrandt 1995, Gamezo et al. 2003). Alternatively the deflagration
could develop into a detonation at some point of the explosion (e.g. Khokhlov 1991), which may also allow the
observed chemical abundances to be produced.

Alternatively to the Chandrasekhar model, a WD could also explode accreting a helium layer, which can detonate
and possibly ignite the ’C + O’ white dwarf (e.g. Shen et al. 2010). Carbon could be ignited close to the centre as
a shock-focused detonation (e.g. Livne & Glasner 1990, Woosley & Weaver 1994, Fink et al. 2007) or off-centre at
the core-envelope interface (e.g. Nomoto 1982a, Wiggins et al. 1998).

The second class of explosion scenarios are the double-degenerate (DD) scenarios, i.e. the merger of two WDs
(e.g. Iben & Tutukov 1984, Webbink 1984). A close binary can merge losing the orbital energy of its components
by gravitational wave emission. Population synthesis calculations have shown that the rate of WD mergers could
be comparable to the rate of SNe Ia (e.g. Branch et al. 1995). Double-degenerate scenarios could also explain the
absence of hydrogen in the spectra of SNe Ia. However, it is not clear if all such mergers can produce SNe Ia.
Simulations show that in systems with a mass ratio different from one the less massive WD is disrupted in the
gravitational field of the companion, forming an accretion disc (e.g. Benz et al. 1990). Consequent accretion can
trigger carbon burning in the outer layers of the WD (e.g. Saio & Nomoto 2004, Yoon et al. 2007). The WD is
converted into O+Ne+Mg which is likely to collapse to a neutron star instead of exploding by a SN Ia (e.g. Saio &
Nomoto 1985, Nomoto & Kondo 1991, Saio & Nomoto 1998). However, WD binaries with a mass ratio close to
one can probably produce Ia explosions by violently merging their components (Pakmor et al. 2010).

All the different scenarios have their merits. Although there are issues concerning the stability of the accretion
process in the SD Chandrasekhar scenario (e.g. Branch et al. 1995, Hillebrandt & Niemeyer 2000), it could account
for the observed homogeneity of ’normal’ SNe Ia best. On the other hand, the observed range of 56Ni masses
(roughly a factor of ten) can hardly be explained by this scenario alone. Sub-luminous SNe Ia may originate from
the SD helium-shell scenario, since the ignition is expected at WD masses much lower than the CS limit. The DD
scenario could produce a range of events, since the mass and composition of the involved white dwarfs could vary
(e.g. Pakmor et al. 2010). There is observational evidence that SN Ia could originate from two different types of
progenitors (e.g. Mannucci 2005, Scannapieco & Bildsten 2005, Brandt et al. 2010), characterised by very different
delay times (the time between progenitor star formation and SN Ia explosion).

1.2.1.2. SN Ia & Cosmology

In 1929 Hubble (1929) discovered that cosmological objects are increasingly redshifted with their distance to earth,
which can be interpreted as a relative motion of distant objects with their velocity v increasing with their distance d.
Assuming that this relative motion can be observed at any point of the universe one obtains the Hubble Law

v = H · d (1.1)

which is compatible with an expanding, homogeneous and isotropic universe. The general relativistic description
of homogeneous and isotropic space was found by Friedmann and later Lemaitre in the 1920s. Lemaître (1931)
proposed the idea that our universe may originate from a single point in an explosion, which was later termed ’big
bang’. The expansion process is described by the Friedman equations (e.g. Carroll et al. 1992)
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which relate the scale parameter of the universe a to its density ρ and pressure p. Here G is the gravitational constant,
c the speed of light, Λ the cosmological constant (a term originally introduced by Einstein, which can be interpreted
as an intrinsic energy density of the vacuum) and k = (-1,0,1) is a spatial curvature-dependent integer.

The expansion (or contraction) of space is described by the scale parameter a, which relates to the Hubble param-
eter H by (e.g. Carroll et al. 1992)

H(t) =
ȧ(t)
a(t)

(1.3)
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Today, the observed redshift z of distant objects is interpreted as the stretching of wavelength owing to the cosmo-
logical expansion of space, i.e.

z =
ao

ae
(1.4)

where ao and ae are the scale factors of space at the time and location of observation and emission, respectively.
Therefore, the modern interpretation of the Hubble Law is not a peculiar motion of distant objects but an expansion
of general relativistic space-time.

Assuming that our universe is homogeneous and isotropic on large scales (Cosmological Principle) the relation

between the luminosity distance dL =
(

L
4πF

)1/2
(L is the rest-frame luminosity and F the apparent flux) and the

redshift z of cosmological objects is given by (e.g. Carroll et al. 1992)
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are the energy density contributions from curvature, matter and
cosmological constant adding up to Ωk + ΩM + ΩΛ = 1, H0 is the Hubble constant at the present epoch and S is the
function

S (x) =


sin(x) Ωk < 0
x Ωk = 0
sinh(x) Ωk > 0

(1.6)

One can turn this around to determine the energy density of the universe by measuring the relation between dL and
z.

The redshift of an object can be determined spectroscopically. For nearby objects it is strongly influenced by
peculiar motions caused by the local gravitational potential (e.g. Dressler & Faber 1990). However, the relative
importance of this effect decreases with the cosmological redshift of the observed objects. For a large sample of
objects this effect can be treated statistically (e.g. Riess et al. 1995).

Determining the distance of astronomical objects can be difficult. For the closest objects (< 1000 light years)
one can use the parallax method which makes use of the fact that the relative position of extraterrestrial objects
changes as a consequence of the earth’s motion around the sun (e.g. Rowan-Robinson 1985). For larger distances
so-called standard candles are used. Standard candles are classes of objects with constant luminosity, which allow
us to obtain their distance from comparing absolute and apparent magnitudes. Depending on their luminosity the
maximum distance, which can be measured by this method is limited by the sensitivity of our observational facilities.

Using the parallax method to calibrate RR Lyrae stars and other standard candles in our neighbourhood, these can
be used to calibrate Cepheids and novae out to distances of more than 105 light years. Cepheids are massive stars
that became pulsationally unstable at the end of their lives. Remarkably, there is a tight correlation between their
luminosity and their pulsational period (e.g. Rowan-Robinson 1985). Therefore, Cepheids can be used to measure
distances out to about 107 light years and to calibrate other standard candles like SNe or H II regions (e.g. Rowan-
Robinson 1985). Using increasingly bright objects to extend the calibration of standard candles out to cosmological
distances is called the “cosmological distance ladder” (Rowan-Robinson 1985). This method makes it possible
to calibrate the luminosity of SNe Ia although they have never been observed in our own galaxy in the last few
centuries.

Although SNe Ia show some dispersion of their luminosities (see above) and therefore are not ’true’ standard
candles, it turned out that they can be standardised, which makes them of great use for determining redshift to
distance relations (e.g. Leibundgut 2000).

In a first step supernovae Ia which can be identified to be of the ’normal’ type by spectroscopy are selected.
This sub-sample still shows a dispersion of about a factor of two in luminosity, still too large for cosmological
use. To reduce this uncertainty one can use empirical relations between peak luminosity and the light curve decline
rate (Phillips 1993, Phillips et al. 1999), which allows us to determine the peak luminosity of an observed event
more precisely. The “Phillips’ relation” has been refined later (e.g. Riess et al. 1995, Perlmutter et al. 1997), but
the general principle of all standardisation attempts is to relate the luminosity to quantities which can be observed
directly and are independent of distance (e.g. spectral characteristics, redshift corrected timescales). Thanks to these
relations, SNe Ia are currently the best distance indicators beyond the Virgo cluster (distances larger than about 107

light years) (e.g. Leibundgut 2000) and are used out to distances of 1010 light years (e.g. Riess et al. 2007).
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Using SNe Ia several groups (e.g. Riess et al. 1998, Perlmutter et al. 1999, Conley et al. 2006, Riess et al. 2007,
Kowalski et al. 2008) derived constraints on cosmological parameters, which seem to be consistent with results
obtained from cosmic microwave background (e.g. Spergel et al. 2003, Dunkley et al. 2009, Komatsu et al. 2009),
baryon acoustic oscillations (e.g. Eisenstein et al. 2005) and gravitational lensing (Jullo et al. 2010) measurements.
Combining different methods is especially powerful (e.g. Komatsu et al. 2009) since the degeneracy of the cosmo-
logical parameters ΩM and ΩΛ obtained from SN Ia (luminosity distance) measurements is orthogonal to the one
obtained from cosmic microwave background (angular diameter distance, see e.g. Mukhanov 2005, page 60 − 65
for a definition) measurements (e.g. White 1998, Leibundgut 2001).

Apart from observational errors (e.g. Leibundgut 2001) the luminosity distance relation observed by SNe Ia
could be influenced by an evolution of SN Ia properties with the age of the universe (distance), dust absorption or
gravitational lensing effects (e.g. Leibundgut 2001). For example, Sullivan et al. (2010) find a dependence of SN Ia
luminosity on the host galaxy properties, which are in turn expected to evolve with time (e.g. White & Rees 1978).
Improving our understanding of SNe Ia explosions and light curve formation will help to clarify this issue.

1.2.2. Core-Collapse SNe

Core-collapse supernovae are classified by the presence of hydrogen (SNe II) or by the simultaneous absence of
hydrogen and silicon (SNe Ib/c) features in their early spectra (Filippenko 1997). SNe Ib/c are thought to result
from pre-explosive mass loss causing the absence of hydrogen (SNe Ib/c) and helium (SNe Ic). SNe IIb, showing
helium and weak hydrogen features mark the transition from Type II to Type Ib.

Core-collapse supernovae are much more inhomogeneous than supernovae Ia with respect to their masses, ener-
gies and abundances and consequently their light curves and spectra. The light curves of supernovae Ib, Ic and IIb
are dominated by radioactive processes, while the light curves of supernovae II-L and II-P are strongly influenced
by energy released from hydrogen recombination. The 56Ni mass and kinetic energy of core-collapse supernovae
can vary by factors of more than 1000 and 100, respectively (e.g. Mazzali et al. 2005, Maurer et al. 2010).

Core-collapse supernovae are in general iron-group poor (as compared to SNe Ia) and show more variety regarding
their relative element abundances. The characteristic core velocities of stripped core-collapse SNe vary between
3000 and 7000 km s−1 (Taubenberger et al. 2009, Maurer et al. 2010) and can be even lower for SNe II, which
causes a strong variance of the observed nebular line widths. The nebular spectra of stripped core-collapse SNe are
dominated by forbidden oxygen emission, those of SNe II-L and II-P by Hα.

The oxygen [O ] λλ 6300, 6363 Å doublet of stripped-envelope core-collapse supernovae (which is the most
prominent nebular line in those events) often deviates from the parabola-like shape, which is expected from spherical
symmetric ejecta geometries. Double or even triple peaks can be observed. There are several explanations for this
deformation. The most promising one is ejecta geometry (Mazzali et al. 2005, Maeda et al. 2008, Modjaz et al. 2008,
Taubenberger et al. 2009, Maurer et al. 2010), but also the doublet nature of [O ] λλ 6300, 6363 Å in supernovae II
(e.g. Li & McCray 1992) and Hα absorption in supernovae IIb (Maurer et al. 2010).

1.2.2.1. Progenitors and explosion mechanism

There is consensus that all supernovae except Type Ia are produced by the death of massive stars (> 8 M�) but a
physical description of the details of this process is difficult to this day (e.g. Janka et al. 2007, Nomoto et al. 2010).

At birth, stars mainly consist of hydrogen and helium. After the central hydrogen reservoir of a star has been
burned to helium, the core contracts since there is no further nuclear energy release working against gravity. The
compression of the core material converts gravitational energy into heat (Virial theorem), which can ignite helium
burning (e.g. Woosley & Janka 2005) if the star is sufficiently massive. The mechanism of compression and subse-
quent nuclear burning to heavier elements continuous in increasingly dense regions of the core and on increasingly
shorter time scales at the end of a stars life (e.g. Woosley & Janka 2005).

Therefore, at the time of their death massive stars consist of onion-like structures of relics of previous burning
phases (hydrogen, helium, carbon, neon, oxygen, silicon) (e.g. Woosley & Janka 2005, Janka et al. 2007). The burn-
ing of nuclear matter becomes less efficient with increasing proton number of the nuclei until the most tightly bound
nuclei are reached with 62Ni and other iron-group elements like 56Fe (e.g. Fewell 1995), because of the balance of
the electromagnetic and the strong force. Therefore nuclear burning stops when reaching the iron group. Which
iron-group elements are preferentially produced depends on the exact burning conditions (density, temperature, pro-
ton to neutron ratio) (e.g. Clifford & Tayler 1965). The details of the final evolution of massive stars depend on their
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mass and on their rotation and for very massive stars (M > 40 M�) also on their metallicity, which influences stellar
mass loss (e.g. Heger et al. 2003)

Stars with ∼ 8 − 10 M� cannot burn their core material up to the iron-group, since their gravity is too low to
produce the required densities and temperatures. Instead, a O+Ne+Mg core forms in the centre of the progenitor
(e.g. Miyaji et al. 1980, Nomoto 1984, 1987), which is stabilised against collapse by electron degeneracy pressure.
Nuclear burning in the outer regions increases the mass of the core to ∼ 1.38 M�, at which point the collapse of the
core is triggered by electron captures on Ne and Mg. During the collapse explosive O burning is ignited, but it is
too weak to stop the collapse (e.g. Nomoto 1984).

Between 10 and 12 M� a O+Ne+Mg core is also formed, but gravity is strong enough to allow Ne burning (e.g.
Nomoto & Hashimoto 1986, Nomoto et al. 1988). The core is semi-degenerate and a temperature inversion develops
in the centre of the progenitor because of neutrino cooling of the innermost regions (Nomoto & Hashimoto 1986).
Therefore, Ne burning starts in a layer off-centre and propagates inwards triggering O burning. Electron captures in
the burning region reduce the degeneracy pressure and the flame propagates by gravitational compression (Nomoto
& Hashimoto 1986) producing silicon and sulphur. Depending on the properties of the progenitor the flame may
reach the centre of the progenitor or is quenched by neutrino cooling leaving behind a O+Ne+Mg core surrounded
by a massive Si+S shell (Nomoto & Hashimoto 1986). If the flame can propagate to high enough densities Ne
burning becomes so violent that some material could be expelled from the progenitor (Nomoto & Hashimoto 1986).
Otherwise the core contracts until central O burning is ignited producing iron group elements (Wilson et al. 1986).
Since those capture electrons efficiently, the central pressure is further reduced and the core starts to implode. The
rest of the O+Ne+Mg core and parts of the Si+S shell are heated by compression and burn explosively when falling
through a standing combustion front that develops at a radius of about 100 to 200 km (Wilson et al. 1986).

Stars between 12 and about 25 M� form degenerate iron cores in their centres (e.g. Wilson et al. 1986, Janka et al.
2007, Umeda & Nomoto 2008) by subsequent burning of low and intermediate-mass elements. Central He burning
is followed by convective carbon burning, which greatly reduces the entropy of the central region via neutrino losses.
The core contracts. A strong carbon shell burning develops at the edge of the (semi-)degenerate core separating core
and envelope by a strong entropy gradient (e.g. Wilson et al. 1986). Consequent oxygen and silicon burning in the
centre converts the core material into iron. Because of its low entropy the iron core is stabilised by degenerate
electrons. The nuclear burning continuous outside the iron core, increasing the core mass with time. Finally, the
iron core collapses when reaching about the CS mass (e.g. Bethe 1990, Janka et al. 2007).

Accelerated by electron capture and photodisintegration of iron-group nuclei, which lower the electron density
and the radiation pressure in the core (e.g. Wilson et al. 1986, Janka et al. 2007), the core collapses on the free-fall
time scale until the densities become high enough to efficiently neutronise the material. Neutronisation causes the
release of neutrinos which cannot escape from the core when its density increased to about than 1012 g cm−3 since
their diffusion timescale now exceeds the duration of the collapse. The collapse proceeds to densities of ∼ 1014 g
cm−3 when all the material has been converted to free neutrons (neutron star) (e.g. Bethe 1990, Janka et al. 2007).
Since this neutron fluid is highly incompressible, the collapse of the core stalls quasi instantaneously at this point,
producing a shock wave travelling outwards. This is called core-bounce (e.g. Janka et al. 2007). Although it had
been thought initially that this shock wave may cause the star to explode, it was found in numerical simulations
later that it is too weak to unbind stellar material (e.g. Janka et al. 2007). Numerical calculations often show that
the shock stalls and no material is expelled from the progenitor (e.g. Rampp & Janka 2000, Thompson et al. 2003,
Liebendörfer et al. 2005, Buras et al. 2006).

Most of the gravitational energy released by the collapse is emitted in neutrinos, which deposit some small fraction
of their energy in the shock region mainly by neutrino captures on free nucleons (e.g. Bethe & Wilson 1985). The
neutrino energy deposition can probably revive the outgoing shock wave, depending on the luminosity and the
hardness of the neutrino spectrum (e.g. Bethe & Wilson 1985, Burrows & Goshy 1993, Janka 2001). Eventually,
neutrino energy deposition could lead to the explosion of the progenitor star (e.g. Marek & Janka 2009). Neutrino
heating could be enhanced by the so-called standing accretion shock instability (SASI; Blondin et al. 2003), which
may cause a bi-polar oscillation of the shock front. Instabilities (e.g. magnetic buoyancy instabilities Wilson et al.
2005) and convection (e.g. Burrows 1987, Keil et al. 1996) in the newly born neutron star, which could increase the
neutrino luminosity in the central region or oscillations of the neutron star driving acoustic waves into the envelope
(e.g. Burrows et al. 2006) could also be important for supporting the explosion. Recent studies indicate that the
energy deposited by neutrinos increases with the dimension of the simulation, i.e. that the explosions become
strongest when treated three-dimensionally (Nordhaus et al. 2010). Since currently all the simulations treating
neutrino transport in detail are done in one or two dimensions, further development is necessary to reach final
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conclusions.
Stars in a range between ∼ 25 and 90 M� also form iron cores (e.g. Nomoto et al. 2010), but those can become

more massive than the CS limit (e.g. Wilson et al. 1986). Since the production of oxygen relative to carbon is
efficient in these cores (e.g. Wilson et al. 1986), the carbon fraction is too low for convective carbon burning to
develop, which would cool the core. The cores sustain high entropy and are supported by thermal pressure during
oxygen and subsequent silicon burning (e.g. Wilson et al. 1986). The iron core can become much larger than the
CS mass (e.g. Wilson et al. 1986) and the collapse results in a black hole instead of a neutron star either by fall
back (∼ 25 − 40 M�) or by direct collapse (> 40 M�) (e.g. Nomoto et al. 2010). Because of the high entropy
photodisintegration is more important than electron capture for triggering core collapse (e.g. Muller 1990).

If the progenitor is rotating rapidly, a Kerr black hole or a rapidly rotating neutron star possibly surrounded by a
massive accretion disc may form in the central region. Magnetic fields could also become important. It is possible
that the rotational energy of such a system is converted into an outwards directed energy flow (e.g. Woosley et al.
2003), which could contribute to the explosion energy of the SN (e.g. Heger et al. 2003). In this regime hypernovae
and GRB-SNe could occur, which is however not understood in detail. Even more massive stars (> 90 M�) can be
affected by pulsational mass loss or pair-instability (e.g. Nomoto et al. 2010, also see Section 1.2.3)

Since the explosion energy of core-collapse supernovae is not produced by thermonuclear burning and since
significant amounts of the synthesised iron-group elements can disappear in the central compact object, the ejected
56Ni mass of CC-SNe can vary much more than in SNe Ia (e.g. Mazzali et al. 2005, Maurer et al. 2010, Moriya et al.
2010).

1.2.2.2. SN-GRB connection

Gamma-ray bursts are the most luminous events in the skies, reaching ’isotropic’ energies up to almost 1055 ergs
(e.g. Amati et al. 2009). Since they are likely collimated (jets) their ’true’ energy could be significantly lower. From
jet-break measurements the opening angles of long GRBs are estimated to be about 1 − 10 degrees (e.g. Nava et al.
2006). However the jet-break method is not undisputable. Theoretically, a break in the slope of a GRB light curve
is expected when the relativistic collimation factor of radiation becomes wider than the opening angle of the jet
owing to deceleration. This light-curve break is expected to be mono-chromatic and is called jet-break (e.g. Rhoads
1998). Unfortunately in many GRBs the jet-breaks are chromatic or are not observed at all (e.g. Racusin et al. 2008,
Curran et al. 2008). Some constraints on the degree of collimation can also be derived from radio observations (e.g.
Soderberg et al. 2010).

GRBs can be observed out to redshifts of at least z ∼ 8 (D’Avanzo & Salvaterra 2010). The duration of GRBs
shows a bimodal distribution with a separation at about 2 s, therefore dividing into short and long GRBs (Kouve-
liotou et al. 1993). The spectrum of short GRBs is harder than that of long GRBs. This separation has physical
relevance, since short and long GRBs most likely originate from different progenitors. While short GRBs are
identified with the merger of two compact objects (e.g. two neutron stars), long GRBs are associated with the core-
collapse of massive stars (e.g. Piran 2004, Mészáros 2006). Short GRBs are distributed homogeneously over their
host galaxies, indicating that they occur independently of on-going star formation, which is explained best by the
compact-object scenario (e.g. Prochaska et al. 2006, Bloom & Prochaska 2006, Gehrels & the Swift Team 2008).
The distributions of long GRBs follows that of star-forming regions and SNe Ic (e.g. Bloom & Prochaska 2006,
Gehrels & the Swift Team 2008, Svensson et al. 2010). In addition at least a few long GRBs can be associated
with supernovae of type Ic directly, which suggest that long GRBs and supernovae Ic have similar (and sometimes
identical) progenitors (e.g. Woosley & Bloom 2006).

Although GRBs are most likely collimated events (and therefore a GRB can miss an observer), it can be excluded
by statistical arguments and radio observations that all supernovae Ic are accompanied by GRBs. Also long GRBs,
which clearly were not accompanied by a supernova (at least not by a supernova of regular luminosity) have been
observed. Summarising, some supernovae Ic are accompanied by long GRBs and some long GRBs are accompanied
by supernovae Ic, while both can occur without the other (e.g. Woosley & Bloom 2006). Supernovae Ic accompanied
by GRBs are extremely energetic, with extraordinary high ratios of kinetic energy to mass, therefore terming them
’hypernovae’.

The details of GRB formation are poorly understood (e.g. Lyutikov 2009). Long GRBs are probably powered by
the accretion onto black holes, extracting energy from the accretion disc (Blandford-Payne mechanism) or directly
from black hole rotation (Blandford-Znajek mechanism). Alternatively they could be powered by magnetar (rapidly
spinning, highly magnetised neutron star) spin-down (e.g. Lyutikov 2009). Many exotic alternatives exist. The
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central engine is thought to launch a kinetic or pointing-flux dominated flow in the polar regions of the progenitor
(e.g. Piran 2004, Mészáros 2006). The details of this process as well as the propagation through the stellar envelope
are highly uncertain. Outside of the star, internal and external shocks could accelerate electrons and produce the
observed γ-radiation by synchrotron or Compton radiation. Again, uncountable variations and alternatives of these
scenarios exist, but none of those can explain the phenomenon satisfactorily (Lyutikov 2009).

From the perspective of supernova spectra the SN-GRB connection is interesting, since GRBs are expected to
leave some imprint of the stellar envelope and consequently on the associated supernovae. GRB-SNe may be
strongly deformed and enriched with iron-group elements along their polar axis (where the GRB is expected to
penetrate the stellar envelope). This could influence the line profiles (Mazzali et al. 2005, Maeda et al. 2008,
Modjaz et al. 2008, Taubenberger et al. 2009, Maurer et al. 2010) and the line width ratios of various intermediate
and heavy mass elements (Mazzali et al. 2001).

1.2.3. Pair-Instability SNe

While the spectral characteristics of Type Ia and core-collapse supernovae are well known, there is no classification
scheme for pair-instability supernovae (PISN) yet. Pair-instability supernovae have been predicted theoretically to
be the final explosion of extremely massive stars. Although these events are expected to be very energetic, their large
mass may cause moderate ejecta velocities, which means that their spectral lines are not expected to be extremely
broad.

So far, there are only two pair-instability supernovae candidates, 2006gy and 2007bi but this identification is not
undisputable (e.g. Woosley et al. 2007, Umeda & Nomoto 2008, Blinnikov 2010, Moriya et al. 2010). The nebular
spectra of 2006gy and 2007bi show stronger (relative to light elements) iron lines than usually found in core-collapse
supernovae and from the light curve and spectra their ejecta masses can be estimated to be extraordinarily high (M
∼ 50 M�). Currently it seems unclear whether these SNe result from the collapse of a massive star or from a
pair-production induced explosion.

1.2.3.1. Progenitors and explosion mechanism

The pair-instability mechanism is expected to operate in massive metal-poor stars with initial masses of ∼ 100 −
300 M� (e.g. Barkat et al. 1967, Fraley 1967, Ober et al. 1983, Heger & Woosley 2002, Heger et al. 2003). Main
sequence stars are stabilised by radiation pressure against gravitational collapse. The more massive the star the
higher is its temperature and the more highly energetic photons are produced. Photons interacting with atomic
nuclei can create electron-positron pairs if their energies exceed the rest mass energy of two electrons (1.022 MeV).
If pair creation is efficient, the radiation pressure is reduced significantly, which leads to the contraction of the star
and therefore further increases its temperature and consequently the production of highly energetic photons (Barkat
et al. 1967). Consequently, the process can become unstable causing the implosion of the star followed by explosive
oxygen burning of the core as a result of compression. In the PISN scenario the whole star is destroyed. The energy
released by explosive oxygen burning can be as high as 1052 ergs (e.g. Barkat et al. 1967, Ober et al. 1983).

Under certain conditions the energy released by the oxygen burning is not sufficient to disrupt the whole star, but
can stop the collapse (e.g. Ober et al. 1983). In this case only a fraction of the star is expelled forming a thick shell
of material around the stellar core. The remnant star may undergo further pulsational mass loss and finally end in a
core-collapse supernova (e.g. Ober et al. 1983, Heger & Woosley 2005). These ’pulsational’ supernovae therefore
are hybrids of both types of explosion scenarios.

In even more massive stars (∼ 103 − 104 M�), the thermonuclear explosion of the core cannot stop the collapse
and a black hole is formed, without supernova explosion (e.g. Wheeler 1977, Heger et al. 2003). It depends on
mass and metallicity of the star whether it ends as a supernova and whether the progenitor explodes because of
core-collapse or pair-instability.

1.3. Supernovae & Astrophysics

Beside their importance for cosmology, their general role as astrophysical laboratories for all kind of experiments
and their connection to GRBs (see Sections 1.2.1.2 and 1.2.2.2), supernovae also influence various areas of astro-
physics directly. Supernovae interact with their environment by emitting all kinds of highly energetic radiation like
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γ-rays, neutrinos and positrons and heat and enrich their surroundings with intermediate-mass and heavy elements,
which can influence star (e.g. Larson 1985, Vanhala & Cameron 1998, Loewenstein 2006, Bate 2009) and galactic
disc (e.g. Abadi et al. 2003, Robertson et al. 2004, Scannapieco et al. 2007) formation.

One of the predictions of ’big bang’ theory is the absence of heavy elements in the early universe (e.g. Iocco
et al. 2009). After space-time has expanded and the temperatures became low enough to allow the formation of
deuterium, two-body reactions can form isotopes of hydrogen and helium and traces of heavier elements (Alpher
et al. 1948, Peebles 1966, Schramm & Turner 1998, Burles et al. 2001, Iocco et al. 2009). Nuclei consisting of five
nucleons are unstable because of the fifth nucleon’s angular momentum, which has to be larger than zero (Pauli
exclusion principle). For similar reasons 8Be is unstable (e.g. Fowler 1984). Since under the conditions of ’big-
bang’ nucleosynthesis (density, temperature, duration) three- (or more) body collisions do not become efficient
almost no elements heavier than helium are synthesised (e.g. Iocco et al. 2009).

The most abundant elements in (the observed part of) our universe are H, He, O and C followed by intermediate
mass (Mg − Ca) and the iron-group elements. Most of these elements have likely been formed in stars and (su-
per)nova explosions (e.g. Burbidge et al. 1957, Fowler 1984, Wallerstein et al. 1997). In stars hydrogen is fused
to helium by pp-reactions or the (H)CNO-cycle, depending on the star’s temperature (e.g. Wallerstein et al. 1997).
From helium carbon can be produced by the triple-α reaction, which is possible because of the long lifetime of
stars. Once carbon has formed all the other (heavier) elements can be formed by proton, neutron and α-captures or
neutron- and α-photodisintegration (Burbidge et al. 1957, Wallace & Woosley 1981, Wallerstein et al. 1997). These
processes allow the formation of isotopes as heavy as 209Bi, which is the heaviest stable element (e.g. Burbidge et al.
1957). Even heavier nuclei like 235,238U, which are unstable, but play an important role in our modern world, can
be produced (e.g. Burbidge et al. 1957, Fowler 1984, Wallerstein et al. 1997). Finally, the explosion of supernovae
leads to further burning and to the ejection of large fractions of the stellar mass. The ejected heavy elements can
mix with hydrogen and helium clouds and can form a new generation of stars more metal rich than their parent
population at birth (e.g. Truran & Cameron 1971, Tominaga et al. 2008, Maio et al. 2010)

About at the same time as the importance of the decay chain 56Ni → 56Co → 56Fe in supernovae was realised,
making them a potential sources of positrons (Colgate 1970, Burger et al. 1970, Ramaty & Lingenfelter 1979), the
diffuse Galactic annihilation radiation at 511 keV (Johnson et al. 1972, Haymes et al. 1975, Leventhal et al. 1978)
was discovered by balloon-born experiments. Radioactive 56Co decays on timescales of 111.37 days by electron
capture or positron emission in 81% and 19% respectively (e.g. Milne et al. 1999). Additionally, other radio-actives
which decay by positron emission like 44Ti can be produced in supernovae.

Because of the short decay time scale of 56Co most of the positrons are emitted shortly after the explosion and
the supernova ejecta are eventually too dense to allow efficient positron escape. The escape fraction depends on the
magnetic field of the supernova ejecta sensitively (Chan & Lingenfelter 1993, Milne et al. 1999) which introduces
large uncertainties. Modelling late-time light-curves of SNe Ia by positron deposition Milne et al. (1999) estimated
an average escape fraction of 3.5% ± 2% . Owing to the larger decay time-scales of the chains 44Ti→ 44Sc→ 44Ca
(∼ 89 yr) and 26Al → 26Mg (106 yr) the escape fractions of their positrons are more certain (approximately one),
but the abundance of these elements is not constrained well. Independently from these problems the importance of
the contribution of supernovae to the galactic 511 keV annihilation line is commonly accepted (Higdon et al. 2009,
Lingenfelter et al. 2009).

In addition to positrons, each decay of 56Co leads to the direct emission of ∼ 3.61 MeV in γ-rays of energies
between 0.26 and 3.6 MeV. The decay of other radio-actives also produces a rich spectrum of γ-rays, which are
Compton-scattered in the ejecta during the first few hundred days after the explosion but can escape freely later.

In addition to the emission from nuclear processes, supernovae can contribute to the cosmic spectrum of high
energy radiation (Baade & Zwicky 1934a) by their (compact) remnants (e.g. pulsars, black holes, shocks). Today it
is believed that shocks from supernovae propagating into the interstellar medium can efficiently accelerate particles
by first-order Fermi processes (e.g. Axford et al. 1977, Blandford & Ostriker 1980, Higdon et al. 1998, Lingenfelter
et al. 2000, Zatsepin & Sokolskaya 2006).

Because of their influence on the metallicity and the production of energetic particles supernovae have an impor-
tant influence on the formation of stars and galaxies. Stars predominantly form in regions which have cooled by
radiative losses, since the density increases at low temperatures. Energy injection and metal enrichment heat these
clouds, which can moderate the star formation rate (e.g. Bate 2009). The heating also allows gas to preserve its
angular momentum for a longer period, facilitating the formation of galactic discs, which may not form without this
supernova feed-back (e.g. Abadi et al. 2003, Robertson et al. 2004, Scannapieco et al. 2007) and the structure of
dwarf galaxies could also be influenced by SNe (e.g. Ferrara & Tolstoy 2000).
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Also the properties of stars themselves are changed. It is expected that supernovae influence the initial mass
function since the Jeans mass - the typical fragmentation mass - of the star forming cloud increases with its tem-
perature (e.g. Larson 1985, Bate 2009). Also, supernova shocks can possibly trigger star formation (e.g Vanhala &
Cameron 1998). Furthermore, the metallicity of a star at birth has strong influence on its evolution, since it alters
its nucleosynthesis (e.g. Burbidge et al. 1957) and mass and angular momentum loss rates (e.g. Meynet & Maeder
2005, Eldridge & Vink 2006).

The impact of supernovae certainly reaches beyond the points out-lined in this section. There are even speculations
that supernovae and GRBs could have influenced the history of life on our planet in the past billions of years (e.g.
Bailer-Jones 2009). All the more it seems important to understand these phenomena in detail.
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2. Atomic Physics

The Greeks have used the term ’atomos’ more than 2500 years ago to describe prime particles. Of course, this idea
originated from philosophical belief, but not from scientific reasoning. Our modern understanding of atoms started
to develop in the 19th century with the rise of spectroscopy. At the beginning of the 20th century the classical
understanding of radiation and matter was challenged by the cognisance of the equivalence of mass and energy on
the one side and by the development of quantum mechanics on the other side.

About 100 years after Young had demonstrated the interference of light, Planck and Einstein used the concept of
light ’quanta’ around 1900 to explain the black-body spectrum and the photo-effect, respectively. And in 1924 de
Broglie proposed the wave-like character of matter, which was confirmed by electron interference experiments of
Germer & Davisson in 1927.

This new understanding of matter and light finally led to the mathematical formulation of quantum mechanics in
the 1920s. One of quantum mechanic’s important applications is the mathematical description of atomic physics,
which made it possible to treat atomic processes quantitatively.

Today it is commonly accepted that atoms actually can be divided, most trivially in their nuclei and electrons,
which were discovered around 1900 by Thompson and others. In 1911 and 1913 the first physical models of atoms
had been developed by Rutherford and Bohr respectively, but around 1930 these models were replaced by a quantum
mechanical description, which is valid to this day.

2.1. Radiative Processes

To explain the photo-effect Einstein introduced the absorption and emission coefficients usually called A and B in
the literature. The coefficient A describes spontaneous emission, while the coefficient B describes absorption and
stimulated emission processes. Two atomic states n1,2 connected by radiative processes in a radiation field of energy
density ρ(ν) are described in equilibrium by

n1B12ρ(ν21) = n2[A21 + B21ρ(ν21)] (2.1)

Assuming thermal equilibrium n1
n2
=
g1
g2

exp(hν21/kBT ) one can derive the Einstein relations

g1B12 = g2B21

A21 =
8πhν3

c3

[ c
4π

]
B21

(2.2)

where g1 and g2 are the statistical weights of the corresponding states. The Einstein relations have no reference
to the temperature and also hold if the system is not in thermal equilibrium. The relation between A and B is
sometimes defined by the intensity J of the radiation field (rather than by its energy density ρ), which leads to a
definition different by a factor of c/4π. A and Bρ(ν21) describe the transition probability per particle per unit time.

These coefficients as well as the energy of a transition can be determined experimentally in principle, which allows
to describe the interaction of atoms with arbitrary radiation fields. However, especially transitions rates between
highly excited states can hardly be determined in experiments and one has to rely on theoretical calculations.

To understand the principals of atomic calculations it is useful to consider a one-electron system. The Schrödinger
Equation of hydrogen describes an electron in the Coulomb potential of a proton. The atomic states of the hydrogen
atom can be decomposed into a radial and a spherical part Φ0(r) = r−1Rl

n(r)Ym
l (θ, φ). While the spherical part is

described by spherical harmonic functions of the quantum numbers l and m (corresponding to the θ and φ coordi-
nates), the radial part can be obtained from solving the radial part of the Schrödinger Equation with an appropriate
potential (see Section 2.2.1).

An electromagnetic wave (photon) can be considered as a perturbation to the atomic potential, which can cause the
transition from one state to another. To obtain the probability of a photon induced transition between two different
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states (Einstein coefficients) one can use time-dependent perturbation theory (e.g. Atkins 1970, Rybicki & Lightman
1979). It is assumed that there is a solution for the unperturbed system,

H0Φ0
n = E0

nΦ
0
n (2.3)

where H0 is its Hamiltonian, E0
n are its Eigenvalues (energies) and Φ0

n are its Eigenstates. The state of the perturbed
system can be expressed as superposition of unperturbed states

Φ(r, t) =
∞∑
n

cn(t)Φ0
n(r, t) =

∞∑
n

cn(t)e−iωntΦ0
n(r) (2.4)

and the Schrödinger Equation i~ ∂
∂tΦ = HΦ can be written as (Atkins 1970, page 218)

i~
∞∑
n

[ċne−iωnt − iωncne−iωnt]Φ0
n =

∞∑
n

cn(t)e−iωnt[H0 + HP(t)]Φ0
n (2.5)

where the Hamiltonian of the disturbed system is given by H = H0 + HP(t). Multiplication with the complex
conjugate Φ0,∗

k eiωkt gives

∞∑
n

cn(t)eiωkntΦ
0,∗
k HP(t)Φ0

n = i~
∞∑
n

ċneiωkntΦ
0,∗
k Φ

0
n = i~ċk (2.6)

with ωkn = ωk − ωn and En = ωn/~. By integration one obtains (HP
kn ≡ Φ

0,∗
k HP(t)Φ0

n)

ck(t) − ck(0) = −
i
~

∞∑
n

∫ t

0
dt cnHP

kneiωknt (2.7)

If the perturbed system had been in the state Φ = Φ0
i at t = 0, all other coefficients n , i (also the one of the final

state n = f) had been 0 and therefore

cf(t) = −
i
~

∫ t

0
dt eiωfitHP

fi (t) (2.8)

The time-dependent probability to find a system in the state f is given by Pf(t) = |c f (t)|2. To investigate the interaction
of an atomic state with an electromagnetic wave one has to consider a harmonic perturbation

HP(t) = HP
0 (eiωt + e−iωt) (2.9)

and so (Atkins 1970, page 220)

cf(t) = −i
HP

0,fi

~

∫ t

0
dt eiωfit(eiωt + e−iωt)

= −i
HP

0,fi

~

[
ei(ωfi+ω)t − 1
i(ωfi + ω)

+
ei(ωfi−ω)t − 1
i(ωfi − ω)

] (2.10)

This expression is dominated by the contributions from ω ∼ ωfi and therefore

Pf(t) = |cf |
2 ∼ 4HP

0,if H
P
0,fi

[
sin2 1

2 (ωfi − ω)t
~2(ωfi − ω)2

]
(2.11)

Owing to the uncertainty principle the energy of excited (unstable) states is smeared out because of their finite life-
times and there is a continuum of states with density n(ν) (number of states per frequency ν). Averaging over these
states

P(t) =
4
~2

∫
dν n(ν)|HP

0,fi|
2
[
sin2 1

2 (ωfi − ω)t
(ωfi − ω)2

]
(2.12)
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2.1 Radiative Processes

and setting x = 1
2 (ωfi − ω)t and assuming that neither |HP

0,fi|
2 nor n(ν) change significantly over the narrow range,

which contributes most to the integral (ω ∼ ωfi) one can write

P(t) =
t
~2π
|HP

0,fi|
2n(νfi)

∫ ∞

−∞

dxx−2 sin2(x)

=
t
~2 |H

P
0,fi|

2n(νfi)
(2.13)

Setting the state density ρ′(ν) = n(ν)
h one obtains the transition probability per time t (transition rate; Fermi’s Golden

Rule)

Wf←i =
2π
~
|HP

0,fi|
2ρ′(νfi) (2.14)

In the case of the interaction of an atom with an electromagnetic wave the perturbation is caused by the electromag-
netic force of the wave working on the electron. For dipole-allowed transitions the strongest perturbation is caused
by the electric dipole moment HP = d̂F = er · F where F = 2F0cos(ωt) is the electric field and e the electric charge.
With the energy of the electromagnetic field U(ν) = ε0 < F2(t) >t= ε02F2

0, ρ(ν) = hρ′(ν)U(ν) and assuming that the
radiation is isotropic (i.e. d2

x,y,z =
1
3 d2, F2

x,y,z =
1
3 F2

0) one finally obtains

Wf←i =
1

6ε0~2 |dif |
2ρ(νfi) (2.15)

which can be used directly to calculate the Einstein coefficients of dipole allowed transitions. For non-degenerate
levels (g1 = g2 = 1) Wf←i = Bfiρ(νfi) = Bifρ(νfi) and therefore

Bfi = Bif =
1

6ε0~2 |dif |
2

Aif =
8π2ν3

3ε0c3~
|dif |

2
(2.16)

From the above considerations one can directly obtain the selection rules of (electric-dipole) allowed transitions

∆s = 0
∆l = ±1
∆m = 0,±1

(2.17)

The spin s does not appear in the calculation and therefore does not change, i.e. ∆s= 0. Since the ’dipole operator’
d̂ of the perturbation <nlm|d̂|n’l’m’>=

∫
Φd̂Φ′dr = e

∫
ΦΦ′rdr corresponds to a linear multiplication (which has

odd parity), the perturbation will vanish unless the term ΦΦ′ also has odd parity. The angular states are given by
spherical harmonic functions of parity (-1)l, which means that l and l’ have to differ by an odd integer to obtain
odd parity. An explicit integration does show that this integer has to be ∆l= ±1. The constraints on ∆m depend on
the polarisation of the incident photons. The m component of the spherical harmonic functions can be written as
exp(−imφ) and so

Wf←i ∝

∣∣∣∣ ∫ 2π

0
re−imφeim′φdφ

∣∣∣∣2 (2.18)

for light polarised in z-direction (z = r cos θ) one obtains ∆m = 0, while for light polarised in x- or y- direction
(x = r sin θ cos φ = r sin θ 1

2 (e+iΦ + e−iΦ), y = r sin θ 1
2i (e

+iΦ − e−iΦ)) one obtains ∆m = ±1. Depolarised light allows
∆m = 0,±1, while circular polarised light allows ∆m = ±1 only.

If a transition is electric dipole-forbidden other transitions (most importantly the magnetic dipole and the electric
quadrupole) can become important. To calculate these, one has to consider the more general form of electromagnetic
perturbations by replacing HP = d̂F by the operator form HP = Ap̂ (classical physics E = A·p; electromagnetic
vector potential A and momentum p) which can be expanded as a series (as long as k · r ∼ Zα

2 � 1)

Ap̂ = A(t)leik·ri~∇ = i~A(t)(1 + ik · r + ..)l · ∇ (2.19)
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to obtain higher order terms, analogous to the electric-dipole (l is a unit vector pointing in the direction of A). Using
the commutation relations (H0 = 1

2me
p2 + V(r))

rp2 − p2r = 2i~p

(rH0 − H0r) = i
~

me
p

(2.20)

the dipole approximation is obtained from the lowest order term∫
Φ∗f l · pΦidr = −i

me

~

∫
Φ∗f l · (rH0 − H0r)Φidr

= −i
me

~
(Ei − Ef)

∫
Φ∗f l · rΦidr

(2.21)

In addition to dipole allowed and other types of single photon transitions, atomic states can also change into another
one by multi-photon transitions. This was predicted by Goeppert-Mayer in 1931 and confirmed experimentally
thirty years later after the invention of the laser. Photons can excite ’virtual’ states from which other photons can
excite the electron to ’real’ states. However, since the product of small probabilities is involved in this process, the
transition rates are extremely small. Therefore, two-photon (2PE) emission is usually not important in the nebular
phase of SNe with the exception of He  (e.g. Li & McCray 1993b, Maurer et al. 2010).

Ionisation and recombination processes can be calculated in a similar way to excited state transitions considering
the free electrons as unbound states of the atom. The recombination cross-sections can be obtained from the ionisa-
tion cross-sections by the Milne Relation, which can be derived from detailed balance (e.g. Nahar 2005), similar to
the Einstein relations

σR
nl(ε) =

α2

4
gi

gj

(ε + I)2

ε
σI

nl(ε) (2.22)

where gi and g j are the statistical weights of the initial (not ionised) and recombining (ionised) state. To obtain
recombination rates for an ensemble of thermal electrons one has to integrate the energy-dependent recombination
cross-sections

Rnl(T ) =
∫ ∞

0
vσR

nl(v)M(v,T )dv (2.23)

over the Maxwell-Boltzman distribution

M(v,T ) = 4π
( me

2πkBT

)3/2
v2 exp−

mev
2

2kBT
(2.24)

where v and T are the electron velocity and temperature.

2.2. Radiative Data

In Section 5 radiative rates for highly excited levels of oxygen are needed. Although atomic data for the lower levels
of neutral oxygen are available in the literature, the atomic levels n > 10 are not. Radiative rates of hydrogen and
helium are needed in Section 6. Therefore, in this section the calculation of hydrogen and oxygen atomic data is
described. Helium can be treated analogously to oxygen. Hydrogen radiative data can be obtained from analytic
solutions available in the literature. Levels of oxygen with angular quantum number l > 2 can be treated in the
hydrogenic approximation, while radiative data for l ≤ 2 is obtained using an analytic approximation.

2.2.1. Hydrogen

The radial coordinate of the hydrogenic electron is described by a radial wave function Rnl(r) (see Section 2.1),
from which the probability of finding the electron at a certain radius r can be calculated. The radial (bound and
free) wave functions Rnl(r) and Fkl(r) can be calculated solving the radial Schrödinger equation for an electron in a
potential of Z protons plus centrifugal correction[ d2

dr2 −
l(l + 1)

r2 +
2Z
r
+

{ −Z2/n2

k2

}]{ Rnl(r)
Fkl(r)

}
= 0 (2.25)
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2.2.1 Hydrogen

where k2 is the energy of the unbound electron in units of IH =13.6 eV. For hydrogen the core consists of a single
proton and therefore Z has to be set equal to one.

Once the radial wave functions are known, the radiative rate for a transition between quantum state n, l and n′, l′

can be obtained from Equation 2.16 by spherical integration and is given by (e.g. Gordon 1929, Green et al. 1957)

Anln′l′ =
8π2ν3

3ε0c3~
4πε0e2a2

0
l>

2l + 1

∣∣∣∣ ∫ ∞

0
Rn′l′Rnlrdr

∣∣∣∣2 (2.26)

where l> is the maximum of l and l′. There is an analytic solution for the integral (e.g. Gordon 1929):

∣∣∣∣ ∫ ∞

0
Rn′l′Rnlrdr

∣∣∣∣2 = { (−1)n′−l

4(2l − 1)!

√
(n + l)!(n′ + l − 1)!
(n − l − 1)!(n′ − l)!

(4nn′)l+1(n − n′)n+n′−2l−2

(n + n′)n+n′

×
[
2F1

(
− n + l + 1,−n′ + l; 2l;−

4nn′

(n − n′)2

)
−

(n − n′

n + n′
)2

2F1

(
− n + l − 1,−n′ + l; 2l;−

4nn′

(n − n′)2

)]}2

(2.27)

with 2F1 the hyper-geometric function (see Gordon (1929), Whittaker & Watson (1958) , page 293). To obtain
recombination rates one has to calculate the ionisation coefficients first. The radiative ionisation cross-sections can
be calculated by (e.g. Burgess 1965)

σI
nl(k

2) =
(4παa2

0

3

) n2

Z2

∑
l′=l±1

l>
2l + 1

(1 + n2κ2)g(n, l; κ, l′)2 (2.28)

defining κ = k/Z ( = k; Z = 1 for hydrogen), the analytic expression for photo-ionisation cross section is given by

g(n, l; κ, l′ = l ± 1) =
(
π

2
(n + l)!

(n − l − 1)!(1 − e−2π/κ)

l′∏
s=0

(1 + s2κ2)
)1/2( 4n

1 + n2κ2

)l<+1

×
exp[− 2

κ
arctan(nκ)]

4n2(2l ± 1)!
Y±

(2.29)

with

Y+ = η
(n − η
n + η

)n−l[
2
F1

(
l + 1 − n, l − η; 2l + 2;

−4nη
(n − η)2

)
−

(n + η
n − η

)2

2
F1

(
l + 1 − n, l + 1 − η; 2l + 2;

−4nη
(n − η)2

)]
Y− =

(n − η
n + η

)n−l−1[
2
F1

(
l − 1 − n, l − η; 2l;

−4nη
(n − η)2

)
−

(n + η
n − η

)2

2
F1

(
l + 1 − n, l − η; 2l;

−4nη
(n − η)2

)]
(2.30)

with η = i/κ and the generalised hyper-geometric function 2F1(a1, a2; b; z) Whittaker & Watson (1958). Equa-
tion 2.30 can in principle be computed numerically. However a numerical computation of the generalised hyper-
geometric function is difficult for complex arguments, which occur for the free electron wave functions. It is
therefore more convenient to calculate the g(n, l; κ, l′ = l ± 1) using a recursion technique (Burgess 1965)

2n
√

[n2 − (l − 1)2][1 + l2κ2]g(n, l − 2; κ, l − 1) = [4n2 − 4l2 + l(2l − 1)(1 + n2κ2)]

× g(n, l − 1; κ, l) − 2n
√

[n2 − l2][1 + (l + 1)2κ2]g(n, l; κ, l + 1)

2n
√

[n2 − l2][1 + (l − 1)2κ2]g(n, l − 1; κ, l − 2) = [4n2 − 4l2 + l(2l + 1)(1 + n2κ2)]

× g(n, l; κ, l − 1) − 2n
√

[n2 − (l + 1)2][1 + l2κ2]g(n, l + 1; κ, l)

(2.31)
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Figure 2.1.: Radial electron wave-functions of O  3s, 3p and 3d obtained by the QDM (Maurer & Mazzali 2010). The
QDM wave functions are expected to become accurate at r >∼ 1. Unless there is strong term cancellation in the transition
integrals, the contribution from r < 1 is weak and the atomic data obtained by the QDM are quite accurate. For most
excited states (n >

∼ 4) the transition rates agree to 10% and better with the values obtained from numerical calculations.
In the worst case the rates differ by less than 40%.

using starting terms

g(n, n − 1; 0, n) =
√

π

2(2n − 1)!
4(4n)n exp(−2n)

g(n, n − 1; κ, n) =

√ ∏n
s=1(1 + s2κ2)

1 − exp(−2π/κ)
exp[2n − 2κ−1 arctan(nκ)]

(1 + n2κ2)n+2 g(n, n − 1; 0, n)

g(n, n − 2; κ, n − 1) =
1
2

√
[2n − 1][1 + n2κ2]g(n, n − 1; κ, n)

g(n, n − 1; κ, n − 2) =
1

2n

√
1 + n2κ2

1 + (n − 1)2κ2
g(n, n − 1; κ, n)

g(n, n − 2; κ, n − 3) =
4 + (n − 1)(1 + n2κ2)

2n

√
2n − 1

1 + (n − 2)2κ2
g(n, n − 1; κ, n − 2)

(2.32)

which constitute a complete set and are therefore sufficient to compute g(n, l; κ, l′ = l ± 1) for any value of n, l, κ, l′.

2.2.2. Oxygen

As in classical physics, the description of systems of more than two particles becomes promptly complicated also in
quantum mechanics. While analytic solutions are available for a large variety of hydrogenic processes, atoms with
more than one electron have to be treated numerically or in approximation.

Although a numerical treatment can give the most accurate results, such a description can become arbitrarily
complicated and constitutes its own field of physics. A commonly used numerical method is that developed by
Hartree and Fock. It is an ab-inito method, which needs no experimental data by solving the atomic equations
iteratively. It can be shown that the energy of an atomic system becomes smaller the better the approximation of its
states, which gives the iteration criterion. The atomic states (electrons) contribute to an effective potential, which in
turn determines the atomic states. This can be repeated until the solution has converged. Since the method uses an
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2.2.2 Oxygen

effective potential, its accuracy has theoretical limitations (Hartree-Fock limit). More recent attempts try to improve
the degree of approximation by including electron-electron correlations, but there is no exact solution yet. Typical
errors on radiative rates obtained by such numerical calculations are of the order of 5 − 10 %.

A method which is less time demanding in its implementation (but less accurate) is an analytic approximation of
the problem, called Quantum Defect Method (QDM) (e.g. Bates & Damgaard 1949, Seaton 1958). To derive the
QDM solution it is assumed that the atom consist of one electron only and an ’effective’ core consisting of protons,
neutrons and all the other electrons of the atom. Therefore the problem reduces to a two body problem again and
one can hope for an analytic solution.

The potential of this ’effective’ core converges against its asymptotic form r−1 at large radii and the system can be
described in a similar way to hydrogen in this region however with different energy levels owing to the (unknown)
structure of the core potential. These energy levels can be determined in experiments and can be used to compensate
for the lack of knowledge of the core potential.

The goal of a mathematical description of an atomic system must be the determination of the wave functions of
all the atomic states (see Figure 2.1), since from those the atomic processes can be calculated (see Section 2.1). In
QDM it is assumed that the potential of the atom can be approximated as a Coulomb term plus some additional
term which falls to zero at radii larger than r0. At large radii the atom can be described by the differential equation
(Schrödinger equation) of hydrogen, which can be solved analytically, however with different boundary conditions.
Therefore the wave functions of the atom at large radii have the same periodicity, but a different amplitude and
phase than the hydrogenic solutions. It has been shown that in the limit r → ∞ the new amplitude and phase
can be expressed as functions of the quantum defect µnl = n − νnl defined as the difference of real and effective
main quantum numbers n and ν2nl =

RZ2

Enl
(R means the Rydberg constant here). This allows an exact solution of

the problem at large and an approximate solution at small radii (the accuracy decreasing with decreasing radius). It
cannot be justified from first principles that this approximation is accurate, but comparison with experimental data
and numerical calculation indicates reasonable agreement.

At large radii the bound radial wave functions of hydrogen can be expressed by the Whittaker function (e.g. see
Chap. XVI, Whittaker & Watson 1958, Seaton 1958, Burgess & Seaton 1960) Wa,b(c). For effective main quantum
numbers ν an approximate solution is given by

Rnl(r) = Z1/2K(ν, l)Wν,l+1/2(2Zr/ν) r >> 1 (atomic units) (2.33)

where
K(ν, l) = [ζ(ν)ν2Γ(ν + l + 1)Γ(ν − l)]−1/2 (2.34)

with (ε = ν−2)

ζ(ν) = 1 +
2
ν3
∂µ(ε)
∂ε

(2.35)

At large radii the Whittaker function has the asymptotic form Burgess & Seaton (1960)

Wν,l+1/2(2Zr/ν) ∼
(2Zr
ν

)ν
exp

(
−

Zr
ν

) t0∑
t=0

bt(ν, l)(Zr)−t (2.36)

where b0 = 1 and

bt =
ν

2t
[l(l + 1) − (ν − t)(ν − t + 1)]bt−1 (2.37)

For ν = n = (l + 1), (l + 2), .. the series terminates at t0 = n − l (bt0 = 0) and is then equal to the exact hydrogenic
eigenfunction Burgess & Seaton (1960). For non-integer values of ν a suitable choice of t0 can lead to an accurate
approximation of the radial wave function. The two zero points of bt are given by

t1,2 =
1
2

[(1 + 2ν) ± (1 + 2l)] =
{ ν + l + 1
ν − l (2.38)

However, since t must be an integer, bt will not become 0 at all. Therefore t0 is set to the integer closest to the
second zero point, given by

νnl + l < t0,nl ≤ νnl + l + 1 (2.39)
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The wave functions obtained by this series expansion will be inaccurate at small radii but rather exact at r � 1
(atomic units). After calculating the radial wave functions the radiative transition rates can be obtained similar to
hydrogen

Anln′l′ =
8π2ν3

3ε0c3~
4πε0e2a2

0C′
∣∣∣∣ ∫ ∞

0
Rn′l′Rnlrdr

∣∣∣∣2 (2.40)

Because of the ground state electrons (which are not present in hydrogen) the statistical factor C′ Burgess & Seaton
(1960) of the transition has to be evaluated differently. For atoms which have all their shells, but the excited state,
closed or empty (as hydrogen for example) C′ is given by

C′ =
l>

2l + 1
(2.41)

If there is a non-zero ground state term S ′′L′′ and the electron nlS L makes a transition to n′l′S ′L′ then

C′L′ = (2L′ + 1)W2
R(ll′LL′; 1L′′)l> (2.42)

where WR means a Racah coefficient Racah (1942). As long as the radial integral does not depend on L′ (or if there
is only one possible L′), the statistical factor can be calculated as the sum

C′ =
∑

L′
C′L′ =

l>
2l + 1

(2.43)

Finally, if the transition involves a populated state itself (e.g. the ground state) and is therefore of the type nlqS L to
nlq−1S ′′L′′n′l′S ′L′ then

C′(lqS L→ lq−1S ′′L′′l′S L′) = (2l + 1)(2L′ + 1)W2
R(ll′LL′; 1L′′)C(lqS L→ lq−1S ′′L′′l′) (2.44)

where C(lqS L → lq−1S ′′L′′l′) is for example tabulated in Burgess & Seaton (1960). For neutral oxygen almost all
the electrons are in the 2p4(3P) state, while for excited or singly ionised oxygen the 2p electrons are to about 100%
in the 2p3(4S ) state. The C′ coefficients for transitions 2p4(3P)→ 2p3(4S ) into excited (or unbound) s and d levels
are 4/9 (2p4(3P) to 2p3(4S )n, [l = 0] levels) and 8/9 (2p4(3P) to 2p3(4S )n, [l = 2] levels).

The QDM can also be used to evaluate recombination rates. First, one has to calculate the free radial wave
functions Fnl. The recombination rates can then be calculated as described in Section 2.1. The quantum defect
µ(ε) of a free electron (with continuous energy ε) in the presence of a core potential is obtained by an interpolation
between the quantum defects µnl at the eigenvalues of the system at discrete values εnl (e.g. Seaton 1958). The
quantum defect causes a shift δ(ε) ∼ πµ(ε) (Seaton 1958) in the phase of the free-electron wave function.

The free wave functions have the asymptotic forms Burgess & Seaton (1960)

Fk,l′ (r) ∝ k−1/2 sin[x(r) + πµ] , r → ∞

Fk,l′ (r) ∝ (Zr)l′+1 , r → 0
(2.45)

where
x = kr −

1
2

lπ +
Z
k

ln(2kr) + argΓ(l + 1 − iZ/k) (2.46)

An approximation of the free wave function is found in the QDM Burgess & Seaton (1960) by setting

Fk,l′ (r) = Z−1/2[G(ε, l′,Zr) cos πµ(ε) − H(ε, l′,Zr) sin πµ(ε)] (2.47)

where
G(ε, l′,Zr) =

(πA′
2

)1/2
y′1 (2.48)

and
H(ε, l′,Zr) = [1 − exp(−τl′Zr)]2l′+1

( π
2A′

)1/2
y′3 (2.49)

and the Coulomb functions y′1 and y′3 (Seaton 1958), which are analytic solutions of the hydrogenic Schrödinger
equation. The normalisation factor A′ is given by

A′ = [1 + εl′2][1 + ε(l′ − 1)2]..[1 + ε] (2.50)
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and the cut-off factor τl′ is introduced in order to suppress the divergent behaviour of y′3 at radii smaller than
∼ l′(l′ + 1)/(2Z) and is therefore set to

τl′ ∼
10

l′(l′ + 1)
(2.51)

The free-electron wave functions obtained by the QDM (Equation 2.47) behave as Fnl ∝ (Zr)l′+1 at the origin and as
Fnl ∝ k−1/2 sin(x+πµ) at large radii and therefore have the correct asymptotic forms in the limits r → 0 and r → ∞.
After the free and bound wave functions have been calculated, the ionisation cross-sections are given by Burgess &
Seaton (1960)

σI
nl(k

2) =
4παa2

0

3
(I + k2)

∑
l′=l±1

Cl′

∣∣∣∣ ∫ ∞

0
RnlFk,l′rdr

∣∣∣∣2 (2.52)

where the coefficients C′ have to be chosen as described above.

2.3. Collisional Processes & Data

Collisional processes can also be described by quantum mechanics, but the problem is more complicated than for
radiative processes. For this thesis the collision of thermal and non-thermal electrons with bound and free electrons
is most important. Since these processes involve more than two particles no strictly analytic treatment is possible.
However, under certain conditions approximate solutions can be found.

Since these approximations are inaccurate, the problem is solved by experiments and elaborate numerical cal-
culations in general. Fortunately, atomic data for most collisional processes relevant in the nebular phase of a
supernova are available in the literature in the form of experimental and numerically calculated data compilations
and fit functions.

However, to gain some insight into the collisional processes important for this work it is instructive to study
electron-atom collisions by calculating their differential and total cross-sections In(θ, φ) and σn (Mott & Massey
1950). In this section a high-energy limit of these cross-section is derived, which will be important in Section 3.3.3
for calculating the non-thermal electron ionisation and excitation of SN nebulae.

It is assumed that the energy of the incident electron moving in direction n0 is high k0 = 2πmv0/h compared to
the typical binding energy of the atom and therefore the state of the incident electron F0 is hardly influenced by the
atomic potential (Born approximation). Its (free) wave function is then given by (Mott & Massey 1950, page 137)

F0 ∼ eik0r (2.53)

After scattering the (bound) atomic electron to state n (unbound states included) the incident electron is described
by the new wave function

Fn ∼ r−1eiknr fn(θ, φ) (2.54)

which again describes a free electron, however with some angular diffraction. The probability per unit time for an
incident electron to scatter the bound electron to state n and to be found in a unit angle dω = sin θdθdφ at coordinates
θ, φ is

Pn(θ, φ) =
d
dt

∫
V
|Fn|

2dV

=

∫
θ,φ

| fn(θ, φ)|2r−2 vn
Vn

dS

=

∫
θ,φ

| fn(θ, φ)|2
vn
v0

v0
Vn

dω

(2.55)

where v0 and vn are the velocities of the incident and scattered electron, respectively. The differential cross-section
for scattering an electron to state n is then given by

In(θ, φ) =
Vn

v0

d
dω

Pn(θ, φ) =
vn
v0
| fn(θ, φ)|2 (2.56)
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The total cross-section for scattering an electron to state n is obtained by angular integration of the differential
cross-sections

σn =

∫ 2π

0

∫ π

0
In(θ, φ)dω (2.57)

The radial wave function Φ of the two electron system (incident and atomic electron) is a solution of[ h2

8π2me
(∇2

r + ∇
2
R) +

ε2

|r|
+
ε2

|R|
−
ε2

|r − R|
+ E

]
Φ = 0 (2.58)

where r denotes the atomic and R denotes the incident electron. Writting Φ(r,R) =
∫

nΦn(r)Fn(R) with Φn (n
denotes all the bound and free states) the proper states of the hydrogen atom and combining Equation 2.58 with the
Schrödinger equation of the hydrogen atom, multiplying by Φ∗n(r) and integrating over the radial coordinate of the
bound electron one obtains[ h2

8π2me
∇2

R + E − En

]
Fn(R) =

∫ ( ε2

|r − R|
−
ε2

|R|
)
Φ(r,R)Φ∗n(r)dr

≡

∫
V(r,R)Φ(r,R)Φ∗n(r)dr

(2.59)

Using the Born approximation Φ0(r,R) = Φm(r)F0(R) = Φm(r) exp(ik0n0 · R) one can write[ h2

8π2me
∇2

R + E − En

]
Fn(R) =

∫
V(r,R)eik0n0·RΦmΦ

∗
n(r)dr (2.60)

which is solved by (Mott & Massey 1950, page 138, 224)

Fn ∼ r−1eiknr 2πme

h2

"
V(r,R)e−i(kmnnmn−k0n0)RΦm(r)Φ∗n(r)drdR = r−1eiknr fn(θ, φ) (2.61)

where k0n0 and kmnnmn are momentum vectors of the incident and the scattered electron. The differential cross
section In(θ) is then given by

Imn(θ) =
4π2m2

e

h4

kmn

k0

∣∣∣∣∣∣
"

V(r,R)ei(kmnnmn−k0n0)RΦm(r)Φ∗n(r)drdR
∣∣∣∣∣∣2 (2.62)

Substituting

exp[i(kmnnmn − k0n0)R] = exp(iKX)

K = |kmnnmn − k0n0| = (k2
0 + k2

mn − 2k0kmn cos θ)1/2

KdK = k0kmn sin θdθ

(2.63)

and using (Mott & Massey 1950, page 226)∫
V(r,R)eiKXdR = ε2

∫
eiKX

|R − r|
dR =

4πε2

K2 eiKx (2.64)

one can write

Inm(K)dK =
128π5m2

eε
4

k2
0h4

dK
K3

∣∣∣∣ ∫ eiKxΦmΦ
∗
ndr

∣∣∣∣2
=

128π5m2
eε

4

k2
0h4

dK
K3

∞∑
j=0

K2 j|
∫

x jΦmΦ
∗
ndr|2

j!

(2.65)

The total cross section is given by

σmn(k0) =
∫ Kmax

Kmin

Imn(K)dK (2.66)
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assuming k0 ∼ kmn (high energy approximation)

k2
0 = k2

mn +
8π2me

h2 (En − Em)

kmn ∼ k0 −
4π2me

k0h2 (En − Em)

Kmax = k0 + kmn ∼ 2k0

Kmin = k0 − kmn ∼
4π2me

k0h2 (En − Em)

(2.67)

For dipole-allowed transitions the j = 1 term of Equation 2.65 is dominant and the total cross-section is approxi-
mately given by (Mott & Massey 1950, page 241)

σmn '
64π5m2

eε
4

k2
0h4

|xmn|
2 ln

2mev
2
0

En − Em
(2.68)

where |xmn|
2 is one-third of the mean square radius of an electron in the state m. If the transitions proceeds by the

quadrupole moment j = 2 then

σmn '
128π7m3

eε
4

k2
0h6

|x2
mn|

2|Em| (2.69)

Because of the logarithmic energy dependence in Equation 2.68 the total-cross sections of dipole-allowed transitions
fall off weaker with energy than that of dipole-forbidden transitions. Therefore, for collisional excitation by highly
energetic electrons only dipole-allowed transitions are excited efficiently, which will be useful in Sections 5 & 6.

From Equation 2.68 one can see that the ionisation cross-section for highly energetic electron collisions has the
form

σi
n =

A

mev
2
0

ln
(mev

2
0

B

)
(2.70)

which is closely related to the Bethe loss-function. These high-energy forms of the ionisation cross-section and the
Bethe loss-function are used in Section 3.3.3. In principle A and B can be calculated in approximation but these
calculations are usually not sufficiently accurate. AlternativelyA and B can be obtained from fitting Equation 2.70
to experimental data at energies of ∼ 104 keV.

The interaction of highly energetic electrons with a thermal electron plasma can also be written in the form of
Equation 2.70 (e.g. Axelrod 1980). In this case B does not depend on the energy of the atomic levels but on a
characteristic energy of the electron plasma, which depends on the electron density.

To calculate the collisions of thermal electrons with bound electrons one cannot use the Born approximation, since
the electron velocities are low and the incident electron is influenced by the atomic potential significantly. Starting
with Equation 2.59, which is also valid for low energetic collisions one has to make assumptions about Φ(r,R). The
problem becomes quite complex (Mott & Massey 1950). Although analytic approximations exist, the problem is
usually solved numerically.
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3. The Nebular Phase

3.1. Nebular Physics

Many physical processes contribute to the formation of SN nebular spectra. Some of these processes are of dominant
importance and a physical description of the SN nebular phase becomes pointless neglecting one of those. Others
are less important and can be considered as corrections to the dominant processes or become important under certain
conditions only.

The dominant processes are radioactive heating by the decay of 56Co, non-thermal electron ionisation, radiative
recombination, thermal electron (de-) excitation, radiative de-excitation, self-absorption and Doppler-broadening.
These processes have been discussed in Section 2 or are explained below.

Less important effects are the ejecta geometry and mixing (three-dimensional effects) or clumping of the ejecta,
shock interaction, heating by various radio-active isotopes (e.g. 56Ni, 57Ni, 57Co, 44Ti) or other energy sources
(recombination, compact objects), positron energy deposition, thermal electron ionisation, photo-ionisation & ex-
citation, collisional and di-electronic recombination, charge-exchange reactions, non-thermal electron excitation,
line-scattering, continuum destruction, the population of excited states by recombination, two-photon transitions
and electron scattering. This list is certainly not complete, but all effects worth consideration are probably men-
tioned. None of the less important processes is explained here, but some of them are elucidated later, if necessary.
Here the formation of nebular spectra is explained qualitatively [see (Axelrod 1980) for a more quantitative descrip-
tion] based on the dominant processes.

Directly after the explosion most of the radioactive material of SNe exists in the form of 56Ni, which decays to
56Co with a mean lifetime of 8.77 days. By the transition to the nebular phase, about 100 days later, almost all 56Ni
has decayed to 56Co. In SNe II-P a lot of the emitted energy comes from hydrogen recombination, but at the time
of the nebular phase, radioactive decay is the dominant source of energy. Under certain conditions, shock heating
may also be important, and in principle the SNe could be powered by other radio-active isotopes like 57Ni, but for
most of the SNe observed so far it has been sufficient to consider heating by 56Co.

56Co decays to 56Fe with a mean lifetime of 111.37 days by transforming a proton into a neutron. About 81%
of the decays are induced by orbital electron capture, while about 19% are by positron emission. Directly after the
transition from 56Co to 56Fe the atomic core is in an excited state, which decays to the ground state by emitting
γ-rays of various energies (0.26 − 3.6 MeV) with an average energy of 3.61 MeV per decay (e.g. Milne et al. 1999).
The positrons, which are released in about every fifth decay carry on average about 0.63 MeV of kinetic energy.
Most of this energy is lost to the SN gas by positron-electron collisions before the positrons annihilate with electrons
[at Ekin ≤ 10 keV (e.g. Higdon et al. 2009)] and release two or three photons with a total energy of ∼ 1.02 MeV.
Since only 19% of all decays emit a positron the total energy of one 56Co decay is on average distributed 92.0% in
direct γ-rays, 3.1% in positron kinetic energy and 4.9% annihilation γ-radiation. Since most of the energy is emitted
in γ-rays the contribution from positrons is insignificant as long as γ-rays deposit their energy in the gas efficiently
(during the first few hundred days).

The situation changes at late times (several hundred days) when almost 100% of all γ-rays can escape. In this
case most of the SN energy is provided by positron kinetic energy deposition. Unfortunately, this process is very
sensitive to magnetic fields in the supernova envelope, since they greatly influence the paths of charged particles.
Often, it is assumed that the positron kinetic energy is deposited completely, since rather weak magnetic fields are
sufficient to trap all the positrons inside the SN volume. The cyclotron radius of a positron is given by

rc =
γvmβc

qB
= 1.694 × 103 γ

√
1 − γ−2

B[G]
[cm] (3.1)

with

γ = 1 +
Ekin

mβc2 (3.2)
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For typical positron kinetic energies of Ekin ∼ 1 MeV and typical magnetic field strengths of the interstellar gas
of B ∼ 10−6 G the cyclotron radius is ∼ 1010 cm, which has to be compared to the typical radius of the supernova
∼ 1016 cm (at 100 days after explosion, assuming a typical supernova velocity of ∼ 109 cm s−1).

However, radially combed magnetic fields may have quite the opposite effect and could even increase the escape
fraction of positrons as they guide the positrons out of the supernova volume. Not much is known about the magnetic
fields in SNe and therefore the deposition fraction of positrons is highly uncertain (e.g. Milne et al. 1999). Anyhow,
at the epochs of interest for this work, positron energy depositions remains a second-order effect.

As the 56Co decay γ-rays propagate through the gas, they are Compton-scattered on free and bound electrons. By
this scattering process high energetic electrons are produced, which lose most of their energy by electronic (plasma
losses) and atomic collision processes (ionisation, excitation). The dominant ionisation process in the nebular
phase are these non-thermal electron collisions. Under certain conditions, photo-ionisation can become a dominant
process (e.g. Maurer et al. 2010), but usually it can be neglected.

Since the cross-sections for electron-electron collisions increases strongly at low electron energies, the electrons
thermalise at low energies. From this thermal pool electrons (de-) excite and recombine to the various ions of the
SN gas. Important for both processes are the electron density and temperature. Thermal electron collisional rates
increase proportionally to the electron density and also increase with temperature. Radiative recombination rates,
which are the most important ones at typical nebular temperatures and densities also increase proportionally to the
electron density, but decrease with temperature. During the nebular phase the gas is in ionisation and in thermal
equilibrium (e.g. Axelrod 1980).

Electrons in excited states reach the ground state by thermal electron collisions or radiative transitions. Since
the ground states are strongly populated in the nebular phase, most photons are absorbed several times before they
can leave the SN volume. This effect is called self-absorption. Self-absorption is important for the formation of
nebular spectra, since it increases the chance that an excited state is depopulated by electron collisions (producing
no radiation, but heating the electrons) and not by photon emission.

Since supernovae expand homologously (the velocity of the ejecta increases constantly from the inside to the
outside), absorption processes can be described by the Sobolev approximation (e.g. Sobolev 1960, Rybicki & Hum-
mer 1978, Jeffery 1993). In this approximation it is assumed that a photon interacts with any line only in a small
resonance region with constant physical properties, where it is Doppler-shifted into resonance with that line. This
approximation is valid as long as the resonance region is sufficiently small that its physical properties (temperature,
densities and occupation numbers) do not vary greatly. This means that the thermal velocity of the SN gas must be
significantly lower than the characteristic velocity scale of the variation of these quantities. In the nebular phase the
gas temperature is about 5000K and therefore the thermal velocity of the atoms and ions is about 1 − 10 km s−1.
On the other hand, a typical velocity scale of temperature, density and occupation number variations is 103 km s−1.
Therefore the conditions for the applying the Sobolev approximation are fulfilled in the nebular phase of SNe (e.g.
Jeffery 1993).

Since electron density and temperature play the central role for the formation of nebular phase spectra, their
physical description must aim on the calculation of these two quantities.

3.2. The One-Dimensional Nebular Code

The three-dimensional nebular code (NC3D) developed in this thesis is an advancement of the nebular code of Maz-
zali et al. (2001, 2007) (NC1D), which in turn is based on the work of Axelrod (1980) and Ruiz-Lapuente & Lucy
(1992). The improvements include an implementation of a full three-dimensional structure, an improved treatment
of radioactive heating and ionisation, the population of excited states by recombination, two-photon transitions of
hydrogen and helium (unimportant for other elements), photo-ionisation of hydrogen (important under special con-
ditions only) and a general treatment of line-scattering. These modifications are presented in Sections 3.3, 4, 5 and
6.

Since the general scheme of NC1D and NC3D is identical, we describe NC1D in this section in detail. The
code is available in a one-zone and a shell version and has widely been used in the literature (e.g. Mazzali et al.
2007, Maeda et al. 2008, Silverman et al. 2009, Gal-Yam et al. 2009). In the one-zone version, the SN ejecta are
approximated as a sphere of homogeneous density and compositions, while in the shell version several shells with
different compositions and densities can be defined in spherical symmetry. To understand the concept of NC1D it
is sufficient to look at the one-zone version.
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3.2 The One-Dimensional Nebular Code

Figure 3.1.: Scheme of the nebular code. After the energy deposition has been calculated the electron density ne and
temperature Te are iterated until the integrated luminosity of the synthetic spectrum LSpec equals the deposited luminosity
LDep.

NC1D can treat radioactive heating of the SN ejecta by 56Ni, 56Co, 57Ni and 57Co. The deposition process
(Compton-scattering of γ-rays and cascading of high-energetic electrons) is not treated explicitly, but is calculated
by computing a density dependent deposition fraction (Axelrod 1980). In the shell version this effective treatment
of deposition is combined with a Monte Carlo treatment to calculate the γ-ray transport between different shells.

NC1D can treat the neutral and first ionisation state of C, N, O, Ne, Na, Mg, S, Si, Ar and Ca, as well as the first
and the second ionisation state of Fe, Co and Ni.

The ionisation rate Y is determined by assuming that certain fractions of the energy deposited in each shell are
lost to ionise the various elements. In NC1D these fractions were computed using an analytic formula, which
however underestimated the ionisation rates of light elements like carbon and oxygen by roughly a factor of ten.
The estimate of the ionisation rate of heavier elements like calcium and iron was more accurate (Maurer & Mazzali
2010, Mazzali et al. 2010). Radiative and di-electronic recombination are considered, but the population of excited
states by recombination is neglected. The recombination rates R depend on the electron density ne and temperature
Te and are taken from the literature.

An iterative scheme is used (see Figure 3.1). After the deposited energy and the non-thermal electron ionisation
rates have been evaluated, the ionisation equilibrium equations are solved using an initial guess for the electron
density and temperature

Yn[I] = R(Te)nen[II] (3.3)

where nI,II are the densities of the lower and upper ionisation state.
This calculation determines the degree of ionisation of the SN gas and therefore its free-electron density. The

nebular emission is predominantly produced by thermal-electron excitation of forbidden lines. Since these rates
depend on the electron density and temperature, the electron temperature can be calculated for a given electron
density by balancing the energy emitted by all the excited lines with the deposited luminosity.

To calculate the emission of an ion one has to solve the equation system for the fractional population of all the
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treated states qj of an ion

0 = q̇j = −qj

∑
k

(Ajk +Cjk) +
∑

k

qk(Akj +Ckj)

1 =
∑

j

qj
(3.4)

where A and C are the radiative and collisional transition rates respectively. Equation 3.4 can be written in the form
Ax = B, which is a linear matrix problem and can be evaluated by an appropriate matrix solver. Calculating all
the excited state populations, one obtains the emitted luminosity for the old combination of electron density and
temperature. This luminosity has to be compared to the deposited luminosity, which gives the iteration criterion.
If the emitted luminosity is lower than the deposited luminosity one has to increase the electron temperature and
vice versa. The new electron density and temperature (which influence the recombination rates) can be used to
recalculate the ionisation equilibrium. Each cycle produces a new pair of electron density and temperature, which
converges after a few iterations only (see Figure 3.1).

Since an analytical solution for the emission profile of a spherical shell of uniform density is available (see Section
3.3), the emission line profiles can be calculated directly as soon as the line luminosities have converged. Therefore,
for a given model, the spectra can be calculated from velocity, density and composition information. One can turn
this around and try to obtain these quantities from fitting the nebular spectra of an observed SN. This process is
called ’nebular modelling’.

To derive a model for an observed SN one can start with an initial guess for the ejecta structure and composition
and can then compare the resulting synthetic spectra to the observations. Since the line emission depends on the
density of the emitting material and since the velocity can be derived from the line profiles (see Section 3.3), one
can obtain the SN properties by iteratively modifying this initial guess until a good reproduction of the spectra is
obtained. If the distribution of 56Ni is known exactly, such a model is unique under the assumption of spherical
symmetry. To infer the 56Ni distribution, one can study the various Fe-group lines, which can however be difficult
since these lines are often blended and the Fe-group collisional data are affected by significant uncertainties. More
constraints on the 56Ni distribution can be derived from modelling a series of spectra over (several) hundred days,
which demands an accurate guess of the ’real’ 56Ni (and other ejecta) distribution, since otherwise the luminosity
and line ratio evolution would not be reproduced correctly.

3.3. The Three-Dimensional Nebular Code

3.3.1. Three-dimensional heat transport

As in NC1D the heat transport in NC3D is done by a Monte Carlo routine. Using a Monte Carlo approach one can
calculate the influence of a chain of probabilistic processes on a large number of particles by explicitly following
a subset of these particles to a representative set of final states. The particle set has to be large enough to cover all
relevant outcomes of the chaining with a statistical significant number of events.

In the nebular phase of SNe most of the emitted energy is deposited in the ejecta by Compton scattering of γ-
rays (see Section 3.1). Compton scattering has an angle and energy dependent probability. The γ-rays emitted
by the radioactive decay must be bundled up to packets containing several γ-rays of the same energy to reduce
the computational time. These energy packets are propagated through the SN envelope to calculate the energy
deposited in each cell. The chance to scatter a package is determined by the energy of the corresponding γ-rays
and by the density and the size of the cell. From all the possibilities (there is also a chance of no scattering) one
is chosen randomly according to the corresponding physical probabilities. The size of the packets determine the
computational time and the accuracy of the calculation since the number of packages is inversely proportional to
the package size. In the nebular code the package size is chosen to guarantee an error of less than 1% on the energy
deposited in each cell.

To calculate the absorption probability of a Monte Carlo energy packet, it is necessary to calculate the distances
between the energy packet and the walls of the grid cell (at Rmin,max, θmin,max, φmin,max), containing the energy packet,
along the line of energy packet propagation. This distance can be calculated by equating the sum of the position
vector P and the directional unit vector E times the distance D from the walls W of the cell and then solving for the
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3.3.2 Three-dimensional line profiles

distance.
W = P + DE (3.5)

We decided to use a spherical grid (a Cartesian grid had been another possibility and the choice was arbitrary). The
distances to the walls of the cell at Rmin,max is given by

DR = −P · E ±
√

(P · E)2 − P2 + R2 (3.6)

with R = Rmin,max.
The distances to the θmin,max walls of the cell is given by

Dθ =
−P∗E ±

√
(P ∗ E)2 − (P ∗ P)(E ∗ E)

E∗E
(3.7)

with a*b ≡ aZbZ tan2 θ − aYbY − aXbX and θ = θmin,max if Z ≥ 0 and θ = θmin,max − π if Z < 0.
The distances to the φmin,max walls of the cell is given by

Dφ =
PY − PX tan φ
EX tan φ − EY

(3.8)

with φ = φmin,max if Y ≥ 0, X ≥ 0, φ = φmin,max − π if X < 0 and φ = φmin,max − 2π if Y < 0, X ≥ 0. After
determining the distance to the cell boundaries, a Monte Carlo routine can be used to decide whether the energy
packed is absorbed or propagates into a neighbouring cell.

3.3.2. Three-dimensional line profiles

Figure 3.2.: A synthetic spectrum calculated for a spherical symmetric ejecta configuration of a SN Ic derived in Section 4
by nebular modelling. The calculation was performed with the 1D code in the stratified version (black) and the 3D code
(red) using Equation 3.13 for comparison. The 3D resolution used is ∼ 1000 cells. The agreement is excellent.

The formation of line profiles in spherical symmetric geometry is for example described in Axelrod (1980) and
can be easily implemented in a code, since an analytic expression can be found for the line profile of a spherical
shell.

In three dimensions an analytical solution can be found for the special case of polar observation (θ = 0). The
important process for line profile formation during the nebular phase is the Doppler shift caused by the relative
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Figure 3.3.: An artifical three-dimensional test model with ∼ 1000 cells observed from three different angles [(θ = 0◦, φ =
0◦) top, (θ = 90◦, φ = 0◦) middle, (θ = 23◦, φ = 86◦) bottom]. The line profiles obtained from Equation 3.13 are shown in
black, the ones obtained by the Monte Carlo routine in red. The agreement is excellent. The model was designed to show
very strong asymmetries to allow a meaningful comparison of both methods.

motion of the emitting regions and the observer. Assuming constant density within one cell the line profile Φ(ν) of
an individual cell can be calculated by

Φ(ν) = A
∫ Rmax

Rmin

r2dr
∫ µmax

µmin

dµ
∫ φmax(µ)

φmin(µ)
δ(ν − ν∗(r, µ))dφ

= A
∫ Rmax

Rmin

r2dr
∫ µmax

µmin

∆φ(µ)δ(ν − ν∗(r, µ))dµ

= A
∫ Rmax

Rmin

r2dr
∫ µmax

µmin

∆φ(µ)δ
(
ν − ν0

[
1 + µ

V(r)
c

])
dµ

= A
∫ Rmax

Rmin

r2dr
∫ µmax

µmin

∆φ(µ)δ
(
ν0V(r)

c

[ c
V(r)

(ν − ν0
ν0

)
− µ

])
dµ

= A
∫ Rmax

Rmin

r2dr
∫ µmax

µmin

∆φ(µ)
c

V(r)ν0
δ(µ − µ∗(r, µ))dµ

(3.9)

with µ = cos θ, ∆φ(µ) = φmax(µ) − φmin(µ), A a normalisation constant and

ν∗(r, µ) = ν0
(
1 + µ

V(r)
c

)
µ∗(r, ν) =

c
V(r)

(ν − ν0
ν0

) (3.10)

where V(r) = V0
Rmax

r (homologous expansion) is the radial velocity of the cell.
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If the observer’s position coincides with the polar axis of the grid, ∆φ(µ) is a constant and one can simplify Equation
3.9 to (absorbing the constants into the normalisation factor A)

Φ(ν) =
{

A
∫ Rmax

Rmin
rdr µmin ≤ µ ≤ µmax

0 else
(3.11)

Defining Rmax ≡ R, Rmin ≡ (1 - hR)R and

x ≡
c

V0

(ν − ν0
ν0

)
=

r
R
µ (3.12)

one finally obtains ( Rx
µmax
≤ r ≤ Rx

µmin
; R(1 − hR) ≤ r ≤ R)

Φ(x) = A
∫ min[ x

µmin
,1]

max[ x
µmax
,(1−hR)]

rdr (3.13)

absorbing R2 into the normalisation factor A. In general, one wants to compute spectra from several different ob-
server positions for the same ejecta model and therefore it is not possible to angle the polar axis of the computational
grid in the direction of the observer.

In this general case, ∆φ(µ) (the cell width along the φ direction relative to the observer), is a complicated function
of µ, the position of the observer relative to the grid and the cell boundaries.To obtain the line profiles the computa-
tional grid is mapped onto a second spherical grid with its polar axis pointing towards the observer. This mapping
basically replaces each cell of the computational grid by a new cell with the same position, volume and physical
properties, however with a new orientation. As long as the number of angular cells is much larger than one, this
approximation produces the correct line profiles.

Alternatively one can use a Monte Carlo approach, which is also useful for calculating the effect of line-scattering.
Packets of photons produced by the various transitions in each computational cell are propagated through the virtual
SN envelope until the packets reach the outer boundary of the computational domain. Line-scattering is imple-
mented in the Sobolev approximation by following each photon packet through all the resonance regions of potential
scattering lines. The Monte Carlo approach needs more computational time and is especially interesting for small
cell numbers, of the order of 1000 or less. For higher grid resolutions the semi-analytical approach described above
is faster and becomes very accurate (see Figure 3.3). Therefore both concepts are useful and are used in different
situations.

3.3.3. The new ionisation treatment

The ionisation of the SN ejecta is mainly caused by non-thermal highly energetic electrons, which are generated in
Compton processes following the decay of 56Co at nebular epochs. Ionisation by thermal electrons is unimportant
at typical nebular temperatures (Te ∼ 5000 K) and photo-ionisation is only important under special conditions (e.g.
see Section 6).

The high energy electrons are scattered by free electrons and atoms, losing energy to the electron plasma and
causing ionisation and excitation. An ionisation reduces the energy of the electron by the ionisation energy of the
atom or ion and the kinetic energy of the freed electron, which can be significantly higher than the ionisation energy.
Therefore, only a minor fraction of the total deposited energy goes into ionisation, while the larger part heats the
thermal electron plasma.

In the nebular code (in previous versions) it was assumed that some constant fraction of the deposited energy
goes into ionisation. This fraction was evaluated by a simple formula. While this approach gave approximately
correct ionisation rates for iron group elements, the ionisation rates for light elements like carbon or oxygen were
underestimated by a factor of ten and more. Since all the light elements are observed by their neutral state (e.g.
O ), which is by far dominant, an inaccurate estimate of the ionisation rate has rather small influence on the mass
estimates.

For example, if the ratio of the O  ionisation to the recombination rate (which equals the ratio of the ionised and
the neutral state) was 0.01 with the old treatment, it is about 0.1 with the new version of the code. The oxygen
mass of SN ejecta is estimated from neutral oxygen in the nebular phase since no O  lines can be identified. Both
versions of the code produce similar estimates of the O  mass. However, the total mass of oxygen estimated also
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depends on the O  fraction. Therefore, in this example the new version of the code estimates a total O mass, which
is about 10% larger than the one obtained with the old version, since there is more O . For the large sample of
CC-SNe presented in Section 4 we find that the total O mass estimate increased by 10 − 40% with the new version
of the code depending on the ejecta configuration (also see Mazzali et al. 2010). Since mass estimates obtained by
the nebular code are in general not expected to be more accurate than 10 − 20% this error was not quite dramatic.

However, when calculating recombination line formation (as done in Section 5), an accurate treatment of the
ionisation becomes important since the strength of the recombination lines depends on the ionisation rates directly.
In this section a more accurate estimate of ionisation rates is described. The ionisation rates can be calculated using
the concept of ’work per ion’ W (e.g. Axelrod 1980), which means the amount of energy which is lost to thermal
electrons while causing one ionisation. The method presented here is based on an ionisation treatment of Axelrod
(1980). The ionisation rate can be calculated directly by dividing the amount of total deposited energy per time and
atom by W

Y =
LDep

NtotW
(3.14)

The work per ion W can be calculated by

W =
Emax∫ Emax

Emin

σ(E′)
Latom(E′)+Lelec(E′) dE′

(3.15)

with the total ionisation cross-section (see Section 2.3; the β = v/c terms result from relativistic corrections)

σ =
2A
β2mec2

∑
i

ni

Pi

[
ln
β2mec2

2Pi(1 − β2)
− β2

]
(3.16)

the loss function due to atomic processes

Latom =
4πe4

β2mec2 Zb

[
ln
β2mec2

1
2 I(1 − β2)

− β2
]

(3.17)

and the loss function due to interactions with the free electron plasma

Lelec =
4πe4

β2mec2 Xe

[
ln

β2mec2

1
2~ωp(1 − β2)1/2

−
1
2
β2

]
(3.18)

Zb is the number of bound electrons and Xe the number of free electrons per ion. The plasma frequency ωp is given
by

ωp =
(4πnee2

me

)1/2
∼ 5.64 × 104n1/2

e [s−1] (3.19)

W is insensitive to the Emax and Emin. For Emax → ∞ the logarithmic terms become increasingly similar and the
high-energy limit is given by

W∞ ∼
2πe4(Zb + Xe)

A
∑

j
qj

Pj

∼ 1.3 × 10−13 Zb + Xe

A
∑

j
qj

Pj

(3.20)

W is basically proportional to the ionisation potential and the normalisation constant of the ionisation cross section,
which are both element dependent. If the SN gas consists of more than one species of ions ’i’ the ’work per ion’ of
each species is given by

Wi =
Emax∫ Emax

Emin

σi(E′)∑
i XiLatom,i(E′)+Lelec(E′) dE′

(3.21)

where Xi =
ni

ntot
is the particle fraction of ion ’i’ and

1
W
=

∑
i

Xi
1

Wi
(3.22)
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which gives

Yntot =
LDep

NtotW
ntot =

∑
i

LDep

NtotWi
Xintot =

∑
i

Yini (3.23)

The normalisation constant A in Equation 3.16 is obtained from fitting the equation to experimental data at 10 keV.
The atomic data (ionisation potentials, collisional cross-sections at 10 keV) necessary to calculate these ionisation
rates are taken from Lotz (1970) and Lennon et al. (1988).
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4. Characteristic Velocities Of Stripped-Envelope
Core-Collapse Supernovae

In Section 3.2 we described the three-dimensional nebular code (NC3D) developed for this thesis. In this section this
code is deployed to study possible ejecta asymmetries and core-velocities for a large sample of stripped-envelope
core-collapse supernovae (SECC-SNe). These SNe are the result of the explosion of bare cores of massive stars,
which lost part of their envelope before collapse and offer a clearer view of their inner ejecta than other SNe which
have retained it. Thus, in this section we exclusively address stripped CC-SNe (Types IIb, Ib, Ic).

Early-time observations (< 100 days) of SECC-SNe have revealed a subclass of very energetic SNe, termed
broad-lined (BL) SNe or hypernovae, which are characterised by broad absorption lines in the early-time spectra,
indicative of outer ejecta moving at very high velocity (v ≥ 0.1c). BL-SNe seem to be preferentially of Type Ic [two
exceptions are the Type IIb SN 2003bg (Hamuy et al. 2009) and the Type Ib SN 2008D (Mazzali et al. 2008, Modjaz
et al. 2009); see also SN 1987K (Filippenko 1988, Hamuy et al. 2009)]. Some BL-SNe can reach kinetic energies
of ≥ 1052 ergs. They are sometimes called hypernovae, and can be associated with long-duration gamma-ray bursts
(GRBs) [see Woosley & Bloom (2006) and references therein]. However not all BL-SNe are associated with GRBs.

Asphericities in their inner and outer ejecta (e.g., Mazzali et al. 2001) are evident in at least some SECC-SNe.
Two main indicators are velocity differences of Fe and lighter-element lines, and polarisation measurements (e.g.,
Höflich 1991). In GRB scenarios a relativistic outflow is launched by the central engine and deposits some fraction
of its energy into the SN ejecta, probably preferentially along the polar axis, which might cause strong asymmetries
(e.g., Maeda et al. 2002). The nearest, best-studied GRB-SNe are SN 1998bw / GRB 980425 (Galama et al. 1999),
SN 2003dh / GRB 030329 (Matheson 2004), SN 2003lw / GRB 031203 (Malesani et al. 2004), and SN 2006aj /
GRB/XRF 060218 (Pian et al. 2006), although it is not fully established that the GRBs (or X-ray flashes) accom-
panying nearby SECC-SNe can be compared directly to high-redshift GRBs. SECC-SNe may be characterised by
asphericities although a jet does not necessarily form (Blondin et al. 2003, Burrows et al. 2007, Kotake et al. 2004,
Moiseenko et al. 2006, Takiwaki et al. 2009).

The late-time spectra of SECC-SNe are typically dominated by strong [O ] λλ6300, 6363 emission (the brackets
“[ ]” denote forbidden transitions) produced by the innermost, slow-moving ejecta which are not visible at earlier
times as they are located below the photosphere. The doublet lines are powered by thermal electron excitation of
O  1D2, which decays to the ground state sub-levels O  3P1 (6363 Å) and O  3P2 (6300 Å). Following Mazzali
et al. (2005), who analysed the line-profiles of SN Ic 2003jd, recently, several authors (e.g. Maeda et al. 2008,
Modjaz et al. 2008, Taubenberger et al. 2009, Maurer et al. 2010) have studied the shape of the [O ] λλ6300, 6364
doublet (which is produced by much of the mass) and concluded that torus-shaped oxygen distributions may cause
the double-peaked [O ] profile observed in many SECC-SNe nebular spectra. However, there is ongoing discussion
regarding whether geometry is the dominant reason for this type of line profile (e.g. Milisavljevic et al. 2010).

If there is asymmetry in SECC-SNe or if different explosion scenarios are involved for different types of SECC-
SNe, one might expect the largest, most revealing differences to be in the central region of the explosion. Therefore,
in contrast to the standard classification of BL-SNe, which is based primarily on early-time spectroscopy and de-
scribes the velocity field of the outer SN layers, here we focus on the centre of the explosion. In this section, we
model the nebular spectra of 56 SECC-SNe, the largest sample of SECC-SNe so far, to obtain a statistically signifi-
cant representation of their core velocities. Using NC3D, we show that the derived relation between inner and outer
ejecta velocities can be interpreted as evidence of non-spherical SN core geometry.

We describe our data set in Section 4.1 and the modelling procedure in Section 4.2. In Section 4.3 we test the
reliability of the modelling approach and discuss our results.
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SN log(LBol) MNi (M�) β Mej,tot (M�) Ekin,tot (1051 ergs) References (Lpeak, MNi, Mtot&Etot)
1990I 42.4 0.11 ± 0.02 0.044 3.7 ± 0.7 1.1 ± 0.1 1,1,1
1993J 42.2 0.08 ± 0.02 0.050 ∼3 ∼1 2,2,13
1994I 42.2 0.065 ± 0.03 0.041 ∼0.9 ∼ 1.0 3,3,7
1997dq 42.2 0.15 ± 0.03 0.095 ∼8–10 10–20 5,5,5
1997ef 42.2 0.135 ± 0.025 0.085 ∼8–10 10–20 4,5,5
1998bw 42.8 0.49 ± 0.04 0.079 ∼14 ∼60 3,3,15
2002ap 42.1 0.073 ± 0.02 0.058 2.5–5 4–10 3,3,14
2003jd 42.8 0.36 ± 0.04 0.057 3 ± 0.5 7+3

−2 3,3,3
2004aw 42.4 0.21 ± 0.03 0.084 3.5–8.0 3.5–9.0 3,16,16
2006aj 42.7 0.20 ± 0.04 0.040 ∼2 ∼2 3,12,12
2007Y 42.1 0.06 ± 0.01 0.048 ∼0.5 ∼0.1 8,8,8
2007gr 42.2 0.08 ± 0.02 0.046 1.5–3 1.5–3 10,11
2007ru 42.9 0.4 0.045 1.3+1.1

−0.8 5+4.7
−3.0 9,9,9

2008D 42.2 0.09 ± 0.02 0.057 ∼7 ∼6 4,4,4
2008ax 42.3 0.08 ± 0.02 0.040 3–6 ∼1 6,6,6

Table 4.1.: Peak luminosities, 56Ni masses, the ratio β ≡ MNi (M�)/LBol,42, the total ejecta mass, and the total kinetic
energy for 15 SECC-SNe taken from the literature (see references). Typically β ≈ 0.06 with a dispersion of roughly 70%.
References: 1Elmhamdi et al. (2004), 2Bartunov et al. (1994), 3Valenti et al. (2008), 4Mazzali et al. (2008), 5Mazzali et al.
(2004), 6Pastorello et al. (2008), 7Sauer et al. (2006), 8Stritzinger et al. (2009), 9Sahu et al. (2009), 10Hunter et al. (2009),
11Valenti et al. (2008), 12Mazzali et al. (2006), 13Nomoto et al. (1993), 14Mazzali et al. (2002), 15Nakamura et al. (2000),
16Taubenberger et al. (2006).

4.1. Data Set

We collected nebular spectra of 56 SECC-SNe. This sample includes all the spectra presented by Matheson et al.
(2001), Modjaz et al. (2008), and Taubenberger et al. (2009) for which a spectral fit was possible. The most
important criteria for selection were a reasonable signal-to-noise ratio and a spectral coverage of at least the region
between 6000 and 6500 Å. Most spectra range from 4000 to 10000 Å, allowing modelling of the Fe-group, oxygen,
calcium, and carbon lines. If we found evidence for an underlying continuum, we tried to remove it using a linear
fit. When several nebular spectra were available for a given SN, we chose the one closest to 200 days, although the
precise epoch has little influence as long as the spectrum is nebular, as shown in Section 4.3.

Unfortunately, most of the spectra are not properly flux-calibrated. If an estimate of the 56Ni mass was available
in the literature for SNe with uncalibrated spectra, we used these values (Table 1). For the remaining SNe with
uncalibrated spectra we tried to estimate the 56Ni mass from the light curve. We emphasise that the exact 56Ni mass
is not important for our study, as we show in Section 4.3.

For several SNe only one light-curve point exists (generally the detection magnitude in the V or B bands, or un-
filtered). To obtain a (very crude) estimate of the 56Ni mass from this single data point we employed the following
procedure. For the SNe with known 56Ni mass and bolometric peak luminosity, the ratio of bolometric peak lumi-
nosity (in units of 1042 ergs) to 56Ni mass (in units of M�) can be calculated. This ratio varies between 0.040 and
0.095, with a rather uniform distribution (see Table 1), which reflects the variety of light-curve widths of different
SNe (e.g., SNe with broader light curves have more 56Ni for the same peak luminosity). From the estimates of the
56Ni mass and the peak luminosity of these SNe, we can derive a relation

MNi(M�) ≈ 0.058 Lpeak,42. (4.1)

This estimate should be compared with a similar one obtained for SNe Ia by Stritzinger et al. (2006), who found
MNi (M�) = 0.050 Lpeak,42. The difference probably arises from the different densities and compositions of SNe Ia
and SECC-SNe.

To estimate the peak luminosity from the measured magnitude, we first tried to determine the bolometric lumi-
nosity at the time of detection. For some SNe an estimate for both the Milky Way and host-galaxy absorption is
available in the literature. For most SNe, however, only the former is known (Schlegel et al. 1998). In this case we
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SN m AV (mag) m − M (mag) ∆d log(Lpeak) MNi References (m, AV )
1983N 11.3V 0.51 ± 0.05 28.02 ± 0.3 0 ±5 42.45+0.31

−0.22 0.17+0.43
−0.11 31,31

1985F 12.1B 0.70 29.72 0 ±4 43.08+0.33
−0.25 0.73+1.91

−0.49 1,2
1987M - - - - 43.00+0.18

−0.18 0.60+0.42
−0.25 3

1990B - 2.64/5.46 - - - 0.2 34
1990U 15.8V 1.6 32.64 0 ± 12 42.93+0.44

−0.20 0.51+1.91
−0.32 4,5

1990W 14.8V 0.55 31.43 0 ± 3 42.43+0.60
−0.14 0.16+0.93

−0.09 6,*
1990aa 17.0N ±0.5 0.175 34.13 7 ±7 42.50+0.80

−0.20 0.19+1.84
−0.12 32,*

1990aj - - - - - 0.2 33
1991A 18.0N 1.3 33.54 1 ± 10 42.19+0.31

−0.11 0.094+0.233
−0.051 5,5

1991L - - - - - 0.2 35
1991N 13.9N 0.097 31.29 5 ± 5 42.53+0.56

−0.06 0.20+1.06
−0.10 36,*

1995bb - - - - - 0.2 37
1996D 18.2V 0.509 34.04 0 ± 7 42.10+0.68

0.14 0.07+0.53
−0.04 38,*

1996N - - - - - 0.2 29
1996aq 14.7V 0.129 32.20 0 ± 4 42.61+0.62

−0.14 0.24+1.48
−0.14

7,∗

1997B 16.5N 0.243 33.17 10 ± 3 42.40+0.52
−0.06 0.15+0.70

−0.07 39,*
1997X 13.5N 0.091 31.15 4 ± 4 42.61+0.54

−0.06 0.25+1.21
−0.12 40,*

2000ew 14.9N 0.147 30.16 14 ± 7 41.88+0.60
−0.06 0.05+0.26

−0.02 41,*
2001ig - - - - - 0.13+0.02

−0.02 8
2003bg 15.0N 0.096 31.24 14 ± 7 42.25+0.60

−0.06 0.110.61
−0.07 10,*

2003dh - - - - - 0.4+0.15
−0.1 9

2004ao 14.9N 0.348 32.35 0 ± 4 42.560.54
−0.06 0.22+1.06

−0.11 13,*
2004dk 17.6N 0.522 32.15 −10 ± 10 41.87+0.66

−0.06 0.044+0.298
−0.021 15,*

2004gk 13.3N 0.10 31.02 (Virgo) 0 ± 5 42.56+0.56
−0.06 0.22+1.13

−0.11 14,*
2004gq 15.5N - - -4 ± 3 - 0.2 30
2004gt 14.9N 0.22 ± 0.03 31.84 −3 ± 5 42.36+0.17

−0.07 0.14+0.21
−0.07 11,12

2004gv 17.6N 0.110 34.50 0 ± 7 42.38+0.60
−0.06 0.14+0.83

−0.07 27,*
2005N - - - - - 0.2 42
2005bf - - - - - 0.05+0.03

−0.03 26
2005kl 14.6N >> 1 - - - 0.2 22,28
2006F 16.7N 0.629 33.70 7 ± 7 42.63+0.60

−0.06 0.26+1.47
−0.12 19,*

2006T 17.4N 0.246 32.68 −11 ± 2 42.07+0.58
−0.14 0.07+0.383

−0.04 16,*
2006gi 16.3N 0.080 33.18 3 ± 5 42.28+0.56

0.06 0.11+0.59
−0.06 17,*

2006ld 16.0N 0.057 33.74 9 ± 4 42.73+0.54
−0.06 0.33+1.60

−0.16 18,*
2007C 15.9N 0.140 32.15 2 ± 4 42.03+0.54

−0.06 0.065+0.317
−0.032 20,*

2007I 18.0N 0/1.5 34.75 ± 0.25 10 ± 6 42.33+0.82
−0.10 0.13+1.33

−0.07 21,*
2007bi 18.3N 0/1.5 38.8 0 ±10 43.64+0.86

−0.06 2.6+29.4
−1.3 23,*

2007ce 17.4N 0/1.5 36.37 5 ± 3 43.12+0.72
−0.12 0.80+6.33

−0.44 43,*
2007rz 16.9N 0.660 33.59 7 ± 7 42.52+0.60

0.06 0.20+1.14
−0.10 24,*

2007uy 16.9N 0.075 32.48 −7 ± 7 41.84+0.60
−0.20 0.041+0.239

−0.026 25,*
2008aq - - - - - 0.2 44
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Table 4.2.: Observed magnitude (V-band, B-band, N = unfiltered CCD), extinction (in the V band), distance modulus,
epoch, estimated peak luminosity, and 56Ni mass for 41 SECC-SNe, together with references for the magnitude and
absorption. For SNe 1987M, 2001ig, 2003dh, and 2005bf, estimates for the 56Ni mass or luminosity are available and
referenced. The uncertainty on the epoch was taken from Modjaz et al. (2008) and Taubenberger et al. (2009), if available,
or estimated from the detection report. SNe without estimate for absorption are referenced with “*.” For SNe 2007ce,
2007I, and 2007bi, we have no information about the host galaxy, so we assumed an absorption between 0 and 1.5 mag
(unfiltered). SN 2004gk is a member of the Virgo cluster and we therefore took the Virgo distance modulus for this
SN, as no reliable estimate for the distance of the host galaxy is available. References: 1Tsvetkov (1986), 2Begelman
& Sarazin (1986), 3Nomoto et al. (1990), 4Clocchiatti & Wheeler (1997), 5Gomez & Lopez (1994), 6Elias et al. (1990),
7Nakano et al. (1996), 8Silverman et al. (2009), 9Deng et al. (2005), 10Wood-Vasey & Chassagne (2003), 11Monard et al.
(2004), 12Maund et al. (2005), 13Singer & Li (2004), 14Quimby et al. (2004), 15Graham & Li (2004), 16Monard (2006),
17Itagaki et al. (2006), 18Frieman (2006), 19Dimai & Villi (2006), 20Puckett et al. (2007), 21Jin et al. (2007), 22Dimai &
Migliardi (2005), 23Nugent (2007), 24Parisky & Li (2007), 25Blondin & Calkins (2008), 26Maeda et al. (2007), 27Monard
et al. (2004), 28Taubenberger et al. (2005) but absorption highly uncertain, assume a 56Ni mass of 0.2 M�, 29Williams
et al. (1996) but no light-curve information, assume a 56Ni mass of 0.2 M�, 30Pugh et al. (2004) bu no distance information
available, assume a 56Ni mass of 0.2 M�, 31Clocchiatti et al. (1996), 32Perlmutter et al. (1990), 33McNaught et al. (1991) but
no light-curve information available, assume a 56Ni mass of 0.2 M�, 34Clocchiatti et al. (2001) but distance and reddening
highly uncertain, assume a 56Ni mass of 0.2 M�, 35Pollas & Maury (1991) but no light-curve information, assume a 56Ni
mass of 0.2 M�, 36Filippenko & Korth (1991), 37Tokarz et al. (1995) but no light-curve information available, assume a
56Ni mass of 0.2 M�, 38Drissen et al. (1996), 39Gabrijelcic et al. (1997), 40Nakano et al. (1997), 41Puckett et al. (2000),
42Schmidt et al. (2005) but no light-curve information, assume a 56Ni mass of 0.2 M�, 43Quimby et al. (2007), 44Brown
et al. (2008) but no light-curve information and no detailed epoch information, assume a 56Ni mass of 0.2 M�.

assume a host-galaxy absorption between 0 and 1.0 mag (unfiltered) and treat this range as an uncertainty affect-
ing the estimate. If the Milky Way absorption is not known as well, we assume an uncertainty between 0 and 1.5
mag (unfiltered). Unfiltered magnitudes are treated as bolometric, V-band magnitudes are converted to bolometric
magnitudes using mBol = mV − 0.3 ± 0.2 , and B-band magnitudes are converted using mBol = mB − 0.8 ± 0.4.
For the distance moduli and the errors in the distance we took the values listed in NED1 for the SN host galaxies
(Virgo+GA+Shapley). We then estimated the epoch of detection (which is close to maximum light for most of
the SNe of our sample) and the uncertainty in this value from the references given in Table 2. Comparing to light
curves of well-observed SNe we determined the value and uncertainty of the peak luminosity, including uncertain-
ties related to absorption, conversion from filtered to bolometric luminosity, and the lack of a well-sampled light
curve. Combining this estimate with Equation (4.1), we obtained 56Ni masses for all 56 SNe of our sample. These
are listed in Tables 1 and 2. The possible error of this method is very large, spanning roughly a factor of 20. This
uncertainty estimate is very conservative. For most SNe the actual error should be much smaller. However, it is
sufficient for our purposes as we show in the Section 4.3.

4.2. Spectral Modelling

The spectra were modelled using NC3D, however in a one-dimensional setup. The general principle of such mod-
elling is that different velocity shells are characterised by different element abundances and densities, which lead
to different ratios of line fluxes in each shell. The total emissivity of a shell is controlled by the energy deposition,
which depends on the density and the 56Ni mass of the shell and the neighbouring ones. Therefore, each shell has a
certain emissivity integrated over all wavelengths and a characteristic line profile caused by the Doppler shift. Each
line in the emerging spectrum is the result of the superposition of single components from each shell, with different
characteristic widths. A change of the emissivity of one line results in a variety of profile variations of other lines
which have to be modelled iteratively until the complex shape of the full spectrum is reproduced. As a complicated
structure must be found in order to produce a certain spectrum, the method is quite reliable in determining the
velocity field of the ejecta.

We start modelling each spectrum using a SECC-SN model used by Mazzali et al. (2002) for SN 2002ap. Such
a model contains all of the information about density, mass, velocity, and element abundances. We correct the 56Ni

1http : //nedwww.ipac.caltech.edu/ f orms/byname.html
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4.2 Spectral Modelling

SN Type Epoch (days) 1D vα (km s−1) v50 (km s−1) Ref.
1983N Ib 226 Y 3797 2630 ∗

1985F Ib/c 280 Y 4920 2456 ∗

1987M Ic 141 Y 5486 3701 ∗

1990B Ic 140 N 5405 5091 ∗

1990I Ib 237 Y 4828 2899 ∗

1990U Ic 184 Y 3488 3021 ∗

1990W Ib/c 183 Y 4803 3425 ∗

1990aa Ic 141 ? 4216 4368 ∗

1990aj Ib/c 150-250 ? 5122 3034 ∗

1991A Ic 177 Y 5262 3636 ∗

1991L Ib/c 100-150 N 4140 3316 ∗

1991N Ic 274 Y 4278 3239 ∗

1993J IIb 205 Y 4029 3070 ∗

1994I Ic 147 Y 5057 3967 ∗

1995bb Ib/c 150-400 Y 5154 4410 ∗

1996D Ic 214 Y 5228 3624 ∗

1996N Ib 224 N 3736 3047 ∗

1996aq Ib 226 N 5846 3451 ∗

1997B Ic 262 Y 4801 3317 ∗

1997X Ic 103 Y 4680 3420 ∗

1997dq BL-Ic 217 Y 4594 3361 ∗

1997ef BL-Ic 287 Y 4681 2733 ∗

1998bw BL-Ic 201 Y 6340 3602 ∗

2000ew Ic 122 N 4184 3001 ∗

2001ig IIb 256 N 5027 3241 Silverman et al. (2009)
2002ap BL-Ic 185 Y 6219 3729 ∗

2003bg BL-IIb 279 N 4736 3205 Hamuy et al. (2009)
2003dh BL-Ic 229 ? 4342 3085 Bersier et. al. (in prep.)
2003jd BL-Ic 317 N 6850 5593 ∗

2004ao Ib 191 N 4555 3158 Modjaz et al. (2008)
2004aw Ic 236 Y 5007 3234 ∗

2004dk ? 333 Y 5465 4338 Modjaz et al. (2008)
2004gk Ic 225 Y 4623 3171 Modjaz et al. (2008)
2004gq Ib 297 Y 6697 3039 Modjaz et al. (2008)
2004gt Ic 160 N 4513 3371 ∗

2004gv Ib/c 299 Y 4792 3158 Modjaz et al. (2008)
2005N Ib/c 70-120 N 4001 3591 ∗

2005bf Ib 209 N 3864 3628 Modjaz et al. (2008)
2005kl Ic 160 Y 5074 3365 Modjaz et al. (2008)
2006F Ib 314 N 4491 2966 Mazzali
2006T ? 371 N 4202 4436 ∗

2006aj BL-Ic 204 Y 6540 5100 ∗

2006gi ? 148 Y 4589 3180 ∗

2006ld Ib 280 N 4086 3182 ∗

2007C Ib 165 N 4787 3520 ∗

2007I BL-Ic 165 N 6085 3277 ∗

2007Y Ib 270 Y 4331 3025 Stritzinger et al. (2009)
2007bi PI? 360 Y 5487 3756 Mazzali
2007ce BL-Ic 310 Y 6172 4461 Matheson
2007gr Ic 158 Y 4480 3228 Valenti et al. (2009)
2007ru BL-Ic 200 Y 5811 3981 Sahu et al. (2009)
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Characteristic Velocities Of Stripped-Envelope Core-Collapse Supernovae

SN Type Epoch (days) 1D vα (km s−1) v50 (km s−1) Ref.
2007rz Ic 292 ? 4998 3785 Mazzali
2007uy Ib 111 Y 6103 4563 Mazzali
2008D BL-Ib 86 N 5847 4040 Mazzali
2008aq IIb >130 Y 4119 2885 Matheson
2008ax IIb 246 N 4100 2821 Taubenberger et al. (2010)

Table 4.3.: SN type (classified by early-phase spectra), the epoch of the spectra (relative to maximum light), and the
characteristic velocities vα (Equation 4.3) and v50 (Equation 4.4) both corrected by 5% per 100 days. The maximum errors
of vα and v50 are estimated to be ± 14% and ±10%, respectively. SNe marked with “Y” are fit by the 1D shell modelling
quite well. For SNe marked with “N” the central parts of the line profiles are not reproduced well and therefore probably
could be improved with multi-dimensional modelling (vα would not change much, as vα is dominated by the outer parts
of the line profiles, where most of the kinetic energy is located). For SNe marked with “?” the spectra are too noisy
to categorise as “Y” or “N.” In total we have 12 BL-SNe (2 of them are GRB hypernovae), 17 regular SNe Ic (27 with
BL-Ic), 12 regular SNe Ib (13 with BL-Ib), 4 regular SNe IIb (5 with BL-IIb), 1 possible PI SN, and 10 SNe for which the
classification is unclear (they are certainly of the SECC-SN type). See Taubenberger et al. (2009) for spectra referenced
by “*.”

mass to the values listed in Tables 1 and 2, and we scale the synthetic spectrum to match the observed one.
A clear modelling of the Fe-group lines is impossible for most nebular spectra because these lines are generally

weak and are therefore affected by noise and background. The oxygen line is therefore taken as a tracer for the
56Ni distribution. This means that the 56Ni zone extends out to the point where the oxygen line can no longer be
separated clearly from the background. Hence, a narrow oxygen line results in a more central 56Ni distribution in
our models, but it is important to note that this assumption may not exactly reflect the situation in real SNe. This
may cause some epoch-dependent error which we try to quantify by comparing the time dependence of line widths
in our models and the observed line widths (see Section 4.3). Above the 56Ni/O zone we set the density to zero, as
this region cannot be probed with the nebular approach. We discuss this in more detail in Section 4.3.

Other elements, such as O, Ca, and C, are distributed over the velocity shells until the line profiles are matched. We
pay special attention to fitting the O line, since oxygen is typically the most abundant element in stripped-envelope
SECC-SNe.

The modelling process yields the abundances, masses, and velocities which best reproduce the observed spectra
(see Figures 4.1 and 4.2 for two examples). The mass and velocity distribution can then be integrated to obtain the
total mass and kinetic energy of the model. The ratio of core kinetic energy (in units of 1050 ergs) to core mass (in
units of M�) is termed α in this chapter:

α ≡
Ekin,50

Mej(M�)
. (4.2)

This parameter is measured for all 56 SECC-SNe of our sample and is converted to a characteristic velocity (see
Table 3),

vα =
(2α1040

M�[g]

)1/2
[km s−1]. (4.3)

The largest uncertainty in the estimate of α is caused by the background. This background results from observational
uncertainties (for example from the subtraction of host-galaxy light) but also from physical processes, which are
not treated by the nebular code. Recombination radiation and UV fluorescence can produce weak continua between
the strong, characteristic nebular emission lines. The kinetic energy is dominated by the outer parts of the oxygen
line and these are superposed on this background, which is difficult to distinguish. To quantify the uncertainty
that this causes, we tried different fits for several spectra (see Figure 4.1 and 4.2 for two examples). We found that,
depending on the background assumed, variations of up to ±15% in α can occur, which translates into an uncertainty
of ∼ 7% in vα. An exact treatment of this problem is difficult, as background subtraction is arbitrary to some degree.
Therefore, based on this uncertainty, we estimate an error of 7% in vα.

As we show in Section 4.2, the line width slowly evolves with time, causing vα to decrease by roughly 5% every
100 days. To handle this problem, we corrected vα by (1 + 0.05(t[days] − 200)/100) and assume that this causes an
additional error of ±5% in vα.
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4.2 Spectral Modelling

Figure 4.1.: Nebular spectrum of SN 1990U (vα = 3450(blue)/3633(red) km s−1) at t = 184 days (black) (upper panel)
and the oxygen doublet [O ] λλ6300, 6364 isolated (lower panel). Two models are shown in blue and red, illustrating
the uncertainty in the background. This spectrum is the one with the lowest vα in our sample (narrow oxygen line). The
characteristic velocity is v50 = 2996(blue)/3124(red) km s−1. The horizontal lines show the full width at half-maximum
intensity (FWHM).

In addition to vα, we also measure the half width of the oxygen doublet [O ] λλ6300, 6364 at half-maximum
intensity (HWHM), ∆50, for all SNe of our sample. This can be directly converted to a velocity via the redshift

v50 =
∆50

6300
c, (4.4)

where c is the speed of light and ∆50 is given in Å units. This is another characteristic velocity of the SN core
ejecta, which can be compared to vα (see Figure 4.3). There seems to be a linear trend between v50 and vα, as
expected; exceptions are mostly caused by specific features of some line profiles, as discussed in detail in Section
4.3.

Estimating v50 has the advantage that it can be done easily and it does not require modelling. The disadvantage is
that v50 contains some small contribution of the [O ] λ6364 line which causes some error. Since the ratio of [O ]
λ6300 to [O ] λ6364 is ∼3 in the nebular phase, this error is small; it depends on the exact shape of the individual
lines, but it should be <20% in the worst case, as we found by superposing Gaussians. More importantly, it is
influenced by the shape of the inner line profile (which in some SNe has a double- or even triple-peaked shape)
much more than by vα. In addition, v50 measures the velocity at one point (half height), while vα is the result
of an integration over the entire line profile and includes the nonlinear weighting of different emission regions.
The background causes some uncertainty in the estimate of v50. We measure v50 for several SNe while varying
the assumptions about the background, and estimate an uncertainty of ∼5%. Moreover, we apply the same time-
dependent correction as for vα and assume an additional error as for vα (±5%). Adding the possible errors due to
background, 56Ni mass estimate, and time evolution of the line width, we estimate a maximum error of ±14% for
vα and ±10% for v50, which does not necessarily mean that v50 gives a more accurate estimate of the core velocity.
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Figure 4.2.: Nebular spectrum of the BL-SN 2006aj (vα = 6542(blue)/6870(red) km s−1) at t = 204 days (black) (upper
panel) and the oxygen doublet [O ] λλ6300, 6364 isolated (lower panel). Two models are shown in blue and red, illus-
trating the uncertainty in the background. This spectrum has one of the highest vα in our sample (broad oxygen line). The
characteristic velocity v50 = 4992(blue)/5190(red) km s−1. The horizontal lines show the FWHM.

Figure 4.3.: The characteristic velocities v50 [km s−1] vs. (vα − 1500 km s−1). Both characteristic velocities seem to
correlate (as expected). The offset by ∼1500 km s−1 is caused by the different velocities cutoffs used to calculate v50

(half height) and vα (full line profile). BL-SNe are shown in red. SNe Ic are marked with blue, SNe Ib with green, and
SNe IIb with red dots. Even taking into account the substantial errors, it is obvious that BL-SNe have a large scatter
of characteristic core velocities. The data point at the upper right is SN 2003jd (see Table 3). The four BL-SNe at low
characteristic velocities are SNe 1997ef, 1997dq, 2003dh, and 2003bg. The intermediate characteristic velocity BL-SNe
are (from the left to the right) SNe 2007I, 1998bw, 2002ap, 2008D, 2007ce, and 2006aj. The three BL-SNe 2007I, 1998bw,
and 2002ap fall off the vα/v50 relation owing to the strong broadening toward the base of their [O ] λλ6300, 6364 line.
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4.3 Discussion

Figure 4.4.: Temporal evolution of the normalised characteristic core velocities vα (full line) and v50 (dashed line) for
SNe 2002ap (red), 1993J(green), 1998bw (blue), 2007uy (light blue), and 2007gr (black). One can see that variations are
rather small, about 5% per 100 days. The rapid drop of v50 of SN 1998bw is caused by the “knot” at half height of the
oxygen-line profile, which “drops below” half height in the late phase. The increase of line width with time in SN 1993J
must be some background effect (note the rise of the red wing at late times, due to Hα emission; Figure 4.5) which could
not be subtracted. For SNe 1993J, 1998bw, and 2002ap, similar temporal evolution was found by Taubenberger et al.
(2009).

4.3. Discussion

4.3.1. Tests

In order to ensure that the estimates of vα are reliable, it is useful to verify that the data do not show behaviours that
are not included in our modelling. Since the spectra that we used were obtained at very different SN epochs, it is
vital that vα does not depend strongly on SN epoch. Figure 4.4 shows the time evolution of vα for five SNe with high-
quality nebular spectra at several different epochs. The temporal evolution of vα is in fact weak, at most ∼10% over
200 days, which is comparable to the general modelling uncertainty. Figure 4.5 shows the corresponding evolution
of the line profiles for three of these SNe. In Figure 4.6, vα is plotted against SN epoch for the entire sample; no
strong time dependence is seen. For v50 the situation is similar. However, as can be seen for example in SN 1998bw
(see Figures 4.5 and 4.4), small features in the line profile can have disturbing effects on v50. The influence of epoch
on the characteristic velocities will be more fully discussed below.

To test whether the often highly uncertain estimate of the 56Ni mass influences vα, we alternatively increased
and reduced the 56Ni mass by a factor of five, therefore spanning a factor of 25 in 56Ni mass for several randomly
selected SNe of our sample. This corresponds roughly to the maximum uncertainty in the 56Ni mass estimates.
We found that vα depends only weakly on 56Ni mass: the difference is always less than 2%. For example, when
changing the 56Ni mass of SN 1987M by a factor of 25, from 0.6 to 0.024 M�, vα increased by only 1.3%, which
is considerably smaller than other modelling uncertainties. Figure 4.7 shows vα against 56Ni mass; there is clearly
no correlation. We conclude that the maximum error introduced by the uncertainty in the 56Ni mass is ±2%. The
independence of vα on 56Ni mass is discussed in more detail below.

4.3.2. Discussion of the Method

We obtained characteristic velocities for 56 SECC-SNe. Before we turn to the results we discuss our methodology.
In Section 4.1 we tried to determine the 56Ni mass for 29 SNe in our sample without calibrated spectra. A typical
uncertainty in 56Ni mass is a factor of 5–10 up and a factor of 2–3 down. The uncertainty upward is mainly caused by
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Figure 4.5.: The [O ] λλ6300, 6364 line profiles (left to right) of SN 2002ap (day 156, black; day 185, blue; day 237,
violet; day 274, green; day 336, yellow; day 386, red), SN 1993J (day 205, black; day 236, blue; day 255, green; day 295,
yellow; day 367, red), and SN 1998bw (day 201, black; day 337, red; day 376, blue). The temporal evolution is quantified
in Figure 4.4.

Figure 4.6.: The epoch (days after maximum light) vs. characteristic velocity vα (km s−1) for all SNe at epochs listed in
Table 3. SNe Ic are shown in red, SNe Ib in blue, and SNe IIb in green. SNe without type classification are shown in
black. There is no correlation between epoch and characteristic velocity.

46



4.3.2 Discussion of the Method

Figure 4.7.: The logarithm of 56Ni mass (in solar mass units) against the characteristic velocity vα. No relation is seen
for the full sample. There might be a weak correlation for the SNe with 56Ni mass estimates taken from the literature
(shown in red), where the errors in the 56Ni mass are much smaller. The mean 56Ni mass of observed SECC-SNe seems to
lie around 0.20 M� (0.176 M� for 56Ni mass estimates taken from the literature, 0.225 M� for the 56Ni mass estimates in
this section), with a broad diversity. Neglecting the possible PI-SN 2007bi, 56Ni masses range from 0.05 M� to 0.80 M�.
Because of the large uncertainties of our estimates, these upper and lower limits are inaccurate.

the uncertainty in absorption and epoch. There are also uncertainties in distance, magnitude, converting magnitude
to bolometric luminosity and finally to 56Ni mass, which are smaller. The 56Ni masses might be systematically
over- or underestimated and one should be cautious when using these values. The 56Ni masses listed in the literature
(18 SNe) have an average of 0.176 M�, while the SNe with 56Ni masses estimated in this thesis have an average
56Ni mass of 0.225 (28 SNe, excluding 9 SNe where we could not estimate a 56Ni mass and excluding a possible
PI-SN). Considering the relatively small numbers, the agreement is reasonable but might indicate a small systematic
over-estimate of 56Ni mass. In any case, as shown in Section 4.2, an uncertainty of a factor of 25 in 56Ni mass will
not influence our core velocity estimates significantly.

We checked for possible correlations between 56Ni mass and vα. This could be important in two different ways.
First, the uncertain estimate of the 56Ni mass might introduce some error in the determination of vα. This is not
the case, however, as shown in Section 4.2. Increasing the 56Ni mass by a constant factor throughout the ejecta
will increase the energy deposited in any shell by the same factor; hence, the relative contribution of each shell
to the emission will remain constant. As the emitted energy per particle also remains rather constant (the mass of
other elements must be increased accordingly to the 56Ni mass), the spectrum of each shell does not change much.
Therefore. the emerging spectrum is nearly constant apart from small differences arising from the small shift of line
ratios in each shell (resulting, for example, from changes of the ionisation balance).

Second, there could be a physical correlation between 56Ni mass and core ejecta velocities. For the full sample,
this does not seem to be the case, as shown in Figure 4.7. However, the large uncertainties in the 56Ni mass make
a stringent conclusion impossible. There might be a weak correlation for the subgroup of 18 SECC-SNe with 56Ni
masses taken from the literature (the uncertainties in these estimates should be much smaller), but the situation is
not entirely clear owing to the substantial scatter.

Given that in most spectra we cannot determine the 56Ni velocity very accurately (in SECC-SN nebular spectra
Fe-group lines are usually weak, strongly overlapping, and cannot be easily separated from the background), we
can draw no conclusion about possible relations between 56Ni mass and Fe-group element velocities, which might
differ from light-element velocities in aspherical SN models. However, there is no correlation between the total
kinetic energy or the total ejecta mass and the characteristic core velocity (for the 15 SNe listed in Table 1). A weak
correlation of the ratio (Eej,tot/Mej,tot)1/2 with the characteristic core velocity is found, albeit with large scatter (see
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Figure 4.8).
The epoch at which a SN reaches its nebular phase generally depends on the mass and the ejecta velocity. Some

of the spectra are quite early (∼90 days after maximum light), though they all seem to be sufficiently nebular to
be treated with our modelling. The epochs of the spectra vary between 100 and 400 days (after maximum light),
and we have shown in Section 4.2 that this large span of epochs will not influence the results much. From detailed
modelling of five SNe with good spectral coverage in the nebular phase (extending over 200 days), we can estimate
that the characteristic velocity may decrease by ∼5% every 100 days. This is caused by the decreasing importance
of the outer layers, which become less luminous.

In principle, if the behaviour of the positrons and the detailed distribution of 56Ni were known, we could reproduce
this line-width evolution. However, since these parameters are unknown, it is necessary to make some assumptions
about both properties. As described in Section 4.2, we assumed that both the 56Ni distribution and the positron
deposition trace the oxygen line profile, leading to an oxygen line with constant width (since we assume local
deposition of positron energy). This systematic error causes the discrepancy between the evolution of line width
with epoch observed and the constant line width in the modelling, and it is taken into account in our treatment of
temporal line-width evolution. Since this temporal evolution is weak, oxygen and 56Ni cannot be strongly separated
in the observed SNe and our modelling approach appears to resemble the physical situation quite well (e.g., a very
central 56Ni distribution would cause a rapid decrease of line width with time).

To enable a direct comparison to a parameter which can be obtained without any detailed modelling, we calculated
the half width at half-maximum intensity of the oxygen doublet [O ] λλ6300, 6364. These two lines are separated
by ∼64 Å, which translates to a velocity of ∼3000 km s−1. With decreasing density the intensity ratio of the two
lines will shift from 1:1 to 1:3 (Li & McCray 1992, Chugai 1992), and in the nebular phase the ratio should lie
somewhere between 1:2 and 1:3. The error in the characteristic velocity caused by the superposition of these two
lines will therefore be small.

In Section 4.2 we already mentioned the advantages of both vα and v50. While vα is time consuming to compute,
v50 is less exact in characterising the velocity of the central ejecta. In Figure 4.3 one can see a rather linear trend
between both characteristic velocities, as expected. There are, however, some outliers. The SNe in the upper-left
corner (where vα − 1500 km s−1 >> v50) are SNe 1998bw, 2004gq, and 2007I. Both BL-SNe (SN 1998bw, 2007I)
have very convex line profiles with a broad base and a sharp peak. SN 2004gq, the most extreme outlier, also has
a convex shape; in addition, it shows a kink in the line profile, which explains the large difference between vα and
v50 for this case. The SNe in the lower-right region (where vα − 1500 km s−1 << v50) are SNe 1990aa, 1990B,
2005bf, and 2006T. SN 1990aa has a prominent “spike” exactly at half height in the blue wing of the line profile,
artificially increasing v50 without affecting vα. SN 1990B has a very steep blue wing. SNe 2005bf and 2006T both
have double-peaked [O ] profiles with a very steeply falling blue wing. The width at half height is almost the
same as at the base of the line, which explains the low vα/v50 ratio (see Figure 4.9 for the different line profiles).
These examples demonstrate how v50 can give a misleading picture of the characteristic core velocity in some cases.
Hence, while in general v50 seems to be a good proxy of core velocity, it should not be used if the [O ] profile shows
broad double peaks, spikes, and kinks, or unusually steep or convex wings.

Both estimates of characteristic velocity are affected by the presence of an underlying continuum, which can either
be the host galaxy or residual continuum emission form the SN. It is often difficult to distinguish the continuum from
the SN spectrum. We tried to overcome this problem setting a characteristic minima around the oxygen line to zero
flux by removing some linear function from the spectrum. However, the continuum in most cases is probably not
represented by a linear function. Thus, some additional flux is almost always present in the region of an emission
line, causing an error in the modelling procedure and in the determination of the half height. Consequently, it is
not possible to obtain a single “best” result for a given spectrum. Depending on the quality and the specific shape
of a spectrum, there might be a variety of possible background subtractions. To cope with this problem, we tried
to model the extrema of what seemed plausible subtractions — of course a rather arbitrary approach. we modelled
several different SNe in this manner to get a quantitative estimate of the typical uncertainty and found that an error of
±7% should cover the plausible range (e.g., see Figures 4.1 and 4.2, where the differences in characteristic velocity
for the models shown are about 5%).

Another general uncertainty which we cannot quantify is introduced by possible global asphericities of the SN
ejecta. In such a case the projected velocities might be considerably lower than the actual ejecta velocities, so the SN
kinetic energy may be underestimated. As long as the ejecta geometry and inclination are unknown, this problem
could not be removed by three-dimensional (3D) modelling either.

For 19 SNe (∼35% of our sample), the shell modelling approach is not adequate to fit the central parts of the
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4.4 Results

Figure 4.8.: The characteristic velocity vα [km s−1] against the ratio (Eej,tot/Mej,tot)1/2 [(1051 ergs/M�)1/2], which is a proxy
for the outer ejecta velocity. There seems to be a weak correlation; however, the scatter is large and there is almost no
predictive power in that relation.

oxygen doublet. This suggests that at least 35% of the SECC-SNe of our sample might be aspherical in the very
centre (for other explanations, see e.g. Milisavljevic et al. 2010). Of course, asphericities cannot be ruled out for the
rest of our sample, even if the shell modelling approach was sufficient to obtain a good fit to the full line profile. As
vα is dominated by the outer parts of the line profile, a discrepancy between the model and the observation in the
central parts of the line does not cause large errors in vα.

4.4. Results

Normal SNe of different types seem to have quite similar average core velocities vα: 4402 km s−1 (σv = 403 km
s−1) for SNe IIb (5 objects), 4844 km s−1 (σv = 935 km s−1) for SNe Ib (13), and 5126 km s−1 (σv = 816 km s−1)
for SNe Ic (27). SNe Ic have an average vα only slightly higher (5%) than that of SNe Ib and ∼15% higher than that
of SNe IIb. SNe BL-Ic have on average a higher vα: 5685 km s−1, and a similar scatter (σv = 824 km s−1) to type
Ib and Ic SNe. The sample of SNe BL-Ic comprises 12 SNe — 10 of Type Ic, 1 of Type Ib, and 1 of Type IIb. The
uncertainties are rather large, but as long as there is no systematic over- or underestimate for one of these groups
the ratio of their averages should be a reliable quantity.

We have shown that if there is a physical correlation between 56Ni mass and characteristic core velocity it is weak.
There also seems to be no correlation between total ejecta mass or kinetic energy and core velocity. There is only
a weak correlation between the ratio of total kinetic energy to total ejecta mass and core velocity. On average, SNe
with higher outer ejecta velocities have higher core velocities, but this trend is weak and shows a large scatter (see
Figure 4.8).

Matheson et al. (2001) found that SNe Ic have significantly higher kinetic energy to mass ratios than SNe Ib, as
measured from the line width at half maximum. First we compare the SNe contained in Matheson et al. (2001) and
our sample. We find that the velocity estimates of Matheson et al. (2001) and v50 in this section agree rather well
(to within ∼10%) for most SNe, consistent with the estimate of the general uncertainty. The difference is probably
caused by the different sizes of the two samples (2 SNe Ib and 12 SNe Ic in Matheson et al. (2001); 13 SNe Ib and
27 SNe Ic in this section). The listing of line widths at different epochs in Matheson et al. (2001) seems to confirm
that line width is rather constant after the nebular phase has been reached (as discussed above).

Taubenberger et al. (2009) give the FWHM for 39 SECC-SNe, obtained by fitting the [O ] λλ6300, 6364 lines
with Gaussians. The absolute values and temporal evolution of these velocities are consistent with our v50 estimates:
almost all velocities obtained by Gaussian fitting agree with v50 to 10% or better, which is within the estimated
errors for v50. Velocities obtained with Gaussian fitting are often slightly lower than v50, probably because of
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Figure 4.9.: Left: SN 1990B, whose steep blue wing causes a small ratio of vα and v50. Middle: SN 1983N, which shows
an average ratio of vα and v50. Right: SN 2004gq, whose convex shape causes a large ratio of vα to v50, which is additionally
increased by the small notch in the blue wing.

Figure 4.10.: Simulated evolution of normalised v50 with observer inclination (in ◦, 0◦ polar, 90◦ equatorial view) for a
56Ni/O disc with opening angles of 20◦ (blue, lower line), 40◦ (green, central line), and 60◦ (red, upper line). Opening
angles of only 20◦ would cause very low projected velocities, which seem not to be observed. Opening angles between
40◦ and 60◦ seem to be able to explain the observed range of projected velocities, and are consistent with the distribution
of high and low characteristic BL-SNe (see Figure 3).
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the contribution of [O ] λ6364 to v50. The average velocity for SNe BL-Ic (6 objects) from Gaussian fitting is
∼ 3670 ± 860 km s−1, while the average v50 is ∼ 4010 ± 600 km s−1 for these six objects. Since we expect v50 to be
slightly higher than velocities obtained from Gaussian fitting, these estimates are consistent.

The velocities of SNe BL-Ic are on average only 10% higher than those of regular SNe Ic. Interestingly, four BL-
SNe have core velocities typical of regular SNe. For two of them (SNe 1997ef, 2003dh) the spectra are extremely
noisy, so the errors could in principle be larger than the estimated 14% (although we do not expect that), which
would allow higher velocities. On the other hand, for the two other SNe BL-Ic with low core velocities (SNe
1997dq, 2003bg) the spectra are rather good, and high core velocities can clearly be ruled out. Since SNe 1997ef
and 1997dq are very similar (Mazzali et al. 2004) in light curve and spectral behaviour, it seems likely that our
estimate for SN 1997ef (which agrees very well with that for SN 1997dq) is also correct. SN 2003dh has a very
small vα.

For the GRB-SN 2003dh we might observe a projection effect. Given that a GRB was detected, we probably
observed the SN close to the poles. If the central region contained an oxygen-rich disc expanding preferentially
near the equatorial plane, the projected velocity of the [O ] line would be much smaller for a pole-on view. For
example, if the disc had an opening angle of 45◦, the projected velocity would be ∼ 70% of the radial ejecta
velocity, which would mean that SN 2003dh would have been observed to have a “regular” (relatively high) BL-SN
core velocity had it been observed close to the equator. It is not clear whether the other three BL-SNe with low vα
can be explained in a similar way. One would expect roughly one third of all BL-SNe to be observed close to the
poles and two thirds close to the equator, which is roughly consistent with 4 slow, 7 intermediate, and 1 fast BL-SN
(Figure 9 shows that there is a rather steep transition from slow to fast between 40◦ and 80◦).

The ’disc’ model presented here is only a toy model demonstrating the effect of geometry. Other deformations of
the SN core could have similar effects, as long as the dense core ejecta have different velocities in different directions.
Such core deformations can be caused by hydrodynamical instabilities, as for example by the standing accretion
shock instability (e.g. Janka et al. 2007). However, there are predictions that GRB-SNe or SNe hosting a ’failed’
GRB may contain structures in their cores quite similar to the ’disc’ model presented here (e.g. Maeda & Nomoto
2003, Burrows et al. 2005, Nagataki 2009). In such scenarios Fe-group elements are produced preferentially in the
polar direction along the path of the GRB propagation, leaving a ’disc’ of oxygen rich material in the equatorial
region.

As the asphericity can be much weaker in the outer layers of the SN than in the centre, this geometrical interpre-
tation is not in conflict with the early-time classification. For SN 1998bw, Tanaka et al. (2007) have shown that the
classification as BL-SN (from the early spectra) is not affected much by possible ejecta asphericities.

To test whether this scenario is plausible, we computed 3D nebular spectra of equatorial oxygen discs with dif-
ferent opening angles for several observer inclinations using NC3D. For our simulations we use a spherical grid
with ∼ 6000 cells. We simulate discs of 56Ni and oxygen reaching out to 10,000 km s−1 with opening angles of
20, 40, and 60 degrees. Varying the observer angle in 10◦ steps from the pole to the equator, we calculate v50 for
all three disc opening angles. As can be seen in Figure 4.10, oxygen discs with opening angels between 40◦ and
60◦ would be able to explain the observed difference of BL-SNe core velocities and would also roughly agree with
the ratio of low and high vα BL-SNe cores. Discs with larger opening angles would result in smaller variations of
the characteristic velocity, while very thin discs would cause larger differences. Of course, there might be some
different explanations (e.g., different density profiles of the SN progenitors might cause different ratios of outer and
inner velocities), but the geometric explanation is the most straightforward, especially as asphericities are expected
for a substantial fraction of SECC-SNe (e.g., Maeda et al. 2008).

It is important to note that GRB-SNe 1998bw and 2006aj both have rather high vα. In the scenario described
above, we argued that GRB-SNe might show low inner ejecta velocities, as one would observe them close from
their poles. For GRB/XRF 060218 there is ongoing discussing whether it is a low-energy GRB or an X-ray flash
(XRF). An XRF can be produced if the SN shock reaching the surface of the progenitor (shock break-out) runs
into dense circum-stellar material. In this case shock break-out photons can be inversely Compton-scattered to
high energies by repeated scatterings around the shock (first-order Fermi process), which can produce non-thermal,
isotropic X-ray emission (e.g. Wang et al. 2007, Waxman et al. 2007, Suzuki & Shigeyama 2010). In this case
the observed X-ray emission would allow no conclusions about the observer’s inclination. Alternatively, and this
refers to SN 1998bw as well, SN-GRBs might have larger opening angles than estimated for high-redshift GRBs
(the determination of GRB opening angles is highly uncertain anyway, since it is not clear whether the only known
method to do so, by measuring jet breaks, is reliable). Therefore, these two objects may challenge the purely
geometrical interpretation presented in this thesis. Studying the inner ejecta of future GRB-SNe will shed some
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light on this issue.

SN ∆ [Å] (this work) ∆ [Å] Milisavljevic et al. (2010)
1985F 58 ± 4
1990B 65 ± 10 / 65 ± 10
1990U 48 ± 10
1990aa 45 ± 10 / 61 ± 6
1990aj 49 ± 6
1996N 65 ± 10
1996aq 63 ± 6
2000ew 59 ± 6
2002ap 58 ± 4
2003bg 38 ± 8
2003jd 100± 20 64 ± 5
2004ao 64 ± 10 65 ± 3
2004dk 72 ± 10
2004gt 64 ± 8
2005N 50 ± 10
2005bf 50 ± 20
2005kl 65 ± 10 65 ± 4
2006ld 42 ± 6 / 61 ± 8
2006T 70 ± 20 63 ± 3
2007C 52 ± 10 / 50 ± 10
2007I 45 ± 10
2007bi 47 ± 6
2008D 45 ± 10
2008ax 61 ± 4 64 ± 1

Table 4.4.: Peak separation measured in this work and by Milisavljevic et al. (2010). Two values are given if three
peaks are observed; the separation is then measured from one peak to the next. For all SNe but SN 2003jd the estimates
agree rather well. For SN 2003jd the difference is caused by the fact that Milisavljevic et al. (2010) did not measure the
separation of the two largest peaks.

In SECC-SNe nebular spectra, the [O I] λλ6300, 6364 doublet often has a double or even triple peaked emission
profile. Recently, Milisavljevic et al. (2010) studied these peaks for 20 SECC-SNe and found that they are sometimes
separated by ∼64 Å. Since this coincides with the doublet separation, Milisavljevic et al. (2010) concluded that the
multi-peaked line profiles might be caused by the doublet-nature of [O I] λλ6300, 6364, rather than by ejecta
geometry.

There are several problems with this interpretation. First, the [O I] λλ6300, 6364 doublet is optically thin at typical
nebular densities of SECC-SNe and therefore a line ratio of 3:1 is expected. Secondly, the observed double-peaks
are usually centred around 6300 Å and not located at 6300 and 6363 Å. Thirdly, there are triple-peaks, which cannot
be explained by a doublet. And, finally, in our sample there are 24 SNe with clear multi-peaked [O I] λλ 6300, 6364
profiles. Measuring their peak separation ∆ (see Table 4), we find that most double-peaks are not separated by 64
Å.

For SNe 2004ao, 2005kl, 2006T, and 2008ax our results agree with those of Milisavljevic et al. (2010). For SN
2003jd, Milisavljevic et al. (2010) did not measure the separation of the two largest peaks, while we do, which
explains the different value given in this section.

Although about 50% of the SNe might be consistent with a separation of 64 Å(within the large uncertainties), the
other 50% are not. For SNe 1985F and 2002ap it seems likely that the second (very weak) peak is caused by the
[O ] λ6364 line, since the first peak is roughly at 6300 Å while the second is at ∼6360 Å. For SNe 1990U, 1991aj,
2000ew, 2003jd, 2004ao, 2004gt, 2006T, 2007I, 2007bi, and 2008ax, the two peaks are of similar strength and are
centred around 6300 Å. The separation observed in SNe 1990U, 1991aj, 2003jd, 2007I, and 2007bi is clearly not
consistent with 64 Å. For the remaining 12 SNe the situation seems less clear and we refer to Milisavljevic et al.
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(2010) for an explanation alternative to geometry. However, geometry could explain all these observations well.
Interpreting the separation of these peaks as a geometrical effect, one obtains typical velocities between 2000 km

s−1 and 4000 km s−1 (1000 km s−1 to 2000 km s−1 when considering half width) which is of the same order as the
characteristic core velocities measured in this chapter. Therefore the observed clustering around ∼ 3000 km s−1

(close to the 64 Å doublet line separation) is likely a coincidence caused by the typical velocity of the SNe cores.
Since the interpretation presented by Milisavljevic et al. (2010) would also require unusually high densities and also
has other problems (see above), it seems very unlikely that the double-peaked [O I] λλ6300, 6364 doublet is not
caused by geometry in SNe Ib and Ic. For SNe IIb we find an alternative explanation in Section 6, which is however
not in conflict with the presence of asymmetries.

4.5. Summary

We estimated 56Ni masses for 29 SNe for which 56Ni masses were not previously known. Their average agrees with
the average of 18 SECC-SN 56Ni masses estimated before rather well, however there might be a small systematic
over-estimate of the 56Ni mass in this work. Individual estimates might be quite erroneous given the poor quality
of the data set. We then measured characteristic velocities for 56 SECC-SN cores, which range from 3000 km s−1

to 7000 km s−1 (vα). Several BL-SNe with high-velocity outer ejecta have high-velocity cores as well, but some
BL-SNe do not. We have shown that this might be due to ejecta asphericities, which are expected theoretically and
might have been detected by different methods before. We found that the average core velocities of SNe IIb are
slightly lower than core velocities of SNe Ib and SNe Ic. SNe Ib and Ic have very similar average core velocities.
SNe IIb show much less variance (σv ≈ 400 km s−1) of their core velocities than SNe Ib and Ic (σv ≈ 850 km s−1).

There seems to be no strong dependence of core velocity on 56Ni mass. We also checked for correlations between
total ejecta mass or kinetic energy and the core velocity and found none. There is only a weak correlation between
the ratio of total kinetic energy to total mass and the core velocity (BL-SNe have the highest core velocities on
average, but the scatter is so large that there is almost no predictive power). Therefore, although the total mass
of a SN might be estimated (if the spectrum is flux calibrated), it is not possible to estimate the SN total kinetic
energy from a nebular spectrum with good accuracy, since the core velocity seems to correlate with the outer ejecta
velocities only weakly.

The uncertainties in our estimates are rather large. They are caused by the general properties of the method
(background subtraction, reddening, time evolution of line width, uncertainty on epoch, 56Ni distribution, and 56Ni
mass) and are difficult to improve upon when only limited high-quality data are available that cover different SECC-
SNe at several different epochs. Therefore more and better data is needed.
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5. Oxygen Recombination in Stripped-Envelope
Core-Collapse Supernovae

In the previous section we have studied the core velocity of 56 SECC-SNe by modelling [O ] λλ6300,6363, which
is by far the strongest emission line in the nebular phase of SECC-SNe. This doublet line is commonly used in the
literature to study SECC-SN properties (e.g. Li & McCray 1992, Mazzali et al. 2005, Maeda et al. 2007, Modjaz
et al. 2008, Taubenberger et al. 2009, Milisavljevic et al. 2010, Maurer et al. 2010). Since O  is the most abundant
ion in CC-SNe (Type Ic, Ib), beside hydrogen (Type II) and helium (Type II, IIb), and since it is the strongest emitter
in the nebular phase of SECC-SNe, understanding the formation of its lines is of special importance.

The [O ] λλ6300,6363 doublet is formed by thermal electron excitation of the O  2p(1D) state. Higher quantum
states (n ≥ 3) cannot be excited by thermal electrons sufficiently because of the large ratio of excitation energy
(∼ 9 eV) and electron temperature (∼ 0.4 eV). However, in most SECC-SNe, the permitted line O  λ 7774 [3p(5S)
→ 2p(3P)] can be observed clearly. It is commonly assumed that this line is powered by oxygen recombination.
Since previous studies of central oxygen have focused almost exclusively on [O ] λλ6300, 6364 it is useful to
investigate whether extending the analysis to other oxygen lines gives a consistent picture. Furthermore, this can
improve the accuracy of the oxygen mass estimate, which is the most abundant element in SECC-SNe.

To investigate the formation of permitted O  lines in detail, in this section temperature-dependent effective re-
combination coefficients for neutral oxygen are calculated using available atomic data. Missing atomic data are
computed in a temperature range typical for SN nebulae using a quantum defect method. The formation of O  re-
combination lines is investigated using a toy model. Recombination physics and data are implemented in NC3D to
derive core ejecta models for two of the best studied SNe Type Ic, 1998bw and 2002ap from modelling their nebular
emission spectra so that oxygen recombination line formation is computed consistently with oxygen forbidden line
emission. While SN 2002ap can be explained well by a one-dimensional shell model, this seems not to be possible
for GRB-SN 1998bw, for which a two-dimensional model is found.

In Section 5.1 temperature-dependent effective recombination rates are obtained for the n = 3 & 4 levels of neutral
oxygen and some quantities relevant for oxygen recombination and emission-line formation in CC-SN nebulae are
estimated. A one-dimensional shell model for SN 2002ap is described in Section 5.2 and a two-dimensional model
for SN 1998bw in Section 5.3 emphasising the role of the O  7774 Å line. Results are discussed in Section 5.4.

5.1. Oxygen lines in the nebular phase of CC-SNe

In this section temperature-dependent effective recombination rates are obtained for the 3s, 3p and 3d triplet and
quintet states of neutral oxygen. These rates are used in the nebular code to calculate oxygen recombination line
emission. These levels are responsible for O  7774, 8446, 9264 and 11287 A line emission (see Figure 5.1 for
illustration). We further investigate the relevant processes for oxygen recombination and absorption line formation
in the nebular phase of CC-SNe.

Recombination into the 2p singlet states is not important in the CC-SN nebular phase. About 80 − 90% of
the radioactive energy is deposited in thermal electrons, while only 10 − 20% goes into ionisation (see below).
Since the 2p singlet states can be efficiently excited by thermal electron collisions, the population of these levels is
predominantly determined by this process.

5.1.1. Effective recombination rates for neutral oxygen

Di-electronic recombination is much weaker than radiative recombination [roughly by a factor of 5 (Nussbaumer &
Storey 1983) at 10000 K and decreasing rapidly with temperature] and is not included when calculating the recom-
bination fractions. At high electron densities collisional transitions between excited states can become important.
However, for the electron densities expected in the nebular phase (ne < 1010 cm−3), this effect is weak. At high
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Figure 5.1.: Neutral oxygen levels that are potentially interesting for the nebular phase of CC-SNe. The singlet states
(which are responsible for the nebular oxygen forbidden-line emission) and states with n ≥ 4 are not shown. The 2p, 3p and
3d states can be subdivided into several j sub-states, which are not shown to keep the illustration clear. The wavelengths
given represent the mean wavelengths of emission. Lines emitted by the different j sub-states differ slightly from the
values given. For example, the line we refer to as O  7774 Å in this section consists of three lines at wavelengths 7771.94,
7774.17 and 7775.39 Å. While all transitions indicated by solid lines are permitted with radiative rates of order 107−8 s−1,
the 3s(5S) to 2p(3P) transition (spin-forbidden; dashed line) has a radiative rate of order 103 s−1 only.

electron densities (ne ∼ 1010 cm−3) and low temperatures (T ≤ 3000K) collisional recombination can become im-
portant (e.g. see Storey & Hummer 1995). However, during the nebular phase only the combinations high density,
high temperature (early) and low density, low temperature (late) are important and the contribution of collisional
recombination is weak (e.g. ∼ 20% at ne ∼ 109 cm−3 and T ∼ 5000K).

Therefore we only consider radiative recombination. We are interested in which fraction of recombining electrons
reaches a certain atomic level, whether by direct recombination or cascading from higher states. It had been noted
by Julienne et al. (1974), Chung et al. (1991) that high quantum levels (n ∼ 20) might be important to calculate
the recombination cascade. In the literature recombination coefficients and radiative rates are available for neutral
oxygen up to maximum quantum numbers n ∼ 10 (see e.g. TIPTOPbase 1, NIST 2).

For azimuthal quantum numbers l ≥ 3 one can use the hydrogenic approximation, however for the s, p and d
orbitals this should be avoided (e.g. Chung et al. 1991). Therefore, we obtained radiative recombination coefficients
and radiative rates for all s, p and d levels of oxygen up to n = 20 using a quantum defect method (QDM) (Bates &
Damgaard 1949, Seaton 1958, Burgess & Seaton 1960).

The potential of the atomic core and the inner electrons approaches the asymptotic form 1/r quickly (see Section
2.2.2). The wave functions of the excited states can be described by a hydrogen-like solution, with the difference
that the quantum energy levels are shifted owing to the unknown structure of the core potential. This shift of
energy levels is described by the quantum defect (defined as the difference between the real and ’effective’ principal
quantum number) and can be measured in experiments or is determined by more sophisticated calculations.

The wave functions calculated by the QDM are described with sufficient accuracy at radii larger than a few (atomic
units) and therefore the QDM is reliable as long as the main contribution of the transition integrals comes from
sufficiently large radii and there is no strong cancellation in the integrand. Especially for ground state transitions,
where contributions from small radii are important, the QDM is therefore not reliable.

1http://cdsweb.u-strasbg.fr/topbase/
2http://www.nist.gov/index.html
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5.1.1 Effective recombination rates for neutral oxygen

Figure 5.2.: Temperature-dependent normalised effective recombination fractions. The quintet states (3d, 3p, 3s from
bottom to top) are shown by solid lines. Triplet states (3p, 3s, 3d from bottom to top; note that 3p and 3s do overlap) for
the case of optically thin ground state transitions are shown by dashed lines. Triplet states (3d, 3p, 3s from bottom to top)
for the case of optically thick ground state transitions are shown by dotted lines.

To improve the calculation, we numerically integrate the electron wave equation (e.g. Seaton 1958)[ d2

dr2 −
l(l + 1)

r2 − V(r) + E
]
P(E, l; r) = 0 (5.1)

inwards, starting with the solution obtained by the QDM at large radii and using a Thomas-Fermi potential

V(r) =
2N
r

exp(−Z1/3r) +
2(Z − N)

r
(5.2)

where Z is the charge of the nucleus and N the number of core electrons. This integration is not part of the QDM,
but increases the accuracy of the calculation. The Thomas-Fermi potential gives the correct asymptotic behaviour of
the atomic potential for r → 0 and r → ∞ (Burke & Robb 1975). The result of this integration is a behaviour of the
wave-function for r→ 0 different than predicted by the QDM. For most transitions the contribution from small radii
is approximately zero and therefore the calculated rates are not influenced by this correction. For the transitions
which are influenced by the inner parts of the wave function we achieve better agreement with oxygen atomic data
provided in the literature at low quantum numbers (n < 10).

The difference for ground state radiative transitions relative to NIST recommended data is always less than 50%
and the agreement increases considerably with the quantum number of the excited states. For ground state transitions
from levels n > 5 the disagreement becomes less than 10%. For transitions between excited states the maximum
difference to NIST recommended data is 40% with most transitions agreeing at the 10% level or better. Whenever
the disagreement was worse than 10% we replaced our data with the values from the literature. We compared
our direct and effective recombination coefficients to Julienne et al. (1974), Chung et al. (1991) and found good
agreement (better than 10%), as we did for the effective recombination rates at 1160 K. Our total recombination
rate agrees with the value given by Chung et al. (1991) to 1 % at 10000 K. However compared to Aldrovandi &
Pequignot (1973) our total recombination rate is ∼ 25% too low. It was noted by Julienne et al. (1974) that neglecting
the n > 20 levels might cause an underestimate of ∼ 20% of the total recombination rate (at temperatures around
1000 K; the effect becomes smaller at higher temperatures). More importantly Aldrovandi & Pequignot (1973) used
a hydrogenic approximation for all atomic states, which leads to an overestimate of the recombination rate (Chung
et al. 1991). A comparison to a recent calculation from Badnell (2006) shows that our total radiative recombination
rates agree to their results within 15% . To handle that deviation, we normalise our result.

We calculate the ratio of the effective recombination rates of the n = 3 levels to the total recombination rate into
excited states and find that this ratio varies only weakly with the number of levels included (it changes by ∼ 1%
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State 1000K 2000K 3000K 4000K 5000K 6000K 7000K 8000K 9000K 10000K
3s(3S)∗ 4.6(-2) 4.2(-2) 4.0(-2) 3.8(-2) 3.7(-2) 3.6(-2) 3.4(-2) 3.3(-2) 3.2(-2) 3.1(-2)
3p(3P)∗ 4.3(-2) 4.0(-2) 3.8(-2) 3.6(-2) 3.5(-2) 3.4(-2) 3.2(-2) 3.0(-2) 2.9(-2) 2.8(-2)
3d(3D)∗ 1.6(-1) 1.4(-2) 1.3(-1) 1.2(-1) 1.1(-1) 1.1(-1) 1.0(-1) 9.4(-2) 8.9(-2) 8.5(-2)
3s(3S) 2.7(-1) 2.5(-1) 2.4(-1) 2.3(-1) 2.2(-1) 2.1(-1) 2.0(-1) 1.9(-1) 1.8(-1) 1.7(-1)
3p(3P) 2.6(-1) 2.4(-1) 2.3(-1) 2.1(-1) 2.0(-1) 2.0(-1) 1.9(-1) 1.8(-1) 1.7(-1) 1.6(-1)
3d(3D) 1.7(-1) 1.5(-1) 1.4(-1) 1.3(-1) 1.2(-1) 1.2(-1) 1.1(-1) 1.0(-1) 9.8(-2) 9.3(-2)
3s(5S) 4.7(-1) 4.5(-1) 4.3(-1) 4.1(-1) 3.9(-1) 3.8(-1) 3.6(-1) 3.5(-1) 3.3(-1) 3.2(-1)
3p(5P) 4.6(-1) 4.3(-1) 4.1(-1) 3.9(-1) 3.8(-1) 3.6(-1) 3.5(-1) 3.3(-1) 3.2(-1) 3.0(-1)
3d(5D) 2.7(-1) 2.4(-1) 2.2(-1) 2.1(-1) 1.9(-1) 1.8(-1) 1.7(-1) 1.6(-1) 1.5(-1) 1.5(-1)
4s(3S)∗ 6.9(-3) 7.0(-3) 7.0(-3) 6.8(-3) 6.6(-3) 6.4(-3) 6.2(-3) 6.0(-3) 5.7(-3) 5.5(-3)
4p(3P)∗ 9.0(-3) 9.1(-3) 9.0(-3) 8.7(-3) 8.4(-3) 8.1(-3) 7.8(-3) 7.5(-3) 7.1(-3) 6.8(-3)
4d(3D)∗ 4.2(-2) 4.0(-2) 3.8(-2) 3.7(-2) 3.5(-2) 3.3(-2) 3.1(-2) 2.9(-2) 2.8(-2) 2.6(-2)
4d(3F)∗ 8.5(-2) 6.8(-2) 5.9(-2) 5.1(-2) 4.6(-2) 4.1(-2) 3.8(-2) 3.4(-2) 3.1(-2) 2.8(-2)
4s(3S) 3.8(-2) 3.8(-2) 3.7(-2) 3.6(-2) 3.4(-2) 3.3(-2) 3.2(-2) 3.0(-2) 2.9(-2) 2.7(-2)
4p(3P) 5.2(-2) 5.2(-2) 5.1(-2) 4.9(-2) 4.7(-2) 4.5(-2) 4.3(-2) 4.1(-2) 3.9(-2) 3.6(-2)
4d(3D) 4.5(-2) 4.4(-2) 4.2(-2) 4.0(-2) 3.8(-2) 3.6(-2) 3.4(-2) 3.2(-2) 3.0(-2) 2.9(-2)
4d(3F) 8.6(-2) 6.9(-2) 5.9(-2) 5.2(-2) 4.7(-2) 4.2(-2) 3.8(-2) 3.5(-2) 3.2(-2) 2.9(-2)
4s(5S) 6.8(-2) 6.9(-2) 6.7(-2) 6.5(-2) 6.3(-2) 6.1(-2) 5.8(-2) 5.5(-2) 5.3(-2) 5.0(-2)
4p(5P) 8.1(-2) 8.1(-2) 8.0(-2) 7.7(-2) 7.4(-2) 7.1(-2) 6.8(-2) 6.5(-2) 6.1(-2) 5.8(-2)
4d(5D) 7.1(-2) 6.8(-2) 6.5(-2) 6.2(-2) 5.9(-2) 5.6(-2) 5.3(-2) 5.0(-2) 4.7(-2) 4.4(-2)
4d(5F) 1.4(-1) 1.1(-1) 9.8(-2) 8.6(-2) 7.7(-2) 7.0(-2) 6.3(-2) 5.8(-2) 5.3(-2) 4.8(-2)

Table 5.1.: Effective normalised recombination fraction of O  for triplet and quintet states of O  n = 3 & 4. The rates are
normalised on the total radiative recombination rate of Badnell (2006). States indicated by ∗ show the case of optical thin
ground state transitions. Values in brackets indicate a power of 10, e.g. a(b) = a · 10b.

(3s), 1% (3p) and 8% (3d) when using a maximum quantum number of n = 20 instead of n = 10) and is not too
sensitive to uncertainties in the atomic data (see below), while the total recombination rate is (it increases by 15 -
30% depending on temperature when using a maximum quantum number n = 20 instead of n = 10).

Since fitting formulae for the total and ground state recombination rates are available in the literature, we can
obtain the total recombination rate into excited states and normalise our effective recombination rates to the total
radiative recombination rate. We call this the normalised effective recombination fraction.

The recombination rates used for this normalisation are the total recombination rate of Badnell (2006)

RO I = A
[√

T
T0

(
1 +

T
T0

)1−B′(
1 +

T
T1

)1+B′
]−1

cm3s−1 (5.3)

with B′ = B + C exp
(
−

T2
T
)
, A = 6.622 · 10−11, B = 0.6109, C = 0.4093, T0 = 4.136, T1 = 4.214 · 106 and

T2 = 8.770 · 104 and the (direct) ground state recombination rate of Pequignot (1990)

RGS = (1.174 + 0.2463x + 0.2144x2 − 0.0621x3)

× 10−13T−0.5
4 cm3s−1 (5.4)

with x = log(1 + T4)/ log(2) and T4 = T/10000 K. These normalised effective recombination fractions are shown
in Figure 5.2 for n = 3.

In Table 5.1 the normalised effective recombination fractions for triplet and quintet states of O  n = 3 & 4 are
shown. For the triplet states we show calculations for the cases of optical thin ∗ and thick ground states. These
numbers have to be multiplied by the total radiative recombination rate to obtain the effective recombination rates.
Since the total radiative recombination rate also contains a direct ground state component and since lower levels
contain cascade contributions from the higher levels these fractions do not add up to one.

To obtain the effective recombination coefficient for a certain line one has to weigh the upper level by the corre-
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5.1.2 Recombination line formation

Figure 5.3.: The ratio nO I/nTot for different clumping factors (ζ = 1, 10, 100 from bottom to top) calculated for the test
model described in Section 5.1.4. Since clumping increases recombination the fraction of neutral oxygen increases with
ζ.

sponding radiative rates3. As an example, we calculate the normalised effective recombination coefficient f6157
of the quintet 4d(5D) → 3p(5P) 6157 Å line at 1000K. The radiative rate from 4d(5D) to 3p(5P) is given by
A6157 = 7.62(+6) s−1 and the radiative rate 4d(5D) to 4p(5P) is given by A26511 = 6.44(+6) s−1 and therefore

f6157 = f4d(5D)
A6157

A6157 + A26511
= 3.8(−2) (5.5)

which agrees well with the value given by Julienne et al. (1974) at 1160K.
Since there are uncertainties in our atomic data we want to quantify their influence. We randomly vary all the

radiative rates obtained by the QDM by a value between ± 20% and the recombination rates obtained by the QDM
by a value between ± 50% several times. This should be larger than the typical error, at least for excited states. The
resulting deviations from the standard values are typically a few percent, often� 5%.

5.1.2. Recombination line formation

With the effective recombination rates shown in Table 5.1 it is possible to calculate the strength of all [O ] n = 3 &
4 lines due to recombining electrons.

The population of excited oxygen levels by recombination is implemented in the one dimensional (Mazzali et al.
2001, 2007) and three dimensional version (Maurer et al. 2010) of our nebular code and will be used in Sections 5.2
and 5.3 to calculate synthetic recombination lines for SNe 1998bw and 2002ap.

However, to obtain insight into the formation of these lines it is useful to derive some estimates for the recom-
bination line formation. Below, we estimate the strength of the O  7774 Å line. This is the strongest non-ground
state (NGS) recombination line thanks to its high effective recombination rate and transition energy [3p(5P) to
3s(5S)]. Ground state recombination line observations are usually not available since most spectra reach a minimum
wavelength of 3000 Å − 4000 Å only.

The ionisation rate can be calculated using the concept of ’work per ion’ (e.g. Axelrod 1980), which describes
the energy lost to thermal electrons in order to produce one ionisation. The ionisation rate per atom and ion is then
given by

YO I =
LDep

NTotWO I
(5.6)

3http://www.nist.gov/index.html
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where LDep is the total deposited luminosity, NTot is the total number of atoms and WO I is the energy lost to thermal
electrons per ionisation and can be estimated by comparing the ionisation cross-section with atomic and plasma loss
functions (more details are given in Section 3.3.3).

During the first several hundred days of a SN, ionisation balance is a valid assumption (Axelrod 1980), therefore

YO I(1 + R)nO I = Y ′O InO I = RO IneζnO II (5.7)

where R is the recycling fraction (recombination radiation causes further ionisation and R is expected to have a
value between 0.3 and 0.5; Axelrod 1980) and ζ is the clumping factor (explained in more detail below), defined as
the inverse of the filling factor (Li & McCray 1992).

Since oxygen is the dominant element in CC-SNe cores [∼ 55 % in SN 2002ap and ∼ 75 % in SN 1998bw,
as obtained from our modelling in Sections 5.2 and 5.3; see also Mazzali et al. (2001, 2007)] and the degree of
ionisation of oxygen is rather high (roughly 10 − 50%; Figure 5.3) it is a reasonable simplification to neglect all
elements besides the iron-group elements and oxygen when calculating the ionisation balance and to assume that
all electrons are provided by oxygen and by iron, which is assumed to be 100% singly ionised. Therefore

Y ′O InO I ∼ RO I(nO II + nFe)ζnO II (5.8)

which gives

nO I

nTot
∼ 1 −

nFe

nTot
−

RO InFeζ + Y ′O I

2RO InTotζ

×

(
− 1 +

√
1 +

4Y ′O IRO I(nTot − nFe)ζ
(RO InFeζ + Y ′O I)

2

)
∼ 1 −

nFe

nTot
+

RO InFeζ + Y ′O I

2RO InTotζ

−

√
Y ′O I(nTot − nFe)

RO In2
Totζ

,
Y ′O I(nTot − nFe)

RO In2
Totζ

� 1

∼ 1 −
nFe

nTot

−
Y(nTot − nFe)

(RO InFeζ + Y ′O I)nTot
,

Y ′O I(nTot − nFe)

RO In2
Totζ

� 1

(5.9)

In Figure 5.3 this ratio is computed for a test model described in Section 5.1.4 using clumping factors of 1, 10 and
100. The total luminosity of any recombination line X of oxygen relative to the total deposited luminosity is then
given by

LX

LDep
= Y ′O InO IVEX fXL−1

Dep

= (1 + R)
EX fX
WO I

( nO I

nTot

) (5.10)

where EX is the energy and fX is the normalised effective recombination fraction of the line. Usually one can assume
4Y ′O IRO InTotζ � (RO InFeζ + Y ′O I)

2 ; see Section 5.1.4. LDep (e.g. Axelrod 1980) and all other variables (besides the
temperature) can be calculated for any ejecta model and Equation 5.10 can be evaluated directly. The temperature
can be determined by balancing heating and cooling taking into account several hundred emission lines (therefore
an exact estimate of the temperature is difficult) and varies between 8000 K and 2000 K at the epochs of interest
(100 to 600 days). A sufficiently exact estimate can be obtained assuming a constant temperature of ∼ 4000 K (see
Section 5.1.4).

The luminosity of any oxygen recombination line is directly proportional to the normalised effective recombi-
nation fraction fX and the energy of the transition EX [eV]. The recombination line luminosity is influenced only
weakly by the clumping factor ζ (which changes the ionisation fraction). The oxygen NGS recombination lines
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5.1.3 Excitation of the O  7774 Å line

will be weak in general [taking nO I/nTot ∼ 0.5, f7774 ∼ 0.4, E7774 ∼ 1.6 eV and WO I ∼ 75 eV the strongest NGS
oxygen recombination line (7774 Å) carries less than 1.0% of the total luminosity] and we will neglect all other
NGS oxygen recombination lines in the rest of this section. They are calculated by the nebular code, but in the
nebular spectra of SNe 1998bw and 2002ap no oxygen recombination lines other than 7774 Å can be identified.

5.1.3. Excitation of the O  7774 Å line

We will find in Sections 5.2 and 5.3 that the luminosity provided by recombination is not sufficient to explain the
observations of the 7774 Å line earlier than ∼ 250 days. Therefore, in this section we investigate other excitation
mechanisms which might operate simultaneously with recombination.

Ground-state excitation by thermal electrons can clearly be ruled out. All transitions from n ≥ 3 to the ground state
have energies larger than 9 eV, which makes thermal excitation by electrons of temperatures ∼ 0.5 eV ineffective.

Non-thermal excitation by the same electrons causing ionisation (which are produced by Compton-scattering of
γ-rays emitted by 56Co decay) is also too weak. The ratio of the cross-sections for electron impact excitation and
ionisation (at the high electron energies which are of interest here) can be approximated by (e.g. Rozsnyai et al.
1980)

σnl→n′l′

σnl
∼ 1.66

fnl→n′l′Enl

NnlEnl→n′l′
(5.11)

where Enl→n′l′ is the transition energy, Enl the ionisation energy, Nnl is the number of electrons in the shell n, l and
fnl→n′l′ the oscillator strength of the transition. For allowed ground state transitions of neutral oxygen the oscillator
strengths are of the order of 10−2 decreasing with increasing quantum number (Bell & Hibbert 1990). The total
excitation rate into triplet states is ∼ 5% of the ionisation rate only. The excitation rates of quintet states by non-
thermal (high-energetic) electrons is even lower, since the excitation cross-sections of spin-forbidden lines strongly
decrease with electron energy, as compared to allowed transitions (e.g. Ralchenko et al. 2008).

Therefore, non-thermal excitation is not important compared to recombination for populating excited levels. In
addition, if the O  7774 Å line was excited by non-thermal electrons, one would expect the ratio of the line to the
total luminosity to be approximately constant at all epochs, which is clearly not observed (this ratio in fact decreases
considerably at late epochs).

Although it is generally assumed that the SN is optically thin during the nebular phase, some lines can still be
optically thick (especially ground state transitions). As we show here, the optical depth of the 7774 Å transition is
still high, even at epochs of ∼ 200 days because the 3s(5S) level is populated by recombining electrons.

We estimate the time-dependent optical depth of the 7774 Å line resulting from recombination taking into account
the effective recombination rates, resonance scattering of the 3s(5S) to 2p(3P) transition as well as the recycling of
ground state recombination radiation.

Based on Equations 5.8 and 5.9, the number density of the 3s(5S) state relative to the total density is approximately
given by

n3s(5S )

nTot
∼

f3s(5S )RO I(nFe + nO II)ζnO II

(A′ +C)nTot

∼
f3s(5S )Y ′O Iτ

A

( nO I

nTot

)
, A � A′ � C

∼ (1 + R)
f3s(5S )τ0LDep

AVWO I

( nO I

nTot

)2
ζ

(5.12)

defining A′ as the reduced (due to self-absorption) radiative rate

A′ = A
1 − exp(−τ)

τ
∼

A
τ
, τ � 1 (5.13)

from the 3s(5S) to the ground state, where τ is the Sobolev optical depth of this ground state transition

τ ∼
λ3

1355tg3s(5S)A1355nO Iζ

8πg2p(3P)
∼ τ0ζnO I , nO I � n3s(5S ) (5.14)
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with the ground state transition wavelength λ1355 = 1355 Å, t the epoch in seconds, V the volume in cm3, A1355
the radiative rates from the 3s(5S) to the ground state (note that the ground state is split into three j sub-levels and
appropriate weights have to be used; also the radiative rates of these j sub-state transitions differ). The weights of
the upper and lower states are g3s(5S),2p(3P); f3s(5S ) is the normalised effective recombination fraction into the 3s(5S)
state and C is the de-excitation rate due to thermal electrons which is much smaller than A/τ. The 3s(5S) to 2p(3P)
transition is spin-forbidden but dipole-allowed and therefore collisional rates are weaker than radiative rates by
several orders in magnitude (van Regemorter 1962) for typical SN nebular densities. For nOζ > 109 cm−3 this
assumption breaks down since C and τ will increase with density and clumping factor.

Equation 5.12 can be used to calculate the Sobolev optical depth of the 7774 Å line

τ3s(5S ) ∼
λ3

7774tg3p(5P)A7774n3s(5S)[ζ]
8πg3s(5S)

, n3s(5S) � n3p(5P) (5.15)

with the transition wavelength λ7774 = 7774 Å, t the epoch in seconds, A7774 the radiative rates from the 3p(5P) to
the 3s(5S) state (note that the 3p(5P) state is split into three j sub-levels and appropriate weights have to be used)
and g3p(5P),3s(5S) the weights of the upper and lower states. Again we compare this estimate with numerical results
from NC3D in Section 5.1.4.

At this point it is important to review the concept of clumping in more detail. It is assumed that the ejecta are
distributed into small “blobs” with size much smaller than the typical scale of the SN, covering the SN volume
homogeneously (e.g. Li & McCray 1992). Therefore, although the optical depth is increased locally in the emitting
region, the global optical depth of the SN remains constant. This means that, when scattering radiation from remote
regions of the SN, the opacity is not influenced directly by clumping. On the other hand, when scattering radiation
in the emission region, the optical depth increases proportionally to the clumping factor.

In addition, there is an increase of the ratio
n3s(5S )

nTot
(see Equation 5.12), which results from the increased self-

absorption of ground state transition radiation. Therefore, even when scattering radiation from remote regions,
clumping increases the optical depth and so it does influence the 7774 Å resonance scattering of background radia-
tion.

The 3p(5P) state is separated from the 3s(5S) state by ∼ 1.6 eV, therefore thermal electron excitation is possible,
but the population of the 3s(5S) state by thermal electron excitation is too low. Therefore the state must be populated
by recombining electrons.

The thermal electron excitation coefficient from 3s(5S) to 3p(5P) is given by

C3p(5P) ∼ 8.6 × 10−6 neζ

T 1/2

Ω7774

g3s(5S)
exp(−

E7774

kT
)

≡ C0neζ

(5.16)

where all constants have the same meaning as in Equation 5.15, E7774 is the energy corresponding to 7774 Å and
Ω7774 = 25.1/40.2 (at 5000/10000 K; Bhatia & Kastner 1995) is the effective collision strength of the O  7774 Å
transition. One can compare the population of the 3p(5P) state due to thermal electron collisional excitation and
recombination respectively by calculating their ratio

R3p(5P) =
C3p(5P)n3s(5S)

YO InO I f3p(5P)

= (1 + R)C0
f3s(5S)

f3p(5P)

τ0

A
(nTot − nO I)nO Iζ

2
(5.17)

The ratio of the O  7774 Å luminosity induced by thermal electron excitation compared to the total deposited
luminosity is then given by

L3p(5P)

LDep
∼ (1 + R)2 C0E7774 f3s(5S)τ0

WO IA
(1 −

nO I

nTot
)n2

O Iζ
2

∼ 10−21t[days](1 −
nO I

nTot
)n2

O Iζ
2, T = 5000 K

(5.18)
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5.1.4 Test Model

Figure 5.4.: The ratio 4Y ′O IRO InTotζ/(RO InFeζ + Y ′O I)
2 for different clumping factors (ζ = 1, 10, 20, 30, 40, 50, 60, 70, 80,

90 and 100 from top to bottom) at 1000 days calculated for the same model as used in Figures 5.3,5.5 and 5.6. For this
model the ratio is much larger than one for any reasonable clumping factor (1 - 100) at epochs earlier than 600 days.

This estimate becomes invalid for nO Iζ > 109 cm−3 since Equation 5.12 had been used for its derivation. Equation
5.18 is compared to results from our nebular code in Section 5.1.4. Whether collisional excitation of the O  7774 Å
line is negligible depends mainly on the temperature, which decreases with time, on the density of neutral oxygen,
which decreases with t−3, and on the clumping factor. Therefore, especially for early epochs (high temperature,
high density) and for large clumping factors (ζ � 1) the O  7774 Å line may be excited by thermal excitation of
recombining electrons. Around 150 days the core (oxygen) density of CC-SNe is typically of order 107−8 cm−3,
which gives

L3p(5P)

LDep
∼ (10−5 to 10−3)ζ2 assuming a temperature of 5000 K.

From the above considerations it becomes clear that clumping influences the recombination line strength only
weakly, but increases the effect of resonance scattering and thermal excitation of the O  7774 Å transition strongly.
For both processes the 3s(5S) population is provided by recombination and not by thermal electron excitation from
the ground level.

5.1.4. Test Model

In Section 5.1.2 and 5.1.3 we have derived several estimates for quantities relevant for calculating O  7774 Å
nebular emission. To derive these estimates, we used some approximations. These are justified here by comparison
to results from the nebular code, which are not based on these approximations and will show deviations as soon as
our approximations fail. An important difference is introduced by the temperature. While the electron temperature
is calculated considering hundreds of emission lines in the nebular code, this is not possible for our estimates and
we use a temperature of 4000 K for the calculations.

To perform these tests we set up a test one-zone model with a total mass MTot ∼ 0.5 M�, an expansion velocity
of 5000 km/s, containing 80% oxygen, 10% 56Ni, ∼ 9% carbon, and other elements like calcium, magnesium and
sodium.

Usually one can assume 4Y ′O IRO InTotζ/(RO InFeζ + Y ′O I)
2 � 1, which depends on the iron to oxygen ratio, the

deposited luminosity, the electron temperature and the clumping factor. In Figure 5.4 we show this ratio for our
test model using clumping factors of one to one hundred. At any epoch of interest (100 to 600 days) and for any
clumping factor the assumption is valid. The assumption may fail for clumping factors ∼ 1 at lower densities and
for higher 56Ni to oxygen ratios. For clumping factors ζ � 1 the assumption will hold for any plausible CC-SN
scenario.

In Figures 5.5 and 5.6 we compare Equations 5.10 and 5.15 (temperature set to T = 4000 K) with the results
obtained from our nebular code using our test model. The temperature is kept constant in the calculation, while it
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Figure 5.5.: The solid line is a computation of Equation 5.10 performed for the O  7774 Å line assuming a constant
temperature of 4000 K at all epochs for the one-zone model described in the text. The luminosity of this line is compared
to the total deposited luminosity. The results are given in %. The recycling fraction was set to the ratio of ground state
to total recombination rate at 4000 K. The crosses show data points obtained with the nebular code for the same model,
where the temperature is computed at all epochs self-consistently and ionisation is treated in detail. Considering the large
change of the temperature between 100 and 600 days (6800 K and 2800 K respectively) the agreement seems reasonable
(note that the temperature calculated by the code drops below 4000 K around 450 days). The minimum around 200 days
is present in both curves.

Figure 5.6.: The solid line shows a computation of Equation 5.15 performed for the logarithmic line opacity of the O 
7774 Å line assuming a constant temperature of 4000 K at all epochs for a one-zone model described in the text. The
crosses show data points obtained with the nebular code for the same model, where the temperature is computed at all
epochs self-consistently and ionisation is treated in detail. The agreement is good, especially around 450 days, when the
simulated temperature drops below 4000 K, which we assumed in our calculation. The line optical depth is greater than
one until day ∼ 200.
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5.1.5 Emission versus absorption line shapes

Figure 5.7.: The O  7774 Å line luminosity from pure recombination and thermal excitation of recombining electrons
relative to the total deposited luminosity in % for the test models described in the text using clumping factors between
1 and 100. Solid lines show estimates obtained from Equations 5.10 and 5.18 for oxygen densities of 107, 107.5 and 108

cm−3 from bottom to top. Results from our nebular code are shown by diamonds (107 cm−3), triangles (107.5 cm−3) and
squares (108 cm−3). The agreement is good. Small deviations are predominately caused by our rough approximation
of the temperature. Filled squares mark nOζ ∼ 109 cm−3 where our estimates are expected to become inaccurate. At
nOζ > 109.3 cm−3 our approximation breaks down completely, but this regime is probably not important for the nebular
phase of stripped CC-SNe. The 7774 Å luminosity increases with the increasing clumping until the density becomes high
enough to depopulate the 3s(5S) state by thermal electron collisions effectively.

is calculated self-consistently in the nebular code, influencing the recombination fraction and recombination rate.
Also the ionisation of ions other than O  and Fe  has been neglected in the calculation. Despite the approximations,
the agreement seems reasonable.

In Figure 5.7 we compare the O  7774 Å flux from pure recombination and electron scattering of recombining
electrons (Equations 5.10 and 5.18) to results obtained from our nebular code using variations of our test model.
We set the epoch to 150 days and use oxygen densities of 107, 107.5 and 108 cm−3, which should cover the range
expected for stripped CC-SNe. The oxygen fraction is again set to 80%. For our estimates We use a temperature
of 5000 K (the temperature calculated by the nebular code varies between 4500 K and 6300 K for these models).
The breakdown point of our estimate (nOζ > 109 cm−3) is indicated by filled squares. Up to the breakdown point
the agreement is good. For larger clumping factors the agreement is acceptable for nOζ < 109.3 cm−3. For larger
clumping factors our estimate over predicts the 7774 Å luminosity. In this regime the population of the 3s(5S) level
is no longer controlled by the effective radiative rate but rather by collisional de-excitation by thermal electrons. It
seems unlikely that such high density regimes can play a role in CC-SN nebulae.

5.1.5. Emission versus absorption line shapes

Since the [O ] λλ 6300,6363 doublet has often been used to probe the ejecta velocity and the geometry of CC-SNe
cores it is interesting to study the profile of the [O ] 7774 Å line. If this line were caused by recombination or
thermal excitation alone, one would expect that the shapes of the 6300, 6363 and 7774 Å lines should be at least
approximately similar.

However, as we have shown above, O  7774 Å might result from line scattering even at 200 days. At later times
the line usually becomes very weak and it is difficult to use it to probe the ejecta geometry. The profile of a scattering
dominated line depends on the flux distribution, so one cannot expect that the shape of the 6300, 6363 Å lines and
the 7774 Å line will be even approximately similar.

To demonstrate this, we use a multi-dimensional Monte Carlo code. A photon background is generated and
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Figure 5.8.: Left side: flux of a synthetic [O ] λλ 6300,6363 doublet for an asymmetric model (double-peaked shape).
Right side: the 7774 Å line opacity calculated from this asymmetric model was used to calculate the flux of the absorption
line at 7774 Å (dashed vertical line). The flux is normalised to an arbitrary constant. The formation of the absorption line
strongly depends on the assumed background (indicated by the dashed horizontal line; it not only depends on the absolute
background flux but also on the background rest-frame wavelength which determines the emission site) and therefore the
absorption line shown would look different for a different background radiation field. The asymmetry has some influence
on the absorption line, but the clear double-peaked shape of the [O ] λλ 6300,6363 doublet is not seen.

resonance-scattered in an (asymmetric) oxygen distribution (e.g. taken from a nebular model; the nebular code
in its current version cannot simulate scattering processes). We calculate the [O ] λλ 6300,6363 doublet for an
asymmetric oxygen model and use the 7774 Å line opacity calculated in the nebular code to compute the absorption
of a broad-band background (3000 − 10000 Å) emitted in the inner region of the model SN. The formation of the
absorption line is very sensitive to this background and therefore our results (see Figure 5.8) illustrate just one of
many possibilities. As expected, the absorption line has quite a different shape than the emission line.

5.2. A shell model of SN 2002ap

After studying the formation of permitted oxygen lines in SECC-SNe in general, we now turn to two specific
examples — SNe Ic 1998bw and 2002ap. These SNe are well studied and offer a large data set for nebular analysis.
SN 2002ap is classified as a broad-lined SN of Type Ic. It had an ejected mass of ∼ 2.5 M� and a kinetic energy of ∼
4 · 1051 ergs (Mazzali et al. 2007). The distance and reddening to SN 2002ap are only known approximately. To be
consistent with previous work we use a distance modulus of µ = 29.50 mag and a reddening of E(B−V) = 0.09 mag
as done by Mazzali et al. (2002), Yoshii et al. (2003), Mazzali et al. (2007). The distance modulus µ correspondes
to a distance (in parsec [pc]; 1 pc = 3.085 × 1018 cm)

d = 10
µ
5+1 [pc] (5.19)

Reddening is caused by the scattering of light in the interstellar medium. The probability of this process is wave-
length dependent reducing the relative strength of the blue component of a spectrum. The wavelength dependent
modification of the flux Fλ owing to the reddening can be estimated according to Savage & Mathis (1979)

Fλ = 10−0.4E(B−V)[3.1+2(λ−1−1.82)]Fλ,0 (5.20)

where λ is the wavelength in µm. The distance modulus and the reddening are neccessary to calculate a synthetic
spectrum under the conditions of a terrestrial observer.
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5.3 A 2D model of SN 1998bw

It is not clear whether SN 2002ap was a spherical symmetric event or not. Recently, Maurer et al. (2010) have
shown that an asymmetry might be observable in all broad-lined CC-SNe, however this point is not clear yet. The
spectra of SN 2002ap used in this work are those used by Mazzali et al. (2007).

Mazzali et al. (2007) found appropriate one-zone and shell models of the SN 2002ap nebular ejecta. We briefly
summarise the main findings for the shell models here. Using a filling factor of 0.1 (ζ = 10) in the 56Ni rich regions,
a total ejecta mass of ∼ 2.5 M� was found, containing roughly 0.11 M� 56Ni and 1.3 M� of oxygen.

In contrast to this previous work, which aimed at modelling each spectrum individually, here we try to find one
single 56Ni/O model which can produce the time evolution of the different spectra at all observed epochs consistently.
Special attention is paid to reproducing the exact shape of the [O ] λλ 6300,6363 line profile, which is a tracer of
the distribution of oxygen, the most abundant element of the nebula.

Using the same distance modulus and reddening as Mazzali et al. (2007) and clumping factors of 5 and 25 [we
had to use a clumping factor of 1 for the innermost shell of the ζ = 25 model to avoid the formation of sharp high
density lines which are not observed; Mazzali et al. (2007) had used a clumping factor of 10; this will be discussed
in Section 5.4] we obtain models similar to the ones given in Mazzali et al. (2007) giving reasonable agreement with
the observations at all epochs (see Figures 5.9 and 5.11). The forbidden oxygen lines are reproduced at all epochs
by one and the same oxygen distribution, which provides evidence for the reliability of this model.

Our 56Ni zone with a total mass of ∼ 1.2 M� extends out to 8000 km/s, containing ∼ 0.07 M� of 56Ni (in agreement
with Mazzali et al. 2002) and ∼ 0.7 M� of O. More mass is located at higher velocities, but the nebular modelling
becomes inaccurate for the outer regions. The exact values depend on the clumping factor as well as on the 56Ni
distribution, which is not known.

The O  7774 Å line is excited by recombination and thermal electron excitation in our nebular modelling (no line
scattering) and is too weak to explain the observations at 129 and 163 days using low clumping factors (ζ ∼ 5). The
ζ = 25 model can reproduce the observations of the O  7774 Å line at 129 and 163 days better than the ζ = 5 model.
This results from thermal electron scattering of 3s(5S) electrons, which are provided by recombination. In general
the ζ = 5 model reproduces the formation of the forbidden lines better than the ζ = 25 model at early epochs, since
high density lines, which are not observed, form in the ζ = 25 model.

At days 192 and 229 both models produce too little flux at 7774 Å, which is probably influenced by line scattering
at these epochs (the optical depth of the inner shells of the O  7774 Å line is high for both models at these epochs).
The scattering process is not simulated and therefore the synthetic flux is too low.

At later epochs the O  7774 Å line is consistently reproduced by recombination alone in both models when taking
into account the uncertainty due to the background around 7774 Å, which is not reproduced by the nebular code.

The optical depth of the 7774 Å line is shown for all inner shells (five shells between 0 and 5000 km/s) of our
ζ = 5 model in Figure 5.10. It does not fall below one before 210 days, indicating that there can be strong line
scattering up to ∼ 200 days depending on clumping (for the ζ = 25 model the optical depth is higher and the O 
7774 Å line becomes optically thin later).

For clumping factors below 5 neither line scattering nor thermal excitation was strong enough to allow sufficient
formation of the O  7774 Å line before ∼ 200 days.

5.3. A 2D model of SN 1998bw

SN 1998bw is classified as a broad-lined SN of type Ic (ejected mass ∼ 14 M� and kinetic energy ∼ 6 · 1052 erg;
Nakamura et al. 2000). We use a distance modulus of µ = 32.89 and an extinction of AV = 0.2 mag as given by Patat
et al. (2001). SN 1998bw was accompanied by the low energy, long-duration GRB 980425. Due to this GRB-SN
connection there are speculations that SN 1998bw was a highly aspherical event. These speculations are supported
by polarisation measurements (Kay et al. 1998, Iwamoto et al. 1998, Patat et al. 2001), which where interpreted as
a SN axis ratio of 2:1 (Höflich et al. 1999). Some indication for core ejecta asymmetry had also been found in the
nebular spectra of SN 1998bw (Mazzali et al. 2001). The spectra of SN 1998bw used in this work are the same as
used by Mazzali et al. (2001) originally presented by Patat et al. (2001).

The nebular phase of SN 1998bw has been well studied by means of nebular modelling (Mazzali et al. 2001,
Maeda et al. 2006). While Mazzali et al. (2001) attempted to model individual nebular spectra by one-zone mod-
els (concluding that this is insufficient), Maeda et al. (2006) computed two-dimensional synthetic nebular spectra
for models obtained from hydrodynamical simulations, finding good agreement with spectra of individual epochs.
However no model has so far described the time sequence of nebular spectra of SN 1998bw consistently.
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Figure 5.9.: SN 2002ap, models for a clumping factor ζ = 5. Left side: normalised nebular spectra (from top to bottom:
129, 163, 192, 229, 245, 253, 281, 343 and 394 days after explosion) are shown in black with synthetic spectra on top
in red. Right side: the region between 7600 Å and 8200 Å is enlarged to enable a comparison of observed (black) and
synthetic (red) 7774 Å flux. At epochs of 129 to 229 days, the simulated flux is too low to match the observations.
Beginning at 245 days, considering a constant off set caused by background-flux which is not reproduced by the synthetic
spectrum, the synthetic 7774 Å line starts to become consistent with the observations.

Figure 5.10.: SN 2002ap, models for a clumping factor ζ = 5. The logarithm of the 7774 Å line optical depth in our model
for the inner shells (from top to bottom: 0 − 1000 km/s, 1000 − 2000 km/s, 3000 − 4000 km/s, 4000 − 5000 km/s and
2000 − 3000 km/s). The 2000 − 3000 km/s shells contains very little oxygen in order to reproduce the narrow peak on top
of the [O ] λλ 6300,6363 doublet lines and therefore it has low optical depth. Apart from the innermost shell, the optical
depth drops below one around 220 days. This optical depth is calculated for scattering of remote emission radiation, which
has a weaker dependence on the clumping factor than for local scattering.
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Figure 5.11.: SN 2002ap, models for a clumping factor ζ = 25. Left side: normalised nebular spectra (from top to bottom:
129, 163, 192, 229, 245, 253, 281, 343 and 394 days after explosion) are shown in black with synthetic spectra in red.
Right side: the region between 7600 Å and 8200 Å is enlarged to enable a comparison of observed (black) and synthetic
(red) 7774 Å flux. At epochs of 129 and 163 days, the simulated flux matches the observations at 7774 Å much better than
for low clumping factors but in general the fit to the forbidden line emission is worse (e.g. the [O ] 5577 Å line and the
Ca  IR-triplet line at ∼ 8500 Å become too strong at early epochs). Around 200 days line scattering seems necessary to
explain the observed 7774 Å flux.

In this section we try to find a single two-dimensional model which is consistent with the full time evolution
from 108 to 388 days after explosion. While successful models for individual epochs can be found even in one
dimensional modelling, it seems impossible to model the time sequence of all spectra with a single one-dimensional
model (in contrast to SN 2002ap, where this approach works well).

Since SN 1998bw is quite massive compared to other CC-SNe (like SN 2002ap for example), the transition to the
nebular phase occurs at rather late times, although the ejecta expand at high velocities. The spectra at 108 and 139
days after explosion are not strictly nebular and therefore large deviations between the model and the observations
are to be expected when trying to reproduce these spectra (especially at 108 days) with our nebular code.

When considering two dimensions one is immediately confronted with the problem that the parameter space is
much larger [angular distribution of elements, observer inclination]. In addition, the computation time to obtain one
synthetic spectrum increases dramatically. Since hundreds of spectra have to be computed to obtain a good model,
this technical problem can make modelling unfeasible. Therefore some assumptions about the SN geometry have
to be introduced.

There are several good arguments to assume that SN 1998bw might consist of some kind of two-dimensional ’jet
+ disc’ structure, as described by for example by Maeda et al. (2006). Furthermore, since the SN was accompanied
by a GRB, it seems likely that the observer inclination is not too far from polar, although this is uncertain since the
opening angle of GRB 980425 is not known.

Therefore we work with a parametrised two-dimensional model which consists of a polar zone (0◦ to 45◦) and an
equatorial zone (45◦ to 90◦). This simplification will introduce some error, since most likely it does not represent
physical reality. However, it seems sufficiently exact to obtain an acceptable fit at all epochs with a single 56Ni/O
model. A model with more degrees of freedom is highly degenerate anyway, since the information that can be
extracted from a series of spectra F(ν,t) is limited.

Because of this simplification the reliability of our model is in question, but this kind of uncertainty is inherent
to all multi-dimensional modelling. We performed tests for viewing angles of 0◦, 15◦ and 30◦. Using the smaller
viewing angles the iron lines which are mainly produced in the jet-like structure become very narrow, which is
not observed. Therefore we decided to use a viewing angle of 30◦. However this might be a consequence of our
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simplified geometry and therefore it is not possible to obtain valuable information about the observers inclination
from our modelling approach.

Our model is roughly consistent with previous findings (Maeda et al. 2006). The polar zone contains ∼ 0.24 M� of
56Ni at velocities below 12000 km/s. The equatorial zone also contains ∼ 0.24 M� of 56Ni (note that the equatorial
zone has more than twice the surface area of the polar zone), but located at velocities below ∼ 8000 km/s. The total
mass below 12000 km/s is estimated to be ∼ 2.7 M� containing a total oxygen mass (below 12000 km/s) of ∼ 2 M�.
There is a lot of material at higher velocities, but the nebular modelling becomes inaccurate for the outer regions
because the density is too low.

Again we find that the O  7774 Å line is not reproduced as due to recombination by our model with clumping
ζ = 1 and ζ = 5. Mazzali et al. (2001) and Maeda et al. (2006) had used a clumping factor of 10. This will be
discussed in Section 5.4] for the spectra at 108, 139 and 214 days (see Figures 5.12 and 5.14). At 349 and 388
days we can reproduce the O  7774 Å line consistently with the observations. There is some background around
7774 Å which is not reproduced by the nebular code sufficiently exactly. Shifting the oxygen recombination line
upwards by the possible background, the agreement seems reasonable for both clumping factors. However the large
background-line ratio makes an exact comparison impossible.

We tried to explain the formation of O  7774 Å at the earlier epochs (108, 139 days) by increasing the clumping
factor, which in turn increases the thermal electron excitation from the 3s(5S) to the 3p(5P) level. However, this
does not seem to work. Both [O ] 5577 Å and the Ca  IR-triplet become very strong at clumping factors > 10,
while the synthetic flux around 7774 Å increases but seems still too weak to explain the observations. Owing to the
high density of SN 1998bw the nebular approach might be not suitable for such early epochs (the strong continuum
which is observed is not reproduced). In addition there are uncertainties on the atomic data (especially the collision
strengths), which may influence our conclusion.

In Figures 5.13 and 5.15 we show the opacity of the 7774 Å line for the five innermost shells for clumping factors
of ζ = 1 and ζ = 5. There will be 7774 Å line absorption up to ∼ 200 − 300 days depending on clumping.

Again, at least moderate clumping (ζ ∼ 5) seems necessary in order to provide enough O  7774 Å line opacity to
reproduce the observations at 214 days.

5.4. Discussion

In Section 5.1.1 we have obtained normalised effective recombination fractions using available atomic data and
computing missing atomic data. The agreement with atomic data available in the literature is good. Effective
recombination rates had been given before by Julienne et al. (1974) at a temperature of 1160 K. These results are
reproduced well. We extend the temperature range up to 10000 K, which should be an upper limit for temperatures
of SN nebular ejecta between 100 and 600 days. Typical uncertainties in the atomic data seem to have small
influence.

In Sections 5.1.2 and 5.1.3 we have obtained estimates for the formation of oxygen recombination lines and line
absorption by the 3s(5S) state of neutral oxygen. We have shown that the luminosity of recombination lines is weak
at any epoch. The influence of clumping on the recombination line is weak as well. Clumping will increase the
recombination rate, but will decrease the number of O  ions at the same time. The total number of recombinations,
which is equivalent to the total number of ionisations, will increase only slightly. Therefore clumping offers no
direct way for increasing O  7774 Å emission considerably.

We have shown that there is line scattering of 7774 Å photons even at very late epochs. This is possible because
of the large number of ground state O  atoms, which resonantly scatter the UV radiation emerging from 3s to 2p
transitions and slow down the de-population of the 3s state. Combined with recombination this leads to a high
population of the 3s level, which in turn can resonantly scatter 7774 Å radiation. We have shown that, in contrast to
the direct recombination line, the scattering line is very sensitive to clumping of the ejecta.

In addition, for high clumping factors, there may be thermal electron collisional excitation of the O  7774 Å
line at early epochs. However, it is in question whether these high clumping factors are realistic since high density
lines, which are not observed, may form. Uncertainties in the atomic data, especially the collision strengths, may
influence our results.

The considerations regarding the O  7774 Å line are also in principle valid for the O  8446 Å line [3s(3S) to
2p(3P)] with the difference that the effective recombination rate into the 3s triplet state is smaller than into the
quintet state. The optical depth of the 8446 Å line is therefore expected to be lower, which is still sufficient to cause
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Figure 5.12.: SN 1998bw, case of no clumping (ζ = 1). Left side: normalised nebular spectra of SN 1998bw (from top to
bottom: 108, 139, 214, 349 and 388 days after explosion) are shown in black with the synthetic spectra in red. On the right
side the region between 7600 Å and 8200 Å is enlarged to enable a comparison of observed (black) and synthetic (red)
7774 Å flux. The two earliest spectra (108, 139 days) of SN 1999bw are clearly not nebular and the agreement between
observations and simulations is expected to be poor. However, the evolution of total and oxygen 6300 Å flux as well as the
shape of the [O ] λλ 6300,6363 doublet line are reproduced at all epochs much better than by a one-dimensional model.
At epochs of 108 to 349 days, the simulated flux is too low to match the observations of the 7774 Å line. At 388 days,
considering the constant offset caused by some background flux which is not reproduced by the synthetic spectrum, the
synthetic 7774 Å line seems to be consistent with the observations. Unfortunately the noise level is high and a detailed
comparison is not possible.

Figure 5.13.: SN 1998bw, case of no clumping (ζ = 1). The logarithm of the 7774 Å line optical depth in our model for
the inner shells (from top to bottom: 0 − 1000 km/s, 1000 − 2000 km/s, 2000 − 3000 km/s, 3000 − 4000 km/s and 4000
− 5000 km/s). Solid lines show the equatorial region, dotted lines the polar region. Apart from the innermost shell, the
optical depth drops below one at ∼ 210 days. This optical depth is calculated for scattering remote emission radiation,
which has a weaker dependence on the clumping factor than for local scattering.
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Figure 5.14.: SN 1998bw, case of clumping (ζ = 5). Left side: normalised nebular spectra (from top to bottom: 108,
139, 214, 349 and 388 days after explosion) are shown in black with the synthetic spectra in red. Right side: the region
between 7600 Å and 8200 Å is enlarged to enable a comparison of observed (black) and synthetic (red) 7774 Å flux. The
two earliest spectra (108, 139 days) of SN 1999bw are clearly not nebular and the agreement between observations and
simulations is expected to be poor. However, the evolution of total and oxygen 6300 Å flux as well as the shape of the
[O ] λλ 6300,6363 doublet line are reproduced at all epochs much better than by a one-dimensional model. At epochs of
108 to 349 days, the simulated flux is too low to match the observations of the 7774 Å line. At 388 days, considering the
constant offset caused by some background flux which is not reproduced by the synthetic spectrum, the synthetic 7774 Å
line seems to be consistent with the observations. Unfortunately the noise level is rather high and a detailed comparison is
not possible.

Figure 5.15.: SN 1998bw, case of clumping (ζ = 5). The logarithm of the 7774 Å line optical depth of our ejecta model
for the inner shells (from top to bottom: 0 - 1000 km/s, 1000 - 2000 km/s, 2000 - 3000 km/s, 3000 - 4000 km/s and 4000
- 5000 km/s). Solid lines show the equatorial region, dotted lines the polar region. Apart from the innermost shell, the
optical depth drops below one at ∼ 310 days. This optical depth is calculated for scattering remote emission radiation,
which has a weaker dependence on the clumping factor than for local scattering.
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line scattering at very early epochs. However, the 8446 Å line is blended with the blue wing of the [Ca ] IR-triplet,
which can explain why no O  8446 Å line is identified in SNe 1998bw and 2002ap.

We have shown that there is likely to be no other effective excitation mechanism than ’recombination + thermal
excitation’ or ’recombination + absorption’ for O  n ≥ 3 levels. Thermal electron excitation of n ≥ 3 levels from the
ground level is ineffective at typical nebular temperatures. Non-thermal electron excitation can also be ruled out.
First, it is too weak and second, it would produce a temporal behaviour of the O  7774 Å line which is not observed.
As detailed modelling showed (Sections 5.2 and 5.3) absorption might be too weak to explain the observations as
long as there is no clumping of the ejecta (ζ ∼ 5). To enable thermal electron excitation even larger clumping factors
seem necessary.

The concept of clumping has often been used in stellar wind and SN radiation physics (e.g. Li & McCray 1992,
1993a, Kozma & Fransson 1998, Mazzali et al. 2001, Maeda et al. 2006, Mazzali et al. 2007) without quantitative
understanding of the physics behind ejecta clumping, therefore playing the role of a fitting factor. Li & McCray
(1992) have modelled the ratio of the [O ] λλ 6300, 6363 doublet lines and Li & McCray (1993a) the Ca  emission
of SN 1987A using a clumping factor of ∼ 10. Mazzali et al. (2001), Maeda et al. (2006), Mazzali et al. (2007)
have modelled the nebular spectra of SNe 1998bw and 2002ap finding that better fits to observations are obtained
using clumping factors of ∼ 10 than when using no clumping. Our results are similar, but show some difference.
We obtain good fits to all forbidden lines using clumping factors of 1 and 5 as well. The abundance of elements will
change slightly depending on the value chosen.

This difference probably results mainly from our more accurate treatment of ionisation which increases the ion-
isation rate of carbon and oxygen considerably. This means that the electron density is increased, which can be
mimiced by increasing the clumping factor and using lower ionisation rates. In general, it was found that for mod-
elling nebular spectra of SECC-SNe with NC1D some clumping of the ejecta was needed. For SNe Ia a clumping
factor ζ = 1 was found to be sufficient. Therefore it was thought that SECC-SNe might be clumped, while SNe
Ia were not. However, the new treatment of ionisation (NC3D), developed in this thesis, allows a different inter-
pretation of these findings. Since the old ionisation rates of Fe-group elements were approximately correct, while
those of light elements like C and O were too low by factors of ∼ 10, it becomes obvious why SECC-SN modelling
required some clumping, while that of SNe Ia did not. Since SECC-SNe consist mainly of C and O, one had to
introduce clumping to mimic the presence of stronger ionisation (clumping increases the local electron density),
while in SNe Ia, which are dominated by Fe-group elements, this was not necessary.

Although this could eliminate the need for clumping found in some previous SECC-SN studies, this does not mean
that SN ejecta are not clumped at all. The constraints we derived for the clumping factor of SNe 1998bw and 2002ap
from the O  7774 Å scattering line compare well to previous findings (e.g. Li & McCray 1992, Kozma & Fransson
1998). We found that a clumping factor of ∼ 5 seems necessary to provide sufficient opacity at 7774 Å. Clumping
factors of ζ > 10 make it possible to model the O  7774 Å emission at early epochs without line scattering, but
may cause the formation of high density emission lines at early epochs (100 − 150 days). One example is the [O ]
5577 Å singlet line, which is observed to be weak. Since there are uncertainties on the atomic data it is not clear
whether thermal electron excitation is important and whether the O  7774 Å line at early epochs is dominated by
line scattering or thermal electron excitation of recombining electrons.

At later epochs, between 150 and 250 days, the line is most likely a combination of line scattering and recombi-
nation radiation, since thermal electron excitation becomes too weak for any reasonable value of clumping. Around
∼ 250 days the O  7774 Å line seems to become a true recombination line where the flux is mainly provided by the
electrons cascading into the 3p(5P) level.

In Section 5.1.5 we have studied the expected profile of the [O ] 7774 Å line in light of our previous findings.
As expected, the absorption and emission line shapes caused by a certain ejecta distribution can show important
differences. Further, the profile of the absorption line depends on the background radiation field and one should be
careful when using the shape of a scattering line for any kind of argumentation about ejecta geometry as long as it
not clear how this line is formed in detail.

In Sections 5.2 and 5.3 we obtained core ejecta models for SNe 1998bw and 2002ap. The primary goal of this
modelling was not to re-derive ejecta properties, but to obtain reliable models for studying oxygen recombination
consistently with other line formation. As a by-product we obtained estimates for the 56Ni and oxygen masses of
the cores of these SNe. We find that SN 2002ap can be described very well by a one-dimensional shell model (as
already found before), which does not necessarily mean that there is no asymmetry. Our 56Ni (∼ 0.07 M�) and
oxygen mass estimates seem consistent with previous work. For SN 1998bw one-dimensional modelling seems to
be insufficient to obtain an acceptable fit at all epochs using a single model. An acceptable fit is obtained with a
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two-dimensional ’jet + disc’ model (this had been found before). The fit could certainly be improved by increasing
the degree of freedom of the model, but this would become extremely time-consuming. The model found in this
work reproduces the observations at all epochs with increasing accuracy at later times, which is expected. The
estimate of the 56Ni (∼ 0.48 M�) and oxygen mass are consistent with previous results.

Using these ejecta distributions we were able to reproduce the formation of O  7774 Å at late epochs. There is
enough line opacity at 7774 Å at early and intermediate nebular epochs to produce a strong scattering line. Since the
background radiation field is important for the calculation of this absorption line, we were not able to show that our
ejecta distribution reproduces the observations at early epochs exactly, however this seems likely. If there is strong
clumping the O  7774 Å line may be additionally excited by thermal electrons. The oxygen distribution inferred
from forbidden line observations allows the reproduction of the allowed oxygen lines at late epochs. Since different
physics are involved, this provides a test for the consistency of the nebular modelling approach, which is passed for
SNe 1998bw and 2002ap.

Several other ions may produce absorption lines at wavelengths between 4000 and 10000 Å (the part of the
spectrum that is usually observed). Since the abundance of these elements is much lower than that of oxygen, there
will be no excited states with sufficient population to cause significant line scattering (an exception might be the Ca
 IR-triplet). Allowed ground state transitions with energies between ∼ 1 and 3 eV are interesting since their optical
depth can be high owing to the high radiative rates of allowed lines and to the possibly sufficiently high ground state
populations of these low abundance elements. The elements of interest are Na , Mg  and Ca . These three elements
have low quantum-level transitions with wavelengths of ∼ 5890 Å (Na ) , 4570 Å (Mg ) and 3950 Å , 7300 Å and
8500 Å (Ca ), which can be present in sufficient amounts in SN nebulae. Iron group element lines, especially Fe ,
may be optically thick as well. However, since these ions are complex we do not treat them explicitly here.

If 0.01 M� of Na  were to be distributed homogeneously within 5000 km/s, the optical depth of the Na  5890 Å
line would be ∼ 6 ×105 at 200 days (this result is obtained by balancing thermal-electron excitation with radiative
and collisional de-excitation analogously to Section 5.1.2), scaling linearly with Na I mass and with epoch t−2.

If 0.01 M� of Mg  were to be distributed homogeneously within 5000 km/s, the optical depth of the Mg ] 4570 Å
line would be ∼ 1 at 200 days, scaling linearly with Mg I mass and with epoch t−2.

Three Ca  lines might be seen in absorption even at late epochs (∼ 3950 Å, 7300 Å and the IR-triplet 8500 Å).
To estimate their strength, it is important to know the relative population of the Ca  3d to 4s states, which can be
approximated by

n3d

n4s
∼

C4s→3d

A′3d→4s +C3d→4s
(5.21)

where C4s→3d and C3d→4s are the collisional rates for the 4s to 3d transition and A′ is the radiative rate from 3d to
4s, reduced due to resonance scattering.

If 0.01 M� of Ca  were to be distributed homogeneously within 5000 km/s, the optical depth of the Ca  3950 Å
and [Ca ] 7300 Å lines would be ∼ 2 × 105 and ∼ 0.02 respectively, at 200 days, scaling linearly with the Ca 
mass and with epoch t−2. The optical depth of the Ca  IR-triplet depends on the population of the 3d state. Using
the 7300 Å optical depth estimated above, the optical depth of the Ca  8500 Å transition is ∼ 430 (ne = 107 and T
= 5000 K) at 200 days, with a stronger dependence on Ca  mass and epoch than the optical depths at 3950 Å and
8500 Å (see also Li & McCray 1993a,for a detailed discussion of Ca  line formation).

The exact mass of Na , Mg  and Ca  is not well known, since estimates of their masses are not very accurate.
However, typical masses in CC-SNe cores for Na, Mg and Ca might be of the order of 0.01 M�.

Therefore, even at late times (> 200 days) there is strong line scattering at wavelengths between ∼ 4000 and
10000 Å. The Ca  3950 Å, Na  5890 Å and O  7774 Å lines cause strong scattering in any reasonable scenario.
The [Mg ] 4570 Å, O  8446 Å and Ca  8500 Å lines may have sufficient optical depth for line scattering, depending
on epoch, degree of ionisation, total mass and clumping.

5.5. Summary

We have computed temperature-dependent effective recombination rates for neutral oxygen in a temperature range
suitable for all types of SN nebulae (at epochs between 100 and 600 days). Since oxygen is the most abundant
element in SNe Ib & Ic, oxygen lines are of special interest among other recombination lines.

We obtained core ejecta models for CC-SNe 1998bw and 2002ap. Similar models had been derived previously,
however using the old treatment of ionisation. In this section we have studied the influence of the more accurate
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ionisation treatment developed in this thesis. We found that clumping factors of the order of 10 required in previous
studies of SNe 1998bw and 2002ap likely resulted from an inaccurate treatment of ionisation, since clumping can
mimic increased ionisation rates. However, the main goal of the modelling presented in Sections 5.2 and 5.3 was to
obtain accurate fits to the [O ] λλ 6300, 6363 doublet and consequently to the density profile of oxygen.

Using these oxygen profiles, the O  7774 Å recombination line, which is the strongest observed recombination
line, is calculated and compared to observations. We show that up to late epochs pure recombination is too weak to
power O  7774 Å. At earlier epochs the line is powered by scattering and possibly by thermal electron excitation of
recombining electrons. In both scenarios the population of the 3s(5S) state by recombining electrons is the key to
the O  7774 Å emission.

We derived estimates for the strength of the O  7774 Å line resulting from oxygen recombination, for the time-
dependent optical depth of this line and for excitation of recombining electrons by thermal collisions. These esti-
mates give insight into the formation of the O  7774 Å line in CC-SNe. We have shown that while the recombination
line strength depends on clumping very weakly, clumping does have a strong influence on the absorption and thermal
electron excitation of this line.

Our results imply that the O  7774 Å line should not be used as a tracer of the core ejecta before 250 days, unless
one explicitly models the background radiation field and the recombination and absorption processes involved.
Since the clumping factor can not be obtained with high accuracy and the background around 7774 Å seems to
consist of a superposition of several weak lines this could become a difficult task. It is not clear which elements or
ions produce the observed background flux in this region. Iron group elements seem to be promising candidates,
but currently the accuracy of our calculations is not sufficient.

This is important for the geometrical interpretation of the [O ] λλ 6300, 6363 doublet. Sometimes, the O 
7774 Å line is single peaked, while the doublet is double-peaked. Although O  λ 7774 is weak in general and can
hardly be separated from the background, this could be taken as evidence against the geometrical interpretation of
oxygen double-peaks. As it was shown here, forbidden and permitted O  lines can originate from different physical
processes, which can invalidate such conclusions.
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6. Hydrogen and Helium In Stripped-Envelope
Core-Collapse Supernovae

In Section 4 we have determined core-velocities for a large sample of SECC-SNe. Evidence for core asymmetry
has been found. In the previous section a more detailed analysis was preformed for two SNe Ic, revealing further
evidence for core asymmetry, at least in GRB-SN 1998bw. Extending the analysis to SNe IIb is important, since
they mark the transition from SECC to SNe II. In this section we investigate possible asymmetries in SNe IIb in
more detail.

Supernovae IIb contain large fractions of helium and traces of hydrogen, which can be observed in the early and
late spectra. Estimates of the hydrogen and helium mass and distribution are mainly based on early-time spec-
troscopy and are uncertain since the respective lines have to be treated in NLTE (in contrast to the other elements).
Constraining the mass and distribution of H and He is important to gain insight into the progenitor systems of these
SNe.

Large amounts of hydrogen (� 1 M�) cause the progenitor to have an extended hydrogen envelope prior to
explosion, which in turn leads to a broad peaked SN light curve (e.g. Grassberg et al. 1971). Since this is not
observed in SNe of Type IIb there is an upper limit for the hydrogen mass of less than one solar mass (Nomoto et al.
1993, Utrobin 1994, Woosley et al. 1994). It is not clear how SNe IIb manage to keep just a thin layer of hydrogen.

While massive (and therefore hot, O-Type) stars (M > 25 M�) can blow off their hydrogen envelope by radiatively
driven winds (e.g. Eldridge & Vink 2006), mass estimates for the progenitors of SNe IIb (e.g. Woosley et al. 1994,
Mazzali et al. 2009, Silverman et al. 2009, Hamuy et al. 2009) suggest that they may not be massive enough to
lose most of the H envelope via this process. Binary interaction can cause mass transfer between two interacting
stars and would allow a Type IIb progenitor to lose most of its hydrogen (e.g. Woosley et al. 1994). There is
observational evidence that the progenitors of SNe 1993J (Aldering et al. 1994, Maund et al. 2004, Maund & Smartt
2009), 2001ig (Ryder et al. 2006) [also see Kotak & Vink (2006) for an alternative interpretation of the SN 2001ig
data] and 2008ax (Crockett et al. 2008) may have been part of binary systems.

There is evidence of shock interaction from nebular Hα (e.g. Chugai 1991, Patat et al. 1995, Houck & Fransson
1996, also see this work) as well as from radio (e.g. Fransson & Björnsson 1998, Soderberg et al. 2006, Chevalier &
Soderberg 2010) and X-ray observations (e.g. Chevalier 1981, Soderberg et al. 2006, Nymark et al. 2009, Chevalier
& Soderberg 2010), suggesting that at least some SNe IIb are surrounded by massive shell from stellar winds. This
wind could also be produced by the massive companion star in the binary scenario.

At early phases of SNe IIb the energy emitted by Hα is probably provided by the radioactive decay chain
56Ni → 56Co → 56Fe. However, it was thought that in SN 1993J (Patat et al. 1995, Houck & Fransson 1996) at
∼ 150 days after explosion this mechanism becomes ineffective suggesting that an additional source of energy may
be required to explain the observed Hα luminosities. This was further confirmed by the detection of a flattening of
the Hα luminosity decay at late phases (Matheson et al. 2000). This could be inconsistent with radioactive decay,
but may be explained by shock interaction. A similar result had been obtained for SNe II (Chugai 1991). However,
Maurer et al. (2010) have shown that radioactive decay actually can power the late Hα emission in SNe 1993J,
2007Y and 2008ax, at least until ∼ 350 days after the explosion.

Shock interaction can also be detected through radio and X-ray observations. As the SN ejecta propagate into
the circumstellar medium, they are decelerated, creating internal energy which is dissipated by radiative processes.
There are several solutions for different scenarios of shock interaction (e.g. Chevalier 1981, Suzuki & Nomoto
1995, Fransson & Björnsson 1998), but a clear interpretation of the observations is often difficult. Micro-physical
processes (e.g. the formation of magnetic fields) are poorly understood, and it is not clear in detail how the energy
released by the shock is transferred into radiation. The SN envelope and circumstellar density profiles are not known
and have to be treated as free parameters. Several authors found evidence for inhomogeneous wind structures and
deviations from wind-like density profiles of the external medium (e.g. Fransson 1994, van Dyk et al. 1994, Suzuki
& Nomoto 1995). This may however be an artefact of an inaccurate treatment of shock physics (Fransson &
Björnsson 1998, 2005). A very careful treatment of shock interaction seems necessary to obtain reliable results (e.g.
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Fransson & Björnsson 1998).
For this thesis, we implemented a NLTE treatment of hydrogen and helium in the three-dimensional nebular code

(NC3D). Ionisation, recombination, (non-)thermal electron excitation and Hα line scattering are taken into account
to compute the formation of Hα, which is by far the strongest H line observed in the nebular spectra of SNe IIb.
Other lines of H and He are also computed but are rarely identified in the nebular phase.

Nebular observations are available for very few SNe IIb. To our knowledge there are nebular spectra of SNe
1993J, 2001ig, 2003bg, 2006T, 2008aq and 2008ax. The quality of the SN 2006T spectrum is poor. For SN 2008aq
there is no light curve and therefore there are no flux-calibrated spectra. Therefore, neither SNe are included in our
analysis.

Nebular models are computed for the Type IIb SNe 1993J, 2001ig, 2003bg and 2008ax as well as for SN 2007Y,
which shows Hα. Although early time Hα absorption features are observed, SN 2007Y was classified as a SN Ib
by Stritzinger et al. (2009), who argued there is very little hydrogen in the envelope and that the late Hα emission
is powered by shock interaction. On the other hand, Chevalier & Soderberg (2010) found that the Hα emission of
SN 2007Y must be powered by radioactive decay before 300 days after explosion. SN 2007Y is included in our
analysis to investigate this contradiction and a possible re-classification. Optical spectra exist for all SNe of our
sample, and there is one IR nebular observation of SN 2008ax, which allows an exploration of its helium mass and
distribution.

Asphericities in the inner and outer ejecta are evident in at least some CC-SNe. Three indicators are velocity
differences of Fe and lighter element lines at late times (e.g. Mazzali et al. 2001), polarisation measurements (e.g.
Höflich 1991) and double-peaked or asymmetric emission line profiles (e.g. Mazzali et al. 2005, Maeda et al. 2008,
Modjaz et al. 2008, Taubenberger et al. 2009, Maurer et al. 2010). Indirect evidence also emerges from a comparison
of the inner and outer ejecta velocities (Maurer et al. 2010). In this section we find evidence that SN 2008ax is a
non-spherical event.

We develop a three-dimensional model for SN 2008ax. We obtain estimates for the total mass and kinetic energy
in good agreement with the results from light-curve modelling found in the literature. We further derive abundances
of He, C, O, Ca and 56Ni. Estimates of the H mass are difficult but some constraints are derived. We demonstrate
that Hα absorption is probably responsible for the double-peaked profile of the [O ] λλ 6300, 6363 doublet in
several SNe IIb and present a mechanism alternative to shock interaction for generating late-time Hα emission of
SNe IIb.

In Section 6.1 we describe the implementation of hydrogen and helium in NC3D. In Section 6.2 we describe a
three-dimensional model of SN 2008ax, give some estimates for the total mass and kinetic energy and compare them
to results available in the literature. In Section 6.3 we present nebular models for the SNe 1993J, 2001ig, 2003bg,
2007Y. Since nebular models for these SNe are available in the literature already and since we cannot determine
their helium density we concentrate on their Hα emission. In Section 6.4 we present a scenario alternative to shock
interaction for explaining strong late-phase Hα emission. In Section 6.5 the results are discussed.

6.1. H and He in the nebular phase

In this section we describe the implementation of hydrogen and helium in NC3D.

6.1.1. Hydrogen

A full NLTE treatment of hydrogen is implemented in our three-dimensional nebular code. We obtain radiative
transition and ionisation rates for the hydrogen atom from analytical solutions available in the literature (e.g. Burgess
1965). Collisional rates for allowed transitions between excited levels n > 3 are unimportant, but are included using
an approximation (van Regemorter 1962). Collisional rates between quantum levels n = 1,2 and 3 are taken from
Scholz et al. (1990), Callaway (1994). The 2s level is additionally connected to the ground state by two-photon
decay, and the 2s and 2p levels are coupled by electron and proton collisions.

Hydrogen is ionised by non-thermal electrons (produced by Compton scattering of 56Co radioactive decay γ-
radiation) and by UV-radiation emitted by helium if hydrogen and helium are mixed. The electron impact ionisation
rate can be obtained comparing the atomic and electronic loss-functions with the ionisation cross-sections (e.g.
Axelrod 1980, Maurer & Mazzali 2010). Thermal electron collisional ionisation and recombination is not important.
Excitation by non-thermal electrons is important. We compute non-thermal electron excitation rates using the
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6.1.2 Helium

approximation of Rozsnyai et al. (1980).
We compare our hydrogen and helium ionisation and non-thermal excitation rates to calculations from Hachinger

et. al. (in prep.) who calculate non-thermal ionisation and excitation rates solving an energy balance equation
derived from the Spencer-Fano equation (Xu & McCray 1991, Lucy 1991). Although these methods are quite
different, the thermal excitation and ionisation rates at various electron and atomic densities agree to 10% − 20%
for both hydrogen and helium.

For levels with principal quantum number n > 5 we only consider recombination (these levels are almost com-
pletely depopulated and have no influence on the nebular spectrum), while a full NLTE (de-)excitation treatment is
performed for lower levels.

The n = 2 level of H can effectively scatter the background radiation field. This is a very important process in SNe
IIb (Houck & Fransson 1996) since Hα comes into resonance with the [O ] λλ 6300, 6363 doublet, which carries
an important fraction of the nebular flux. The optical depth of transitions between levels n≥ 3 is too low to cause
observable line scattering at late epochs.

Clumping of hydrogen is usually neglected in SNe IIb (Patat et al. 1995, Houck & Fransson 1996, Mazzali et al.
2009), but it can increase the optical depth of Hα considerably. Under certain conditions, as we show in Section
6.4, it can also increase the Hα emission significantly.

6.1.2. Helium

Accurate atomic data for He are available in the literature (e.g. see TIPTOPbase 1, NIST 2). For technical reasons
it was more convenient for us to calculate the He radiative transition and ionisation rates using a quantum defect
method (Bates & Damgaard 1949, Seaton 1958, Burgess & Seaton 1960)[also see Maurer & Mazzali (2010) for an
application to oxygen], which is very accurate for helium. The disagreement between the calculations and NIST
recommended data is a few percent in the worst case, having no observable influence on the line calculations.

Thermal electron excitation rates for all quantum levels n < 4 are taken from Berrington & Kingston (1987). The
2s(1S) level is connected to the ground state by two-photon emission (2PE) (e.g. Drake et al. 1969), which turns
out to be important in the nebular phase of SNe of Type IIb (in the early phase radiative excitation of the 2p levels
allows effective de-excitation via the 2p→ 1s transition, which can be more important than 2PE then).

Helium is mainly ionised by non-thermal electrons (see hydrogen). The recombination rates into all levels n ≤
4 are calculated by simulating recombination into and cascading from excited levels n ≤ 30. Levels with n ≤ 4
are treated in full NLTE. Non-thermal electron excitation is important and is included using the approximation of
Rozsnyai et al. (1980).

Helium can be observed in emission during the nebular phase of SNe IIb since its mass is large and since it is
distributed down to a few thousand km s−1. Owing to the large excitation potential of He (∼ 20 eV), an important
fraction of the deposited energy can be radiated away by other elements which may be present in small fractions.
This means that the electron temperature decreases and the He lines become weaker while the other elements emit
more strongly. Since all optical He lines are blended with lines only the IR He  10830 Å and 20587 Å lines can
be identified clearly (at least in SN 2008ax), which allows an estimate of the He mass and distribution. Since both
lines are optically thick around 100 days after explosion, they can be influenced by line scattering.

6.1.3. Mixed H/He layers

We derive some estimates for the ionisation of hydrogen by non-thermal electrons and by the UV-radiation emitted
by helium. We assume that H is mixed with He but not with other elements. Therefore the treatment presented is
only valid if heavy elements are present in smaller fractions than hydrogen and helium. However, other elements
with ionisation potentials below ∼ 20 eV would be affected in a way similar to hydrogen.

About 40% of all helium recombinations go directly to the ground state and cause another ionisation of helium
and possibly of hydrogen. This recycling process increases the total ionisation rate but is not important for the rest
of this subsection.

Electrons recombining to an excited state reach the ground state by two-photon emission (2PE) of the 2s(1S) state
during the nebular phase. At early times, when the 2p levels are strongly excited by radiation, most electrons reach

1http://cdsweb.u-strasbg.fr/topbase/
2http://www.nist.gov/index.html
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Figure 6.1.: The logarithmic fraction of neutral hydrogen nH I
nH

(full black line; Equation 6.6) as a function of the He 
fraction nHe II

nHe
[%] for a helium dominated layer containing 2% of hydrogen, assuming f = 0.5 and ξH = 0.1. The He

density was set to 108 g cm−3. There is a steep decrease of H  as soon as the fraction of He  increases above 2
f %.

Changing the degree of ionisation of He by 1% only (from 4.5 to 3.5% in this example), the fraction of H  increases by a
factor of 104.

Figure 6.2.: Toy model of a SN IIb. The time-dependent fraction nHe II
nHe

[%] (full black line; Equation 6.13) is shown for
a model described in the text (MHe = 3 M�, MNi = 0.1 M�, f = 0.5, T = 15000K). The fraction nH I

nH+nHe
[%] (dashed red

line; Equation 6.6) is shown for hydrogen masses of 0.01 to 0.1 M� (bottom to top). There is no clumping of the H and
He layer. The calculation starts at 100 days since at earlier epochs photospheric radiation may be important for ionising
hydrogen and helium and our estimates become invalid. Although the model is highly simplified it demonstrates that
depending on the ratio of hydrogen and helium the H  fraction can be approximately zero for the first 100 days and can
increase rapidly at later epochs. This means that no Hα would be observed at early epochs, while strong Hα emission or
scattering is possible later.
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6.1.3 Mixed H/He layers

Figure 6.3.: Toy model of a SN IIb. The time-dependent fraction nHe II
nHe

[%] (full black line; Equation 6.13) is shown
for a model described in the text (MHe = 3 M�, MNi = 0.1 M�, f = 0.5, T = 15000K). The fraction nH I

nH+nHe
[%] (dashed

red line; Equation 6.6) is shown for hydrogen masses of 0.001 to 0.01 M� (bottom to top). The clumping factor of the
H and He layer is set to 100, which reduces the degree of ionisation strongly. The calculation starts at 100 days since
at earlier epochs photospheric radiation may be important for ionising hydrogen and helium and our estimates become
invalid. Although the model is highly simplified it demonstrates that depending on the ratio of hydrogen and helium the
H  fraction can be approximately zero for the first 100 days and can increase rapidly at later epochs. This means that no
Hα would be observed at early epochs, while strong Hα emission or scattering is possible later.

the ground state via the 2p levels.
In the case of 2PE approximately 30% of the ground state transition radiation can ionise hydrogen (the two

photons are created with energies between 0 and 20.6 eV; the chance of producing a photon with E > 13.6 eV is ∼
30%; Drake et al. 1969) and in the case of 2p transitions 100%. Therefore, we assume that a fraction f (0.3 − 1.0)
of all He recombinations into excited states can ionise a hydrogen atom.

The total ionisation rate of hydrogen is then determined by non-thermal electron ionisation and by radiative
ionisation from He recombination radiation. The non-thermal electron ionisation rates of neutral hydrogen and
helium are given by (e.g. Axelrod 1980)

Y = YH I,He I =
LDep

NTotWH I,He I
(6.1)

where NTot is the total number of atoms and WH I,He I is the work per ion of hydrogen and helium, which depends on
the ratio of electrons to atoms and on the absolute atomic density (weakly).

For simplicity we assume WH I = WHe I in this section, which will cause an error of ∼ 30% on the ionisation rates
of H and He in the worst case.

During the first few hundred days the SN is in ionisation equilibrium (e.g. Axelrod 1980) and the ionisation
balance of hydrogen can be estimated as

Y
(
nHe IDH I f + nH I

)
= RH I

(
nHe II + nH II

)
ζnH II (6.2)

where DH I f is the fraction of He recombination radiation ionising hydrogen with

DH I = 1 − exp(−σH∆RnH I) (6.3)

where σH is the ionisation cross-section of H at ∼ 20 eV and ∆R is some characteristic width of the He shell. The
ionisation balance of helium can be written as

YnHe I = RHe I(nHe II + nH II)ζnHe II (6.4)
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Setting R = RH I = RHe I (which is a good approximation) one obtains

DH InHe I f + nH I =
nHe I

nHe II
(nH − nH I) (6.5)

The exact solution of Equation 6.5 is given by

nH I = ξ
−1
H W

(
nHe InHe II

nHe
ξH f exp

[
−

nHe IξH(nH − f nHe II)
nHe

])
+

nHe I

nHe
(nH − f nHe II)

(6.6)

where W(x) ≡
∑∞

n=1
(−n)n−1

n! xn is the Lambert W function. In approximation, the deposition fraction DH I is given by

DH I =

{
1 σH∆RnH I � 1
σH∆RnH I ≡ ξHnH I σH∆RnH I � 1 (6.7)

The ionisation cross section of hydrogen is ∼ 2 ·10−18 cm2 at 20 eV and the SN radius is of the order of 1016 cm
during the first few hundred days, which means that ξH will be of order 0.01 − 0.1 cm3. The number density of
neutral hydrogen is then given by

nH I

nH
=

 nHe I
nHe

(
1 − f nHe II

nH

)
ξHnH I � 1

nHe I
nHe+nHe InHe II f ξH

∼
(
f nHe IIξH

)−1
ξHnH I � 1

(6.8)

The degree of ionisation of hydrogen increases rapidly as soon as the hydrogen number density becomes similar to
the number density of He  times f (see Figure 6.1).

A factor of 10 or less in the hydrogen abundance can make a difference of several orders in magnitude in the degree
of ionisation. Also, a small change in the ionisation balance of He can have serious influence on the ionisation
balance of H. A simple example is given by a helium layer containing 2% hydrogen and 2.5

f % He . Hydrogen is
ionised to� 99% then. If the amount of He  decreases to 1.5

f % (a decrease of the ionisation fraction is expected at
late epochs; see Figures 6.2 and 6.3) the H  fraction decreases to less than 10%. Without changing the physical
conditions significantly, the fraction of H  can change by several orders in magnitude.

To obtain some rough estimate of the electron temperature in a He-dominated layer containing some small fraction
of hydrogen, we calculate the temperature-dependent ratio of collisional excitation and recombination R. The
thermal electron excitation coefficient from n = 2 to n = 1 is given by

C12 ∼ 8.6 × 10−6 ne

T 1/2

Ω21

g1
exp(−

ELyα

kT
)

≡ C0ne

(6.9)

where Ω21 is the effective collision strength of the hydrogen n = 1 to n = 2 transitions given by Scholz et al. (1990)
and f2, g1 are defined in Section 6.4. This gives

R =
C12ζnH I

RneζnH II f2

=
C0

R f2

( nH

nH I
− 1

)−1
(6.10)

While C0 increases with temperature R decreases and C0
R f2

is approximately one at ∼ 11000K. Since hydrogen must
be excited by thermal collisions effectively in order to produce a significant contribution to the total luminosity, R
must be� 1. Therefore the temperature must be higher than ∼ 10000K, depending on the H  fraction.

At temperatures of ∼ 20000K (which are reached for low fractions nH I
nH
< 0.1; this implies nH I ≤ nHe II � nHe I)

thermal excitation of He becomes important, the above estimate becomes invalid and the relative importance of H 
emission decreases as compared to He . Therefore, the temperature should be ∼ 10000 − 15000 K in order to allow
effective H  emission.
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6.2 SN 2008ax

We can use this temperature estimate to calculate the temporal evolution of He  and therefore H  for a toy model
of the SN ejecta. Of course this temperature estimate is not exact, but it is sufficient to demonstrate how the absolute
fractions nHe II

nHe
and nH I

nH+nHe
in a helium dominated layer can evolve with time (see Figures 6.2 and 6.3).

The deposited energy can be estimated analytically if the He density is known. For simplicity we assume that
X solar masses of He and Y solar masses of 56Ni are distributed within a sphere of velocity v homogeneously (of
course this is in conflict with our assumption that He is mixed with small fractions of heavy elements only, but this
is a toy model only and He and 56Ni could be separated on small scales). At nebular epochs (say, > 100 days), when
most of 56Ni has decayed to 56Co, the deposited luminosity is given by

LDep(t) ∼ 1.3 × 1043 exp
(
−

t[d]
111.4

)
M56Ni[M�] fDep ergs s−1 (6.11)

where fDep is the deposition function, which can be calculated analytically for a homogeneous sphere (e.g. Axelrod
1980). For three solar masses of helium and a 56Ni mass of ∼ 0.1 M� distributed homogeneously in a sphere of
10000 km s−1 the luminosity deposited around 350 days is ∼ 1039.5 ergs s−1 while the Hα luminosity of SN 2008ax
at this epoch is ∼ 1038.5 ergs s−1 only (Taubenberger et al. 2010).

Since the ionisation potential of He is high and since we assumed that it is the predominant element, helium is
mainly ionised by non-thermal electrons

RHeYHenHe I = RHeζ(nHe II + nH II)nHe II (6.12)

where RHe ∼ 1.5 is the recycling fraction of helium. This gives

nHe II

nHe
∼

RHeζnH II + RHeYHe

2RHeζnHe

×

(
− 1 +

√
1 + 4

RHeYHeRHeζnHe

(RHeζnH II + RHeYHe)2

) (6.13)

We compute Equations 6.6 and 6.13 for the toy model described above. We assume that 50% of all He recombi-
nations into excited states can ionise a hydrogen atom ( f = 0.5) and vary the hydrogen mass between 0.01 and 0.1
M�. The temporal evolution of the H  fraction is shown in Figure 6.2. Depending on the ratio of hydrogen and
helium the fractions of H  can increase dramatically between 100 and 1000 days. This means that Hα scattering
or emission can appear at late epochs, without any hydrogen being detected at earlier times. In Equation 6.6 and
6.13 we assumed ionisation equilibrium, which may become invalid at epochs of ∼ 500 days and later. Therefore,
we underestimate the He II fraction at very late epochs. However, qualitatively the effect is the same, since H 
ionisation is related to He  recombination even at 1000 days and later.

6.2. SN 2008ax

Nebular spectra of SN 2008ax are available at 131, 149, 266, 280 and 359 days after explosion. The spectrum at
131 days covers the range between 9000 and 25000 Å. The other spectra cover a range between 5000 and 10000 Å.
For the modelling we use a distance modulus of µ = 29.92 ± 0.29 mag and a reddening of E(B − V) = 0.4 ± 0.1
mag (see Taubenberger et al. 2010). Also see Pastorello et al. (2008), Chornock et al. (2010) for observations and
discussion of SN 2008ax.

There is observational evidence for asymmetry in SN 2008ax. The double-peaked profiles of the He  IR 10830
and 20587 Å lines can be interpreted as a torus-shaped distribution of helium (Taubenberger et al. 2010, Chornock
et al. 2010). In addition, the blue wing of these lines is stronger, which can be interpreted as an asymmetry along the
line of sight, but may also be a scattering effect. We place the observer in the equatorial plane, which is necessary
to produce the double-peaked He profiles in this model.

The choice of this geometry (see Figure 6.4 for illustration) is motivated by the observations but is probably not
unique. Different geometries may reproduce acceptable fits to the observations as well.

In contrast to the He IR lines (see Figure 6.5), most other lines are single peaked (see Figure 6.6). This is expected,
since heavy elements are concentrated in the core. An exception is the [O ] λλ 6300, 6363 doublet (Taubenberger
et al. 2010). While we agree that the profile of these lines may be shaped by geometry in other types of CC-SNe
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Figure 6.4.: Illustration of the three-dimensional model of SN 2008ax, described in the text. The model has a weak
assymetry along the equatorial plane which is not indicated in this plot. Regions drawn in red colour are rich in heavy
elements and contain no helium. Regions indicated in blue are helium-rich. The outermost region, indicated in green, is
hydrogen-dominated. The x-axis is associated with the equator. In the centre (below 4500 km s−1), heavy elements (red)
are concentrated towards the pole, while ejecta containing helium (blue) are concentrated in the equatorial regions.

(e.g. Mazzali et al. 2005, Maeda et al. 2008, Modjaz et al. 2008, Taubenberger et al. 2009, Maurer et al. 2010), we
think that in SNe IIb Hα line scattering is responsible for the splitting of the [O ] λλ 6300, 6363 doublet (also see
Section 6.3 for other SNe IIb).

The velocity of the Hα absorption minimum saturates at ∼ 12500 km s−1 about 40 days after explosion. This is
usually interpreted as the lower boundary of hydrogen. Since hydrogen in lower layers may be strongly ionised (see
Section 6.1.3), this estimate is somewhat uncertain. It may rather be the lower boundary of H  but not of H .

We can reproduce the double-peaked profile of the [O ] λλ 6300, 6363 doublet very well placing less than 0.1
M� of hydrogen between 12000 and 12500 km s−1 (see Figure 6.6). An exact estimate of the H mass is not possible
since shock interaction or clumping may be important in this region. This can explain why other lines, like [O ]
5577 Å are single-peaked. This is discussed in more detail in Section 6.5.

Our model consists of 128 angular and 8 radial cells (spherical geometry; 1024 cells in total). The radial cells
have outer boundaries at 2000, 2800, 4500, 6000, 6600, 9500, 12000 and 12500 km s−1. This choice relates to the
physical properties of our model for SN 2008ax.

Below 2000 km s−1 the ejecta are spherically symmetric. This innermost part of the SN is dominated by 56Ni,
oxygen and calcium. The total mass and mass fractions in this zone are quite uncertain, but their contribution to the
global properties of the SN is small. No He is present (< 10−4 M�).

The region between 2000 and 2800 km s−1 is similar to the innermost part, but some cells, preferentially in the
equatorial plane, contain small fractions of He (∼ 10−3 M�). The bulk of the oxygen, calcium and carbon of SN
2008ax is located in this region. In contrast to calcium, carbon is probably not present below 2000 km s−1. The
confinement of C to a thin low velocity layer is in agreement with theoretical predictions (e.g. Nomoto et al. 1993).

The region between 2800 and 4500 km s−1 is dominated by oxygen and 56Ni in some cells and by He in others.
This separation improves the reproduction of the observations. On the one hand He emission can be observed
down to 2000 km s−1 and the He IR line ratio suggests that there is no strong mixing with heavy elements (which
decreases the electron temperature and influences the strength and ratio of the He  10830 and 20587 Å lines). On
the other hand, the iron lines observed are much broader than 2800 km s−1. Placing all the 56Ni mass necessary
to reproduce the observed flux below 2800 km s−1 causes too narrow and too strong Fe emission lines. A good
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6.2 SN 2008ax

Figure 6.5.: IR spectrum of SN 2008ax at 131 days after explosion. The He  10830 Å line is shown on the left and the
He  20587 Å line is shown on the right. The observations are shown in black while the synthetic flux is shown by the
dashed red line. The synthetic flux is obtained using the three-dimensional model described in the text. Since almost no
background flux is produced by our nebular code near 20000 Å we added some constant flux at the level of the observations
between 19000 and 22000 Å to allow He  20587 Å line scattering. In contrast to the optical He lines, the 10830 Å and
20587 Å lines can be identified clearly, which allows a determination of the He density field. Two kinds of asymmetry
can be observed. First, the double-peaked nature suggests a torus-shaped distribution of He. Second, the blue side of the
profiles of both lines is stronger, which suggests an asymmetry along the line of sight.

Figure 6.6.: Optical spectrum of SN 2008ax at 149 days after explosion. Observations are shown in black while the
synthetic flux is shown by the dashed red line. The synthetic flux is obtained using the three-dimensional model described
in the text. Although the He  IR lines are shaped by the torus-like He distribution, all other lines are single peaked, since
the heavy elements are concentrated in the core. There seems to be continuum flux, especially between 7000 and 10000
Å, which is not reproduced. This is because of the epoch (149 days), which is too early for a strictly nebular treatment.
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Figure 6.7.: Optical spectrum of SN 2008ax at 149 days after explosion. Observations are shown in black while the
synthetic flux is shown by the dashed red line. The synthetic flux is obtained using the three-dimensional model described
in the text. The (double) peak of the [O ] λλ 6300, 6363 doublet profile is caused by Hα absorption between ∼ 12000 and
12500 km s−1. The Hα absorption minimum is indicated by the vertical dashed line.

compromise is found by allowing a separation of the 56Ni and He-rich ejecta. Large-scale structures of burned
and unburned material are not unexpected depending on the explosion scenario. The He rich cells contain some
fraction of carbon, oxygen, sodium and calcium (in total ∼ 30%). These elements are strongly excited by the energy
absorbed by the He layer.

The material above 4500 km s−1 is dominated by helium, which constitutes most of the mass of SN 2008ax. The
He rich layer reaches out to at least ∼ 9500 km s−1. The composition and density of the zone between 9500 and
12000 km s−1 is not clear. The absorption profile of the He  IR lines suggests that there is no He  20587 Å line
scattering above ∼ 10000 km s−1 (see Figure 6.5). An upper limit to the He mass in this region is ∼ 0.05 M�. The
observation of the [O ] λλ 6300, 6363 doublet shows that there is no strong Hα line scattering below 12000 km
s−1 (see Figure 6.6). A possible solution may be that there is some He (of the order of 0.1 M�) in this region, but
mixed with small fractions of neutral elements, like H . In this case continuum destruction of He  584 Å photons
could reduce the optical depth of the He  20587 Å line significantly (Chugai 1987, Li & McCray 1995). This effect
strongly depends on the composition of the He layer. However, since the mass in this region is expected to be low,
the effect on our total mass estimate would presumably be less than 10%. The estimate of the kinetic energy could
be influenced more strongly.

The 266, 280 and 359 day Hα observations cannot be reproduced using any reasonable amount of hydrogen (of the
order of 0.1 M�). It seems likely that some additional mechanism of Hα emission becomes important between 150
and 200 days after explosion, as in SN 1993J (Houck & Fransson 1996). In Section 6.4 we propose a mechanism,
based on mixing and clumping of hydrogen and helium. Shock interaction is also a possibility and is discussed in
Section 6.5.

The O  7774 Å line is reproduced well at 266 days and later but is too weak at 149 days after explosion, which is
expected (Maurer & Mazzali 2010) since there is no clumping of the ejecta in our model.

The He  10830 Å line may contain some contribution from Si and S lines. However, in SN 2008ax this contribu-
tion is weak. It seems likely that He  20583 Å and possibly He  10830 Å are influenced by line scattering. Both
lines have optical depths larger than one around 130 days after explosion. However, it is not clear if there is enough
flux that can be scattered. Our nebular code produces almost no emission on the blue side of both lines. However,
at least for He  20587 Å this is in conflict with the observations, which show some background flux around 20000
Å. Since the spectrum at 131 days is probably not completely nebular, it is not surprising that certain features of the
spectrum are not reproduced well (also see the background flux in the optical spectrum at 149 days). The formation
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6.2 SN 2008ax

He C O Ca Ni MTot EK
M� M� M� M� M� M� 1051 ergs

A 2.0 0.09 0.51 0.005 0.10 2.7 ≥ 0.9
B 2.7 0.07 0.40 0.002 0.07 3.3 ≥ 1.2

Table 6.1.: SN 2008ax. (A) Best fit three-dimensional model (B) All 56Ni confined below 2800 km s−1; inconsistent with
nebular Fe-group line observations. Hydrogen is not included in the total mass and kinetic energy estimate in both models
but should be of the order of 0.1 M� and 1050 ergs.

µ E(B − V) M56Ni MTot,ej EK Reference
mag mag M� M� 1051ergs

A 29.92 ± 0.29 0.4 ± 0.1 0.10+0.05
−0.03 2.8+1.2

−0.9 1.0+1.1
−0.3 This work

B 29.92 ± 0.29 0.4 ± 0.1 0.07−0.15 4.6 ± 2.5 1.0−10 Taubenberger et al. (2010)
C 29.92 0.3 ∼ 0.06∗ [0.07] ∼ 2.9∗ [3.3] ∼ 0.5∗ [0.6] Roming et al. (2009)
D 29.92 0.3 ∼ 0.11∗ [0.13] ∼ 2.3∗ [2.7] ∼ 1.5∗ [1.7] Tsvetkov et al. (2009)
E 29.92 ± 0.29 0.3 0.07∗ − 0.11∗ [0.08 - 0.13] 3∗ − 6∗ [3 − 7] ∼ 1.0∗ [1.2] Pastorello et al. (2008)

Table 6.2.: Properties of SN 2008ax obtained by different methods: (A) Multi-dimensional nebular modelling (B) one-
zone light-curve calculation (C) semi-analytical light-curve modelling (D) numerical light-curve modelling using the ra-
diation transport code STELLA on a SN IIb explosion model (E) light-curve comparison of SN 2008ax and SN 1993J.
Estimates (B), (C), (D) and (E) are obtained from the light-curve. Although no errors are given, (D) is probably the most
reliable light-curve based estimate. ∗Please note that (C), (D) and (E) are computed for E(B− V) = 0.3 mag instead of 0.4
mag. In rough approximation a comparison can be made by multiplying all quantities of (C), (D) and (E) by a factor of
1.15. These values are given in brackets.

of the background is discussed in more detail in Section 7.
To handle this problem we introduce some artificial background flux between 19000 and 22000 Å at the flux level

of the observations. This allows the He  20587 Å line to increase by line scattering. However, since this background
is completely artificial, one can not expect that the modelling is accurate.

The masses estimated for He, C, O, Ca and 56Ni are shown in Table 1. The uncertainties on these estimates should
be of the order of (several) 10%. Other elements carry larger uncertainties. We also compute the total mass and
kinetic energy, excluding hydrogen. Our best-fit three-dimensional model is listed Table 1, row (A). Since some
SN IIb models predict a confinement of 56Ni to quite low velocities (Nomoto et al. 1993), we additionally show
an estimate obtained by placing all 56Ni below 2800 km s−1 (B), which is, however, in conflict with the Fe-group
emission line observations.

A comparison of the total mass of models (A) and (B) shows that the uncertainties owing to the distribution of 56Ni
is about half a solar mass. However, since model (B) stands in clear contradiction to the nebular Fe-group emission
line observations model (A) has to be preferred. There are also uncertainties from He  background scattering,
clumping and from the atomic data. Additionally, we may underestimate the mass in the outer regions.

Owing to all the uncertainties described above, we estimate a total mass between 2.2 and 3.2 M� and a 56Ni mass
between 0.10 and 0.12 M�. A lower limit on the kinetic energy is 0.9 ·1051 ergs (for a total mass of 2.7 M�). Since
small amounts of high velocity H and He could increase the total kinetic energy considerably we estimate a total
kinetic energy between 0.7 and 1.7 · 1051 ergs (for a total mass between 2.2 and 3.2 M�).

In addition there is some uncertainty (∼ 40%) owing to extinction (we used E(B−V) = 0.4 ± 0.1 mag) and distance
(9.6 ± 0.3 Mpc). Since these uncertainties would influence the total mass and the 56Ni mass estimate simultaneously
we assume that the uncertainty owing to distance and extinction is ∼ 20% on each of these quantities. Thus we
estimate (including 0.1 M� of hydrogen with a kinetic energy of 1050 ergs) a total mass of 2.8+1.2

−0.9 M�, a total 56Ni
mass of 0.10+0.05

−0.03 and a total kinetic energy 1.0+1.1
−0.3 · 1051 ergs.

In Table 2 we compare our estimates to results from other groups. Taubenberger et al. (2010) obtain estimates
from one-zone-modelling of the light curve. They estimate a total mass of ∼ 4.6 M�, a kinetic energy of 6 · 1051 ergs
and a 56Ni mass of 0.1 M�. The estimates of the total mass and kinetic energy are larger than found in this work.
The uncertainties estimated by Taubenberger et al. (2010) are large and the results agree within these uncertainties.
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SN vphot,Hα vneb,Hα MH Reference
km s−1 km s−1 M�

1993J ∼ 10000 ≤ 11000 ∼ 0.2 Woosley et al. (1994)
2001ig ∼ 13500 ∼ 13200 − Maund et al. (2007)
2003bg ∼ 13000 ∼ 12800 ≥ 0.05 Mazzali et al. (2009)
2007Y ∼ 10000 ≤ 11000 − Taubenberger et al. (2010)
2008ax ∼ 12500 ∼ 12200 − Taubenberger et al. (2010)

Table 6.3.: The velocity of the absorption minimum of Hα at ∼ 40 days after the explosion (vphot,Hα) taken from the
literature and the velocity of the Hα derived from the [O ] λλ 6300, 6363 doublet profile in this work (vneb,Hα). A physical
connection between both velocities seems likely, confirming that the profile of the [O ] λλ 6300, 6363 doublet is strongly
influenced by Hα absorption.

Roming et al. (2009) model the light-curve of SN 2008ax using a combination of an analytical light-curve model
and a Monte-Carlo routine. Our results are roughly consistent, however the kinetic energy estimated by Roming
et al. (2009) seems to be too low in general. This has also been found by Taubenberger et al. (2010).

A comparison to Tsvetkov et al. (2009) shows that our results agree rather well. Since the extinction was estimated
to be lower in the work of Tsvetkov et al. (2009) we multiply their results by a factor of 1.15 for comparison. This
gives 0.127 M� of 56Ni, a total mass of 2.7 M� and a kinetic energy of 1.7· 1051 ergs. We may underestimate the
kinetic energy but our results agree within the errors.

Our estimates for the 56Ni and total mass, as well as for the kinetic energy are also consistent with the results of
Pastorello et al. (2008).

6.3. Other SNe of Type IIb

Nebular models for SNe 1993J (Houck & Fransson 1996), 2001ig (Silverman et al. 2009), 2003bg (Mazzali et al.
2009) and 2007Y (Stritzinger et al. 2009) exist but a treatment of helium was not possible, since there are no IR
nebular spectra (Houck & Fransson 1996˙ included He in their analysis but had no IR observations for comparison).
An exact treatment of hydrogen is also difficult since it is observed as Hα, which may be influenced by scattering,
clumping and shock interaction.

Therefore, we restrict our analysis to the question: can Hα be powered by radioactive energy deposition, as
described by Houck & Fransson (1996)? The answer to this question is less model dependent than estimating
element masses or distributions. At late epochs (> 200 days) the SN ejecta are illuminated homogeneously by
γ-radiation (since the γ-optical depth is low) and asymmetries in the 56Ni or hydrogen distribution are not very
important. In addition we can obtain some constraints on the H and He distribution from early and late-time line-
width observations. The maximum H mass is restricted by light curve observations and should be less than one
solar mass (Nomoto et al. 1993, Utrobin 1994, Woosley et al. 1994).

Early time observations show that all SNe of our sample have absorption minima of Hα between 13000 and
20000 km s−1 during the first days after explosion. The velocity of these absorption minima decreases rapidly in the
following tens of days and bottoms out at ∼ 10000 − 13000 km s−1 in all SNe around 30 − 40 days after explosion.
This saturation behaviour is usually interpreted as the lower boundary of the hydrogen layer. However, there may
be some hydrogen at lower velocities if it is ionised completely in the early phase of the SN (see Section 6.1.3). We
show that there is an intriguing link between the velocity of the early time Hα absorption minimum and the profile
of the [O ] λλ 6300, 6363 doublet for all SNe of our sample (see Table 6.3).

Whether a double-peaked [O ] λλ 6300, 6363 doublet is formed or not, depends on the velocity of the optically
thick Hα . The optimum Hα velocity to produce a double-peaked O [] profile is ∼ 12000 km s−1 since then the
absorption minimum of Hα for 6300 Å lies right at the centre of the [O ] λ 6300 line profile, which corresponds to
the centre of the SN (bulk of oxygen).
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6.3.1 SN 1993J

Figure 6.8.: Optical spectrum of SN 1993J at 206 days after explosion (black line). The synthetic flux (red dashed line)
is produced using 0.2 M� of hydrogen distributed between 7000 and 10000 km s−1. Hα is not reproduced with sufficient
strength. The [O ] λλ 6300, 6363 doublet is single peaked, since hydrogen is located below 11000 km s−1.

6.3.1. SN 1993J

Nebular spectra of SN 1993J have been modelled before, investigating the formation of the Hα line in detail (Houck
& Fransson 1996). We repeat this analysis to test whether our results are in agreement with previous findings. We
have spectra at 118, 172, 206, 237, 256, 300 and 363 days after explosion. While the 118 day spectrum is not
strictly nebular, all the later ones are. The spectra cover a range between 4000 and 10000 Å but no IR observations
are available. For the modelling we use a distance modulus of µ = 27.72 mag and an extinction of E(B − V) = 0.18
mag (Houck & Fransson 1996).

Houck & Fransson (1996, see their Figure 1) have shown that a model consisting of a heavy element core (0 −
3400 km s−1), a He layer (3400 − 7800 km s−1) and a hydrogen dominated layer (> 7800 km s−1) containing ∼
25% of He can produce synthetic spectra consistent with the nebular observations of SN 1993J (except Hα at late
epochs).

Using a model similar to the one presented by Houck & Fransson (1996) we can reproduce the evolution of the
heavy element lines of SN 1993J at all epochs between 118 and 363 days (e.g. see Figure 6.8). The hydrogen mass
of SN 1993J was estimated to be 0.2 M� (Woosley et al. 1994, Houck & Fransson 1996). Using this hydrogen mass
we come to the same conclusions as Houck & Fransson (1996). The synthetic Hα flux and the observations become
inconsistent between 150 and 200 days after explosion. This is usually interpreted as the time of the transition to a
shock interaction dominated phase (e.g. Patat et al. 1995, Houck & Fransson 1996).

The [O ] λλ 6300, 6363 line in SN 1993J is not double-peaked. As we have shown for SN 2008ax, the double-
peaked oxygen profile is possibly the result of Hα absorption. Since the optically thick Hα of SN 1993J has a
velocity < 11000 km s−1 (see Table 3), the oxygen line is not split by the Hα absorption minimum. This is discussed
in more detail in Section 6.5.

6.3.2. SNe 2001ig & 2003bg

For SN 2003bg there is a H mass estimate of ∼ 0.05 M� obtained from early-time absorption modelling (Mazzali
et al. 2009), while there is no estimate of the H mass of SN 2001ig.

We have nebular spectra of SN 2001ig at 256, 309 and 340 days after explosion. The spectra cover a range
between 4000 and 10000 Å. For the modelling we use a distance modulus of µ = 30.5 mag and an extinction of
E(B − V) = 0.011 mag (Silverman et al. 2009).

For SN 2003bg we have nebular spectra at 264 and 301 days after explosion. The spectra cover a range between
4000 and 10000 Å. For the modelling we use a distance modulus of µ = 31.68 mag and an extinction of E(B −
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Figure 6.9.: Left: Optical spectrum of SN 2001ig at 340 days after explosion. Right: Optical spectrum of SN 2003bg
at 301 days after explosion. The band shown (6100 to 6900 Å) is dominated by the [O ] λλ 6300, 6363 doublet. The
observations are shown by the black lines. The red dashed lines show the synthetic flux obtained using ∼ 0.3 M� of
hydrogen and a one-dimensional model. Hydrogen causes some weak line scattering of the oxygen-dominated flux
around 6300 Å, creating the double peaked profile of the oxygen doublet, but does not provide enough Hα flux to explain
the observations around 6560 Å. The double peaked oxygen profile is not caused by geometry, but by Hα absorption
around 13200 km s−1 (SN 2001ig) and 12800 km s−1 (SN 2003bg). The Hα absorption minima are indicated by the
vertical dashed lines.

V) = 0.02 mag (Mazzali et al. 2009).
Although the nebular Hα flux is weak in both SNe, we find that it cannot be reproduced using reasonable amounts

of hydrogen. In contrast to the Hα emission, the absorption can be reproduced well. The [O ] λλ 6300, 6363
doublet is often used to investigate asymmetries of CC-SNe cores. However, in the case of SNe IIb there is strong
evidence that the profile of the oxygen line is not shaped by geometry alone but also by absorption (see Section
6.2). To reproduce the oxygen profiles of SN 2001ig and 2003bg we have to place ∼ 0.3 M� of hydrogen between
13000 and 13500 km s−1 (SN 2001ig) and 12600 and 13000 km s−1 (SN 2003bg) which is roughly consistent with
the early-time absorption minimum of Hα (see Table 3) of these SNe.

Although we can reproduce the absorption features well, it seems unlikely that 0.3 M� of hydrogen are necessary
to reproduce the observations if there is some additional mechanism of Hα excitation (e.g. shock interaction). This
may be expected, since Hα emission is underestimated in our models.

6.3.3. SNe 2007Y

Although Hα absorption was detected in its early spectra, SN 2007Y was classified as a SN Ib (Stritzinger et al.
2009). While these Hα features would be sufficient to classify SN 2007Y as a Type IIb, there is more evidence for
the presence of hydrogen since there is strong Hα emission in the nebular phase. Stritzinger et al. (2009) argue that
the emission is caused by shock interaction, but Chevalier & Soderberg (2010) claim that the circumstellar density
of SN 2007Y is too low to produce the Hα luminosities observed before 300 days after explosion.

The nebular spectra cover a range between 4000 and 10000 Å. For the modelling we use a distance modulus of
µ = 31.43 mag and an extinction of E(B−V) = 0.112 mag (Stritzinger et al. 2009). There is no IR nebular spectrum.

The Hα flux can be reproduced neither at 248 nor at 288 days using reasonable amounts of hydrogen. We therefore
conclude that the Hα flux of SN 2007Y cannot result from radioactive energy deposition as described by Houck &
Fransson (1996) even if it was a SN IIb and that some other mechanism is needed. To avoid a double-peaked profile
of the [O ] λλ 6300, 6363 doublet, the hydrogen must be concentrated below 11000 km s−1. This is in perfect
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6.4 An alternative to shock interaction

Figure 6.10.: Optical spectra of SNe 1993J (256 days; red line), 2007Y (248 days; black line) and 2008ax (266 days; green
line). The spectra are scaled by arbitrary constants. Apart from the [O ] λλ 6300, 6363 doublet and the [Ca ] emission
the spectra agree extremely well. The ratio of Hα to oxygen emission is strongest in SN 2007Y, which is surprising since
this SN was classified as SN Ib, while SNe 1993J and 2008ax were classified as Type IIb. SN 2007Y has the strongest
nebular ratio of Hα to oxygen (and total) flux ever detected in a stripped CC-SN. The [O ] λλ 6300, 6363 doublet is
single-peaked, which is expected if the bulk of hydrogen is located below 11000 km s−1.

agreement with observations of the early-time Hα absorption minimum (see Table 6.3).
SN 2007Y has the highest Hα to [O ] λλ 6300, 6360 doublet flux ratio (and also total flux) of all five SNe

(see Figure 6.10). Unless a serious amount of hydrogen has been accumulated from a thick circumstellar wind
afterwards, which is unlikely, SN 2007Y must have had a significant fraction of H in its outer layers at the time of
explosion. In addition, Hα is observed at ∼ 15000 km s−1 during the first days after explosion.

Therefore, SN 2007Y is most likely a SN of Type IIb similar to SN 1993J and SN 2008ax. Then it is important
to understand why the early time Hα absorption was weak (Stritzinger et al. 2009). A simple explanation may be
that the hydrogen of SN 2007Y is more mixed with helium than the hydrogen of SN 1993J and 2008ax. In this case
hydrogen could be ionised more strongly at early times, which means that there is hydrogen but no H . Thorough
mixing of hydrogen and helium could also explain the strong, low-velocity Hα emission observed at late epochs
(see Section 6.4). This is discussed in more detail in Section 6.5.

6.4. An alternative to shock interaction

To our knowledge there are only three stripped CC-SNe (SNe 1993J, 2007Y, 2008ax) which show strong, box-
shaped Hα emission in their nebular phase. It is commonly assumed (e.g. Filippenko et al. 1994, Patat et al. 1995,
Houck & Fransson 1996) that the box-shaped Hα emission of SN 1993J is caused by shock interaction.

Houck & Fransson (1996) have shown that radioactive energy deposition is too weak to produce strong Hα
emission at late epochs. Their analytical estimates do not depend on the SN 1993J model explicitly and should
be valid for any SN IIb with moderate amounts of H (∼ 0.1 M�). One may therefore conclude that the same
mechanism operating in SN 1993J is also at work in SNe 2007Y and 2008ax. However, for SN 2008ax there are
several problems connected to the shock-interaction interpretation of its Hα nebular emission (Taubenberger et al.
2010). In SN 2007Y shock interaction is not expected at all (Chevalier & Soderberg 2010).

In this section we present an alternative mechanism for powering late nebular Hα emission. This mechanism may
explain how late-time Hα emission can be powered by radioactive decay without any need for shock interaction,
solving the problems mentioned above. This is possible, since we include the effect of thermal electron hydrogen
excitation, which was neglected by Houck & Fransson (1996) and propose a certain ejecta configuration, which is
required. The mechanism is simple but needs special conditions to operate, which could explain why strong nebular
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Figure 6.11.: Optical spectrum of SN 1993J at 363 days after explosion (black line). The synthetic flux (red dashed line)
was produced by a one-dimensional model containing 2 M� of He and 0.2 M� of hydrogen. H and He are mixed and
distributed out to ∼ 10000 km s−1. A clumping factor of the He layer of ζ = 200 was used. As expected the [O ] λλ 6300,
6363 doublet is single peaked.

Figure 6.12.: Optical spectrum of SN 2007Y at 288 days after explosion (black line). The synthetic flux (red dashed line)
was produced by a one-dimensional model containing 1.5 M� of He and 0.1 M� of hydrogen. H and He are mixed and
distributed out to ∼ 10500 km s−1. A clumping factor of the He layer of ζ = 100 was used. As expected the [O ] λλ 6300,
6363 doublet is single peaked.
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6.4 An alternative to shock interaction

Figure 6.13.: Optical spectrum of SN 2008ax at 359 days after explosion (black line). The synthetic flux (red, dashed
line) was produced using a one-dimensional model. A clumping factor of the He layer of ζ ∼ 100 was used. While the
Hα emission is produced by tiny fractions of H in the He layer below 12000 km s−1, the double-peaked profile of the [O
] λλ 6300, 6363 doublet is again produced by Hα absorption between 12000 and 12500 km s−1 (also see Figure 6.7).

Hα emission is rare in stripped CC-SNe (this may also be explained by shock interaction).
We assume that a small fraction of hydrogen (of the order of 1%) is mixed into a helium-dominated layer. The

degree of H ionisation will lie between 1 and almost 100% depending on the ionisation state of helium, since He
recombination can ionise hydrogen strongly (see Section 6.1.3). There is a sharp transition between complete and
almost no ionisation of hydrogen, if the hydrogen mass is comparable to the mass of He . In such a situation, when
the degree of ionisation of helium decreases with time, as it does naturally, large amounts of neutral hydrogen can
be produced in regions where no H  had been present at earlier epochs (this is explained in more detail in Section
6.1.3). Therefore, the H  fraction in the He dominated layer can increase from approximately zero to, say, 2% of
the total mass within several hundred days. Up to this epoch an observer would not even know about hydrogen in
these regions since H  cannot be observed, except by extremely weak recombination radiation.

It is important to note that the energy deposited in the He-rich regions (at least in SN 2008ax, but probably also
in SNe 1993J and 2007Y) is ∼ 10 times larger than the energy emitted in Hα. This means that if only 10% of
the deposited energy was transformed into Hα, shock interaction would not be needed to explain the late-time Hα
emission.

Under typical nebular conditions ∼ 70% of the energy deposited in a He rich layer by radioactive decay is stored
in thermal electrons. It is therefore clear that emission from this region is dominated by thermal electron collisional
excitation and not by recombination. If heavy elements (C, O, Na, etc.) are mixed into the He layer in sufficient
fractions, they can be excited by thermal electrons and cool the gas efficiently. In this case Hα is predominantly
produced by recombination, which is much too weak to explain the late time Hα flux (Houck & Fransson 1996, they
neglected thermal electron excitation of hydrogen). Since this scenario would produce high-velocity optical lines
(e.g. oxygen or sodium), which are not observed, helium cannot be mixed with heavy elements strongly (at least in
SN 2008ax; see Section 6.2).

If the gas consists of hydrogen and helium only, or if heavier elements are singly ionised to almost 100%, which
would be the case if the fraction of these elements was lower than the fraction of He , thermal electrons cannot
cool effectively until they reach high enough temperatures to excite hydrogen (∼ 10000K ; see Section 6.1.3). In
this scenario 99% of the thermal electron energy is radiated away by Lyα emission and therefore lost to the UV.
About 1% is converted into Hα, which is too small by a factor of ∼ 10 to explain the Hα observations.

At this point clumping could become important. We use the symbol ζ for the clumping factor, which is defined as
the inverse of the filling factor [see Maurer & Mazzali (2010) for more details]. A clumping factor ζ means that the
density is increased by a factor of ζ locally, while the global density remains constant.
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A helium layer containing small amounts of hydrogen can emit much more than 1% of its thermal electron energy
in Hα if clumping is strong, since clumping increases the excitation of H  to n = 2 & 3, and the self-absorption
optical depth of the H  ground state transitions.

Summarising, this means that, if hydrogen and helium are mixed in suitable fractions and clumped strongly,
radioactive energy deposition can power Hα completely without any additional source of energy. We present some
estimates here, which support this idea.

Since the excitation potential of hydrogen is ∼ 10 eV lower than that of helium, the thermal electron collisional
excitation rates of hydrogen are approximately exp(10eV/kT) ∼ 105−3 times (at 10000 − 20000K) higher than those
of helium. Unless there are ∼ 105−3 times more He  than H  atoms ∼ 70% of the total energy deposited in helium
will be radiated away by hydrogen and He IR lines (the other 30% will go into non-thermal electron excitation and
recombination radiation, mainly UV).

It is clear that, as long as H is ionised completely (� 99%), Hα emission and scattering are extremely weak.
There is no Hα scattering since there is no Lyα self-absorption if there is no H , which means that the H  n = 2
level is depopulated strongly. Moreover, there is almost no Hα emission, since only ∼ 20% of the deposited energy
go into ionisation. This energy is mainly emitted by He  recombination radiation and Lyα, which means that the
fraction of deposited energy emitted by Hα is less than one percent. Thermal electrons cool predominantly by
exciting He , since the temperature increases to more than 15000K.

We derive a rough estimate for the dependence of Hα emission on clumping. We consider effective recombination
into the hydrogen levels n = 2 and 3, thermal electron (de-) excitation between the ground state and the levels n = 2
and n = 3, and radiative transitions from H  n = 3 to n = 2 and from n = 2 to n = 1. We neglect radiative transitions
from H  n = 3 to n = 1, since this rate is small owing to self-absorption. We also neglect thermal excitation from
H  to n = 2 to n = 3, which may contribute to the population of the H  n = 3 level but is less important than
direct excitation from the ground state. We only consider the situation where enough H  is present to cool the gas
efficiently ( nH I

nHe
> 0.1%), which means that the H  ground state transitions are highly self-absorbed.

To calculate the formation of Hα the population of the n = 2 state of H  has to be estimated

nH I,2 ∼
C12ζ[+I f2]

A21τ
−1
21 ζ
−1 +C21ζ

nH I,1, τ21 � 1

∝ ζ2, ζ ∼ 1,C12 > I

∝ ζ0, ζ � 1

(6.14)

where Cij are the thermal electron collisional rates between the n = i and j states of H  (e.g. Callaway 1994), I
is the total ionisation rate (non-thermal electrons and photo-ionisation; see Section 6.1.3), fn are the fractions of
recombining electrons, cascading into the H  n states and

τ21 =
λ3

Lyαtg2A21

8πg1
nH I,1, nH I,1 � nH I,2 (6.15)

is the Sobolev optical depth of the H  ground state, with λLyα ∼ 1216 Å the wavelength of Lyα, gn the statistical
weights of the n states of H  and A21 the radiative rate of Lyα. Depending on the number density of the H  ground
state the n = 2 state can be thermally populated (C21ζ �

A21
τ21ζ

) at moderate clumping factors (ζ ∼ 10) already. The
Hα optical depth is given by

τHα ∼
λ3

Hαtg3A32

8πg2
nH I,2, nH I,2 � nH I,3

∝ ζ2, ζ ∼ 1

∝ ζ0, ζ � 1

(6.16)

where λHα ∼ 6563 Å is the wavelength of Hα and A32 is the radiative rate of Hα. τHα increases with clumping at low
clumping factors, but then saturates as soon as the de-population of the H  n = 2 level is dominated by collisional
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de-excitation. In rough approximation the ratio of the Hα to the Lyα luminosity is given by

Hα
Lyα

∼
EHα

ELyα

nH I,3

nH I,2

A′32

A′21

∼
EHα

ELyα

C13ζ[+I f3]
C12ζ[+I f2]

×
(
1 +

C21τ21ζ
2

A21

)(
1 +

C31τHαζ
2

A32[1 − exp(−τHαζ)]

)−1

∼ 0.03 · exp
(
−

EHα

kT

)
, ζ ∼ 1,C1j > I

∼ F(T, ne, nH, nH II, ζ), ζ � 1

(6.17)

where A′i j denotes the self-absorbed radiative transition rates between the n = i and j states of H .
Clumping can increase the relative strength of Hα significantly. High clumping factors (ζ � 1) increase the Hα

optical depth less effectively than they do the Hα luminosity, while moderate clumping factors increase both. An
estimate for the time-dependent density nH I is available (see Section 6.1.3).

A numerical computation of the processes described above can be performed using NC3D. In Figures 6.11,
6.12 and 6.13 we show models of SN 1993J (363 days), 2007Y (288 days) and SN 2008ax (359 days) using the
mechanism described above (radioactive decay energy; mixing of H and He; strong clumping). Since the late Hα
emission of SNe 2001ig and 2003bg is much weaker it is clear that the late Hα emission of these SNe can be
reproduced in a similar way. For SN 1993J We use the He mass estimate of Woosley et al. (1994). For SN 2007Y
we assume that the He mass is a bit smaller than in SN 1993J. For SN 2008ax the He mass is estimated in Section
6.2. For SN 1993J I use a helium mass of 2 M�, a hydrogen mass of 0.2 M� and a clumping factor ζ ∼ 200, for
SN 2007Y we use a helium mass of 1.5 M�, a hydrogen mass of 0.1 M� and a clumping factor ζ ∼ 100 and for
SN 2008ax we use a helium mass of 2 M�, a hydrogen mass of 0.2 M� and a clumping factor of ζ ∼ 100. Most of
the hydrogen is concentrated in a thin shell at high velocities, while tiny fractions are mixed into the lower velocity
helium. It is difficult to decide whether clumping, the helium or the hydrogen mass should be increased to obtain a
reproduction of the spectra. Several combinations are possible. Additionally, the outer region could be influenced by
shock interaction. Therefore it is not possible to derive a hydrogen or helium mass estimate from this procedure. It
seems however clear that small amounts of hydrogen are sufficient to reproduce late Hα emission (which is usually
not possible Houck & Fransson 1996), if there is strong clumping (ζ ∼ 100).

It is important to note that we could not reproduce the temporal evolution of the Hα line using this mechanism with
NC3D. We can find models that reproduce the observations at any epoch, but no model describing the observations
at all epochs consistently. This is discussed in Section 6.5.

6.5. Discussion

6.5.1. Late Hα emission

We have investigated the formation of Hα in the nebular phase of five SNe IIb (re-classifying SN 2007Y as SN IIb).
We find that radioactive energy from 56Ni decay is not sufficient to power the Hα emission observed at late nebular
epochs (> 200 days), as long as the energy deposited in the He layer cannot be tapped. This finding is consistent
with the work of Houck & Fransson (1996) for SN 1993J, but raises the question of which mechanism causes the
observed Hα flux.

In Section 6.4 we have shown that a combination of mixing and strong clumping could solve this problem. It
is not clear whether such high clumping factors are realistic. Furthermore, we could not reproduce the temporal
evolution of Hα using this mechanism. This may be because of several reasons. First, there is a degeneracy between
the hydrogen and the helium mass and clumping and it is not clear which combination has to be chosen. Secondly,
as can be seen from Equation 6.17, the strength of Hα is very sensitive to the electron density and temperature
at clumping values of the order 100. In addition, nH[I,II] is extremely sensitive to mixing and clumping. The
composition has to be known at the one percent level or better. Our nebular code is expected to be less accurate.
We do not treat UV-radiation transport explicitly, the ionisation of hydrogen by helium is treated in approximation
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only and in general there are uncertainties owing to the atomic data and owing to the incomplete description of the
physical scenario. Asymmetries of the ejecta can further complicate the problem.

Since the radioactive scenario appears to have problems, it may be worth considering the most common inter-
pretation, i.e. that late SN IIb Hα emission is the result of shock interaction. An extensive discussion of several
shock interaction scenarios for SN 2008ax can be found in Taubenberger et al. (2010). However, as pointed out by
Taubenberger et al. (2010), there are several problems within all these scenarios. Shock interaction has difficulties
explaining why Hα emission is observed at low velocities in SN 2007Y and SN 2008ax (see Taubenberger et al.
2010). Moreover, there are contradictions between X-ray and Hα observations, if both are interpreted as shock
interaction (see SNe 2003bg, 2007Y). These problems may arise from an incomplete understanding of the influence
of the shock radiation on the ejecta or from an inaccurate treatment of the physical parameters determining the
shock properties (e.g. the SN outer density structure).

The shock interaction model can explain why strong Hα emission at late times is rare in SN IIb and has the
advantage that it may explain a flattening of the late Hα light curve, which is observed in SN 1993J and possibly in
SN 2008ax. However, this has never been shown quantitatively. Nor has it been shown that shock interaction can
reproduce late Hα emission in detail in any SN IIb at all.

The mechanism presented in Section 6.4 can explain the formation of low velocity Hα in SNe 2007Y and 2008ax,
which is observed. It can further explain the absence of high velocity Hα emission, again consistent with the
observations, since in this scenario the Hα emission traces the He distribution. It can explain why SN 2007Y, has
strong Hα emission, although Chevalier & Soderberg (2010) claim that there is extremely weak shock interaction
in SN 2007Y. It can explain why SN 2003bg has no strong Hα emission, although Chevalier & Soderberg (2010)
claim that there is strong shock interaction in SN 2003bg. Since the model needs some fine tuning it can explain
why strong late time Hα is rare in SNe IIb.

There may well be some other mechanism (not clumping; still mixing of H and He), which emits in Hα energy
absorbed by the He layer. If it was possible to use ∼ 10% of the energy of a massive He shell to excite Hα
without producing any other strong optical lines, the late-time Hα emission could be explained by radioactive
energy deposition alone.

6.5.2. Nebular line profiles of SNe IIb

Usually, double-peaked line profiles are interpreted as toroidal ejecta distributions. While we agree with this inter-
pretation in general (e.g. for SN Ib/c; see also Section 6.2) we think that the situation may be different in SNe IIb.
We have shown that, taking the 40 day (after explosion) Hα absorption minimum velocity as lower boundary of the
bulk of hydrogen (as it is usually done) we can explain the peak profile of the [O ] λλ 6300, 6363 doublet for all
five SNe of our sample consistently by Hα absorption.

Since Hα absorption causes a split of the [O ] λλ 6300, 6363 doublet if it is located around 12000 km s−1, and
since the position of Hα influences the position of this split, we can infer the radial distribution of H  from fitting
the [O ] λλ 6300, 6363 doublet profile. For all five SNe of our sample the Hα velocity measured with this method
agrees very well with the early-time Hα minimum velocity (see Table 3). It seems unlikely that this is coincidence.

The outer Hα region could be optically thick even at late epochs (e.g. excited by shock interaction), which could
explain why the profile of the [O ] λλ 6300, 6363 doublet does not change its shape significantly at late epochs.
For example, the reverse shock of SN 2008ax could be located around 12000 km s−1 at 359 days after the explosion
(Taubenberger et al. 2010).

6.5.3. SN 2008ax

We have derived a three-dimensional model of SN 2008ax. Two kinds of asymmetries may be observed. First the
He IR lines are double-peaked, which is most easily explained by a torus shaped He distribution. Secondly, the blue
sides of the He lines appear to be stronger than the red sides.

We find a total ejecta mass of ∼ 3 M�, containing about 0.1 M� of 56Ni and expanding with a kinetic energy of
∼ 1051 ergs, which is consistent with findings from light curve and early-time Hα absorption modelling (Table 2).
We find a helium mass of ∼ 2 M� and derive the abundances of heavier elements such as carbon or oxygen (Table
1).

While most of the heavy element mass is confined to velocities below 4500 km s−1, helium is predominantly
found between 4500 and probably 12000 km s−1. The outer boundary is uncertain. Some helium is present below
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4500 km s−1. We find that a separation of helium and heavy elements, at least between 2000 and 4500 km s−1,
improves the reproduction of the He IR lines.

Since our nebular code does not reproduce the continuum flux observed around 20000 Å, we added some artificial
background to allow He  20587 Å line scattering. There seems to be no He  20587 Å line scattering above ∼ 10000
km s−1, while the He  10830 Å line would not be in conflict with higher helium velocities. The observations of the
He  20587 Å line place an upper limit on the He mass between 9500 and 12000 km s−1 of ∼ 0.05 M�. It may well
be that continuum destruction (e.g. by hydrogen), which could reduce the He  20587 Å optical depth, is important.
In this case the He mass in this region could be larger.

We can compare our results to SN IIb models of Nomoto et al. (1993) and Woosley et al. (1994). The Nomoto et al.
(1993) models (also see Houck & Fransson 1996) predict a strong confinement of 56Ni to low velocities (< 2000 km
s−1). Other heavy elements are distributed in layers above the radioactive core. Most of the hydrogen is confined to
a thin layer above the He layer. This He layer contains some traces of hydrogen and heavier elements. The models
of Woosley et al. (1994) predict a broader distribution of 56Ni in velocity space. Heavy elements dominate at low
velocities but are also mixed into the He layer. Helium and hydrogen are mixed in the outer regions.

We find that 56Ni is probably not as centrally confined as predicted by the Nomoto et al. (1993) models. On the
other hand carbon seems to be confined to a thin shell on top of the iron core in agreement with these models. Since
our core is deformed to an axis ratio of ∼ 3:2 (see Figure 6.4), one probably cannot expect perfect agreement with
the spherical symmetric models. The distribution of heavy elements seems rather consistent with the predictions in
the core as well as in the He layers. Our results for hydrogen are inaccurate and therefore a comparison is difficult.

We compare the masses of He, C, O, Ca and 56Ni of our SN 2008ax model to the 13C model of Woosley et al.
(1994), which has been used by Tsvetkov et al. (2009) to reproduce the light curve of SN 2008ax. We find that our
estimates of the He, C, Ca and 56Ni mass agree at the 10% level. The estimate of the oxygen mass is larger by a
factor of ∼ 2 than predicted by the 13C model.

Thanks to its late time IR observations, SN 2008ax is the first SN IIb where the He density field can be determined
from nebular observations. Other methods, such as light-curve modelling, provide poor information about element
abundances or asphericities. Early-time modelling can determine the properties of the outer layers more accurately,
but no information about the central region can be obtained. Therefore nebular IR observations (10000 to 22000 Å)
of SNe Ib and IIb are highly desirable.

6.6. Summary

We have derived estimates related to hydrogen and helium line formation in the nebular phase of SNe IIb. We have
shown that hydrogen can be highly ionised if it is mixed with helium in suitable ratios. This could explain why Hα
can sometimes be observed in the nebular phase but not at early times. This finding is of special interest for SN
2007Y.

From our analysis it seems likely that SN 2007Y is a SN IIb. The lack of strong Hα absorption around 50 days
after explosion may well be explained by strong mixing of H and He. Such mixing could also explain the formation
of strong late time Hα. Since we cannot determine the He distribution of SN 2007Y, this remains a speculation.

We have shown that radioactive energy deposition is insufficient to produce the late-time Hα emission in all SNe
IIb of our sample, as long as the energy of the helium layer cannot be tapped by Hα.

Shock interaction may be observed in all SNe of our sample. There seem to be two types of late Hα emission
scenarios. Strong, box-shaped (SNe 1993J, 2007Y, 2008ax) and weak (SNe 2001ig, 2003bg) Hα. The simplest
explanation would seem to be strong and weak shock interaction, respectively. However, this is in conflict with
findings of Chevalier & Soderberg (2010), at least for SNe 2003bg and 2007Y. It also seems difficult to explain the
low velocity observations in Hα by shock interaction (Taubenberger et al. 2010).

We presented an alternative mechanism to shock interaction, explaining late time Hα emission by radioactive
energy deposition. The right combination of mixing and clumping of hydrogen and helium has been shown to be
able to reproduce the Hα observations of all SNe of our sample at least up to 350 days after explosion. However,
there are also some problems with this interpretation of late Hα emission. Summarising, it is not clear how late Hα
is formed in SNe IIb. Therefore, we were not able to derive an estimate of the hydrogen mass for any SN of our
sample.

We have shown that most likely the profile of the [O ] λλ 6300, 6363 doublet is influenced by Hα absorption
strongly. Hydrogen concentrations above ∼ 11000 km s−1 can cause double-peaked oxygen profiles, while slower
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hydrogen can not. We have shown that observations of early-time Hα absorption minima and the corresponding
oxygen line profiles are perfectly consistent with this interpretation for all five SNe of our sample.

This scenario also explains why other lines, like Ca  or [O ] 5577 Å, are single peaked in all SNe of our sample.
An exception are the He lines of SN 2008ax, which show signs of asymmetry. It seems likely that at least the inner
part of SN 2008ax is asymmetric. We have obtained a three-dimensional model of the SN 2008ax envelope. For the
first time the helium mass of a SN IIb has been determined from nebular modelling. We have obtained estimates
of the total mass and kinetic energy of SN 2008ax in excellent agreement with results from light-curve modelling.
Chemical abundances have been derived. The nebular model of SN 2008ax provides the opportunity to compare
observations and theoretical SN IIb models with unprecedented richness of detail.
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7. Supernova 1987A
Supernova 1987A was discovered by Shelton and Duhalde on February 24, 1987 in the Large Magelanic Cloud
(LMC; a nearby dwarf galaxy) close to the Tarantula Nebula. Its progenitor, the blue supergiant Sanduleak (Sk)
-69 202, exploded about 170.000 years ago, the time light needs to travel from LMC to earth. Since SN 1604,
which exploded in our own galaxy, SN 1987A has been the closest SN observed. Even neutrinos, emitted during
the core-collapse, have been detected (e.g. Bionta et al. 1987, Hirata et al. 1987, Aglietta et al. 1987). Owing to
its small distance from earth and the advanced astronomical facilities available at the end of the 20th century, SN
1987A is the best observed SN ever and therefore of special interest for any analysis of SN properties.

Figure 7.1.: Supernova 1987A about 10 years after the explosion observed with the Hubble Space Telescope.

SN 1987A is of Type II-P, but shows some irregularities. The fact, that its progenitor was a blue giant star came as
a surprise, since Type II explosions were only expected from red supergiants. Such a progenitor could be explained,
if Sk -69 202 had been metal poor (e.g. Hillebrandt et al. 1987), since metal deficiency makes it possible for a star to
reach carbon burning as a blue giant (Brunish & Truran 1982). Also mixing of He into the hydrogen envelope, which
influences the opacity of the stellar gas, could cause a transition from the red to the blue giant phase (e.g. Saio et al.
1988, Hillebrandt & Hoflich 1989). Another possibility was that the progenitor could have suffered strong mass
loss from stellar winds prior to the explosion (Chevalier & Fransson 1987) or it was influenced by binary interaction
(e.g. Fabian et al. 1987, Hillebrandt & Meyer 1989). Alternatively, the progenitor could have merged from two
smaller stars several thousand years prior to the explosion (e.g. Podsiadlowski et al. 1990). The merger scenario
could also explain the prominent rings (e.g. Morris & Podsiadlowski 2007) surrounding the remnant (see Figure
7.1). These rings (two large and one smaller ring) expand with approximately ∼ 20 km s−1 (larger rings) and ∼ 10
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km s−1 (smaller ring) into the circumstellar medium. From their velocity and distance to the centre of the explosion,
their formation can be dated to about 20.000 − 30.000 years prior to the explosion. Therefore they were probably
expelled by the blue giant progenitor during the final stage of stellar evolution and were illuminated by SN radiation
later (e.g. Mattila et al. 2010). This is also supported by a chemical abundance analysis of the ring material (e.g.
Lundqvist & Fransson 1996). Alternatively to the merger scenario the rings could also result from heating induced
pressure gradients in a red supergiant wind (from a previous stellar evolution phase surrounding the blue supergiant
Meyer 1997) or from a rapidly rotating single progenitor star (e.g. Chita et al. 2008).

Since its detection, SN 1987A has been the object of extensive investigation. Although SN 1987A certainly is a
core-collapse event, so far, no compact remnant has been detected (e.g. Manchester 2007). SN 1987A is observed
in numerous wave bands and various theoretical models of the explosion exist (e.g. Woosley 1988, Nomoto et al.
1988, Arnett & Fu 1989). Among all these studies there is also extensive interpretation of the nebular observations
(e.g. Chugai 1992, Li & McCray 1992, 1995) and general investigation of UV effects in the nebular phase of SNe
II (e.g. Li & McCray 1996). Most importantly for this work, Kozma & Fransson (1998), de Kool et al. (1998) have
treated the late spectra of SN 1987A by nebular modelling.

Summarising, the literature describes SN 1987A as a Mej ∼ 8 − 18 M�, Ekin ∼ (1−2)·1051 ergs, M56 ∼ 0.07 M�
Type II-P explosion (e.g. Shigeyama & Nomoto 1990, Kozma & Fransson 1998). Shigeyama & Nomoto (1990)
found that modelling the light curve of SN 1987A requires Ekin/Mej ∼ 1.1±0.3×1050 ergs M−1

� . X-ray observations
indicate that about 60% of the 56Co is confined within the inner 2 M� of the ejecta, while the rest is mixed out to
at least 10 M� (e.g. McCray 1993). This is confirmed by light curve models, which also predict some high velocity
56Co. It is expected that the heavier elements are concentrated in the core but possibly reach out to high velocities,
forming ’bullets’ of ejected core material (e.g. Hammer et al. 2010).

The hydrodynamical models used by Shigeyama & Nomoto (1990) to reproduce the SN 1987A light curve contain
about 55% hydrogen and 45% helium in the hydrogen dominated outer layer. This was roughly confirmed by Kozma
& Fransson (1998), who estimate a hydrogen mass of ∼ 7.7 M� and a helium mass of ∼ 5.8 M� in total. The heavy
element core, which is expected to contain about 6 M� is confined below 2000 km s−1 and consists of about equal
parts of hydrogen, helium and oxygen (Kozma & Fransson 1998). Another 4 M� (mainly H and He) are expected
between 2000 and 3200 km s−1, with some material at higher velocities (∼ 1 and 4 M� between 3200 and 6300 km
s−1 Shigeyama & Nomoto 1990). At higher velocities the predictions become more uncertain, which is however not
very important for the nebular phase, because of the low density of those regions. Typical clumping factors used by
Li & McCray (1992, 1995), Kozma & Fransson (1998) are of the order of 1 to 100.

There is evidence for dust formation in SN 1987A between 350 and 600 days (Lucy et al. 1989, Li & McCray
1996, Kozma & Fransson 1998, de Kool et al. 1998), which can explain the blue-shift of spectral lines observed at
those epochs and could influence the line formation. This can however hardly be quantified (Kozma & Fransson
1998). The ejecta are possibly mixed or separated on small or large scales and could be clumped strongly, which
has serious influence on line formation. Kozma & Fransson (1998) mention that there are serious uncertainties on
their oxygen and other intermediate-mass element mass estimates. Similar conclusions about SN 1987A have been
obtained by de Kool et al. (1998).

In Sections 4, 5 & 6 we have studied the ejecta of numerous SECC-SNe (type Ic, Ib, IIb). A useful next step
was to extend the nebular analysis to hydrogen dominated SNe II, completing the nebular treatment of CC-SNe.
Although some physics necessary to treat SNe II in all the detail are still missing, some of their properties may be
derived at the current level of sophistication. To investigate the limitations of NC3D regarding hydrogen dominated
SNe, in this section, we compare SN 1987A properties obtained using NC3D with the extensive data set available
in the literature.

7.1. Nebular Modelling of SN 1987A

At the current state of development NC3D can treat the most important physics responsible for nebular hydrogen
and helium line formation, but still neglects some effects, which become important for hydrogen dominated SNe
II. Of the SN II physics which are not treated in NC3D, the most important one is UV transport, since the massive
hydrogen/helium envelope emits in Lyα and other UV ground-state transitions strongly (e.g. Li & McCray 1996,
Kozma & Fransson 1998, de Kool et al. 1998). This also became evident when analysing SN 1987A with NC3D
(see below). For the modelling presented here, especially the missing reproduction of the strong continuum found
in the SN 1987A nebular spectra poses some problems. Since the formation of IR emission lines is dominated by
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UV fluorescence, the IR reproduction using NC3D is poor.

Figure 7.2.: Spectrum of SN 1987A at 255 days after the explosion. The observations are shown in black, while the
synthetic spectrum is shown in red. The strong emission lines (e.g. [O ] λλ 6300, 6363, Hα) are reproduced well, but not
the continuum flux (e.g. around 8000 Å). Especially, the fit to the IR above 1.1 µm is poor. The IR line identification is
taken from Meikle et al. (1989).

In addition, there are problems which are inherent to a nebular treatment of SNe II. First, nebular modelling of
H and He is very sensitive to mixing (e.g. Kozma & Fransson 1998) and secondly, at late times dust formation,
radio-actives other than 56Co as well as time-dependent effects become important. All these processes are difficult
to quantify (e.g. Kozma & Fransson 1998, de Kool et al. 1998) since they can hardly be measured independently.

Since the SN 1987A envelope is very massive and slow, its density is high and one cannot expect a meaningful
nebular treatment before 200 days after the explosion. Around 400 days after the explosion dust absorption can
influence the line formation (Kozma & Fransson 1998) and at around 500 days the deposition of positron energy
becomes increasingly important. Since this deposition process is strongly influenced by (possible) magnetic fields
(see Section 1.3) and since the gas falls out of ionisation and heat equilibrium at later epochs, the nebular code
becomes increasingly unreliable with time. In addition, light curve modelling (e.g. Suntzeff et al. 1991, Bouchet
et al. 1991) has shown that an additional source of energy is needed between 700 and 1000 days after the explosion
and later. The source of this energy is not known exactly, but is expected to consist of radioactive isotopes like 44Ti
and time-dependent effects (Fransson & Kozma 1993).

Therefore, while an approximate treatment seems possible between 200 and, say, 600 days after the explosion,
the most accurate results are expected between 200 and 400 days. We therefore use nebular spectra of SN 1987A
at 255, 284 and 349 days after the explosion, kindly provided by Peter Meikle (Meikle et al. 1989). These spectra
are of high quality and cover the UV, optical and IR between ∼ 2000 and 20.000 Å. The 255 and 284 spectra even
extend to ∼ 40.000 Å. For the modelling we use a distance modulus of 18.5 mag and a reddening E(B − V) = 0.15
mag (Suntzeff et al. 1991).

We derive a model (see Figures 7.2, 7.3 & 7.4) with Mtot ∼ 13 M� and a total kinetic energy of Ekin ∼ 1.0 · 1051

ergs s−1. Since the nebular modelling becomes unreliable at low densities (high velocities), we may underestimate
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Figure 7.3.: Spectrum of SN 1987A at 284 days after the explosion. The observations are shown in black, while the
synthetic spectrum is shown in red. The strong emission lines are reproduced, while the continuum is not. The fit to the
IR above 1.1 µm is poor. See Figure 7.2 for an identification of the strongest emission lines.

the total mass and kinetic energy slightly. The mass below 2000 km s−1 is 5.5 M� and there are 5 M� between 2000
and 3200 km s−1. The ratio of H to He is about 7:5 and the 56Co mass used is M56 ∼ 0.07 M�. Therefore, the basic
properties of the model are consistent with the literature (see above).

A draw-back of our nebular treatment is that the continuum-like flux between the strong emission lines (e.g.
around 8000 Å) is not reproduced. This continuum is most likely created by UV effects (e.g. Li & McCray 1996),
since UV excitation and consequent line-branching excite thousands of weak lines. Since the continuum is not
reproduced the total flux of the synthetic model is lower by a factor of ∼ 1.6 than the observed one. To accommodate
for this difference of flux we have to place a large fraction (∼ 40%) of the radioactive material at the highest velocities
of our model (3200 − 5000 km s−1) in order to obtain the observed line strengths. While the literature quotes 60% of
the 56Ni to be located below 2000 km s−1, in our model its only 40%. This means that in our model, the radioactive
material is on average located at higher velocities, which decreases the deposition rate owing to the lower densities
in these regions.

One can study this effect by observing the luminosity evolution between 250 and 350 days. The flux ratio of the
observed spectra between 255 and 349 days is ∼ 2.54. The ratio of radioactive 56Co emission is given by

exp(−255/111.37)
exp(−349/111.37)

∼ 2.33 (7.1)

The observed decrease of luminosity is slightly higher (∼ 10 %) than the value expected from the 56Co decay alone
(Equation 7.1), since there is some increasing fraction of γ-radiation escaping. Since the difference is small the
deposition fraction does not change significantly between 250 and 350 days in SN 1987A. On the other hand, in
the synthetic spectra the flux ratio over the same epochs is 2.96, which means that the γ-deposition fraction has
decreased by about 30%. This indicates that the radioactive material in SN 1987A deposits at higher densities than
in our model. We study this effect by moving 0.3 M� of the high velocity 56Co to the core, as in the light curve model
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Figure 7.4.: Spectrum of SN 1987A at 349 days after the explosion. The observations are shown in black, while the
synthetic spectrum is shown in red. The strongest emission lines are reproduced well, while the continuum is not. See
Figure 7.2 for an identification of the strongest emission lines.

of Shigeyama & Nomoto (1990). In this case the total flux is reproduced correctly (Table 7.1), but the strength of
the strong emission lines is over-estimated seriously, since there is no continuum in the synthetic model.

Apart from the continuum problem, the strong emission lines (see Figures 7.2,7.3 & 7.4) as well as the charac-
teristic [Fe ] blends around 5000 Å and He  λ 10830 can be reproduced by the high-velocity 56Co model. The
double peaked feature at ∼ 10800 Å seems not to be the result of He asymmetry (as in SN 2008ax; Section 6), but
rather seems to result from a blend of He  λ 10830, [S ] λ 10821 and [Si ] λ 10991. This has also been found by
Li & McCray (1993b), Kozma & Fransson (1998) . The in generally weak IR lines are not reproduced well, which
is however expected (Mazzali et al. 2010). While we can reproduce for example He  λ 10830 & 20585 and [Si
] λ 16455, which are efficiently excited by thermal electrons (and recombination in the case of He ), most of the
emission features above 10000 Å are not seen in the synthetic spectra at all.

The poor reproduction of the IR band is a consequence of missing UV excitation. A clear example is the quite
strong feature at ∼ 11300 Å, which is likely O  λ 11287 [3d(3D)→ 3p(3P)], since the O  3d(3D) level (1027.76 Å)
can strongly be excited by Lyβ (1025.72 Å). This can explain why O  λ 11287 is stronger than O  λ 7774 & 9264,

Epoch [d] Fobs Fm1 Fm2

255 2.146(-7) 2.282(-7) 1.450(-7)
284 1.751(-7) 1.709(-7) 1.049(-7)
349 8.438(-8) 8.437(-8) 4.883(-8)

Table 7.1.: The flux [ergs s−1 cm−2] of the observed spectra Fobs and the models with ∼ 60% (Fm1) and ∼ 40% (Fm2) of
all 56Co in the core at epochs of 255, 284 and 349 days after the explosion.
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which is not expected from recombinative excitation (Maurer & Mazzali 2010) and is not observed in SNe Ib and
Ic. Also the IR emission around 12800, 21700 and 35000 Å, which are most likely H  lines, must be excited by
UV radiation, since recombination and thermal-electron excitation are too weak to reproduce any of these lines (see
Figures 7.2,7.3 & 7.4).

Our model contains MC ∼ 0.12 M� of carbon, MO ∼ 0.4 M� of oxygen, about MS i,S ∼ 0.01 M� of silicon and
sulphur and MCa ∼ 0.12 M� of calcium, while the models analysed by Kozma & Fransson (1998) contained MC ∼

0.1 M�, MO ∼ 2.0 M�, MS i,S ∼ 0.1 M�, MCa ∼ 0.01 M�. Therefore the intermediate-mass element abundances
derived agree only to about a factor of ten in the worst case, which means that the deviation can be rather significant.
This huge uncertainty may partially be attributed to the UV treatment, clumping and uncertainties in the atomic
data, but is expected in general in SNe II (Kozma & Fransson 1998) because of the strong influence of mixing with
hydrogen and helium. Most of the energy absorbed by H and He is emitted by heavier elements if there is mixing,
since the excitation potential of H and He is large. Therefore the inferred amount of heavy elements is extremely
sensitive to mixing, if the H or He mass is larger than the mass of heavy elements.

Unfortunately, this kind of uncertainty is an inherent problem of Type II nebular modelling and it is doubtful
that it can be solved by improvements of the nebular treatment alone. Analytical treatments of clump-formation or
hydrodynamical simulations of SNe II explosions seem necessary to obtain this information.

7.2. Summary

Although the treatment of hydrogen-dominated SNe is expected to be not as accurate as the modelling of other
CC-SNe and of SNe Ia, it seems useful to derive properties of a well-studied SN II using NC3D. The comparison
of the derived properties to the literature reveals the current level of NC3D’s accuracy with respect to hydrogen
dominated SNe but also identifies the areas that need further development.

Therefore, in this section we derived an ejecta model of the well-studied SN II 1987A. Although some physics,
necessary to treat hydrogen dominated SNe in all the necessary detail, are still missing, the global properties of the
synthetic model derived are consistent with the values found in the literature. The total mass, density structure and
kinetic energy, as well as the H and He fractions agree well with the values for example given by Shigeyama &
Nomoto (1990), Kozma & Fransson (1998). This demonstrates that the basic properties of SNe II can currently be
derived using NC3D. Further it would be possible to study ejecta asymmetries of SNe II. Although SN 1987A seems
to show no signs of asphericity in the core, observations of other SNe II could reveal more interesting geometries,
as for example discovered in SN IIb 2008ax (see Section 6).

The intermediate-mass and heavy element fractions of hydrogen-dominated SNe obtained from nebular modelling
are in general uncertain (e.g. Kozma & Fransson 1998). Depending on the degree of mixing, H and He can emit
most of the deposited energy in intermediate-mass and heavy element lines, which can mimic the presence of large
amounts of these elements. Since this problem is inherent to nebular modelling, hydrodynamical simulations of
SNe II explosions (e.g. Hammer et al. 2010) could give important information about the expected degree of mixing
in the future.

Since several spectral features of SN 1987A (mainly the optical and the IR continuum) are not synthesised, the
need for a more accurate treatment of SN II physics became evident. Therefore, the next step would be to implement
a detailed treatment of UV processes. This would also increase the accuracy of other SN Type nebular spectra
calculations, but requires more atomic data and fundamental changes in the structure of the code. The time-scale
for such a development would be about one year. However, such improvement seems highly desirable.

Summarising, the current treatment of hydrogen rich supernovae by NC3D is in an advanced state. One can
derive properties like H and He fractions, total mass or kinetic energy and study possible asymmetries. However,
to synthesise the rather strong continuum emission observed in SNe II further development regarding the nebular
physics is required. To derive intermediate-mass and heavy element fractions, information about mixing in SNe II
is needed. Thanks to steadily improving simulations of SNe II explosions, such information is expected in the near
future.
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8. Conclusions

This thesis joins three important elements of nebular phase analysis. On the one hand, an advanced tool to study
and analyse nebular spectra, the nebular code (NC3D; see Section 3.2) is improved and developed in respect to its
reliability and adaptability. Beside the refinement of energy deposition and ionisation, the inclusion of recombina-
tion line formation, line scattering and two new elements (hydrogen and helium), the nebular code was extended to
three-dimensions becoming a state-of-the-art tool to study supernova nebular spectra.

On the other hand, the new code is extensively used to investigate the physical properties of core-collapse super-
novae. In Section 4 characteristic core velocities of 56 stripped-envelope core-collapse supernovae are obtained, by
far the largest and most reliable data-set of this kind. In addition, we studied the O [] λλ 6300, 6364 profiles of these
supernovae regarding asymmetries and derive estimates of their 56Ni masses, which are however affected by large
uncertainties. In Section 5 we investigate the formation of O  recombination lines in two well studied core-collapse
supernovae and asphericities in the Type Ic supernova 1998bw, which is unambiguously associated with the long
duration GRB 980425. The code is then used to perform an analysis of five supernovae Type IIb in Section 6. Of
special interest is supernova 2008ax, which is well observed and belongs to the rare class of supernovae IIb showing
strong box-shaped Hα emission in their late phase. The helium mass estimate of this supernova is the first one ever
obtained for a stripped-envelope core-collapse supernova from nebular modelling. Also, the model of supernova
2008ax is the only three-dimensional nebular model of an observed supernova derived so far. Finally, in Section 7
we derive properties of SN II 1987A consistent with the literature. This study completes the nebular treatment of
core-collapse supernovae (Ic, Ib, IIb, II) and points the direction for further developments.

The third important aspect of this thesis is a theory based investigation of supernova nebular physics. In Section
5 the formation of O  recombination lines is studied in detail. In Section 6 we scrutinised the interplay of hydrogen
and helium in supernovae IIb, in respect to helium induced photo-ionisation of hydrogen, hydrogen line excitation
in mixed H/He layers and the influence of clumping on Hα.

A fourth point, which is however of subordinate importance, is the computation of oxygen atomic data in a
temperature range relevant for the nebular phase of core-collapse supernovae. These data have been provided to the
public and could also be useful for other areas of physics.

Here, we will summarise where all these efforts have led. First of all, the data set of physical properties of
stripped-envelope core-collapse supernovae obtained in Section 4 provides a representative characteristic, which
can be used for further studies and comparison to theory. We compare these core-velocities to the ratio of kinetic
energy and mass (if available in the literature) in Section 4, finding no strong correlation. In addition, supernovae
classified as broad-lined (high velocity outer ejecta) show a wide span of core velocities. This is surprising, since
one may have expected that inner and outer velocities are directly proportional. It is shown that this could be the
effect of ejecta asperities and consequently a projection effect. The observed distribution of broad-lined supernova
core velocities is consistent with a torus-like configuration with torus opening angles between ∼ 40◦ and 60◦. This
geometrical interpretation is interesting, since it could confirm the presence of strong asymmetries in the core of
SECC-SNe independent of line-profile observations.

An alternative explanation could be that different supernovae (however of the same type) have different ejecta
density profiles, which could influence the maximum radial velocities of the nebular line forming regions. Joining
early and late time observations could be useful to shed light onto this issue. If one could obtain density profiles
of the outer ejecta for a large number of these supernovae it might be possible to rule out or support density-based
explanations.

Although the uncertainties on the 56Ni mass estimates obtained in Section 4 are large, it is expected that they
have statistical relevance, since on average the errors are likely much smaller than the values quoted. These esti-
mates demonstrate the large diversity among core-collapse supernovae and give some insights into their 56Ni mass
function. This part of the work could be greatly improved by using flux calibrated spectra, since this would make
it possible to derive 56Ni and total (core) masses more accurately. However, this would require light curves (pho-
tometry) of all these events, which often are not available. For a sub-sample of SECC-SNe, where more reliable
estimates of the 56Ni mass are available in the literature, we demonstrate that there is likely no correlation between
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56Ni mass and core velocity.
Finally, we studied the line profiles of O [] λλ 6300, 6364. Recent claims about a non-geometrical origin of the

double and triple peaked profiles observed in SNe Ib and Ic appear unlikely in the light of these findings. This is
further evidence for a geometrical origin of multi-peaked line profiles and for the importance of ejecta asphericities
in core-collapse supernovae. However, since related aspects of nebular line formation, like for example the time-
dependent blue-shift of the O [] doublet observed in some core-collapse supernovae are not understood yet, this
needs further investigation.

In Section 5 we have studied the formation of O  recombination lines in the nebular phase. Since oxygen is
the most abundant element in supernovae Ib and Ic and the second most abundant element in supernovae IIb (after
helium) an accurate treatment of this element is of special importance. As it turned out, the simultaneous formation
of forbidden and recombination lines is approximately compatible with the observations, but clumping of the ejecta
is needed to become fully consistent at the earlier epochs. This is interesting, since the need for clumping has also
been found in supernova 1987A to explain the line ratio of the O [] λλ 6300, 6364 doublet. Other studies also have
claimed the presence of clumping and observations of some supernova remnants reveal the presence of bullet-like
over-densities. Those studies seem to favour clumping factors of the order of ten, however this estimate is highly
uncertain. Unfortunately, the formation of clumps in supernova envelopes is not understood well and theoretical
studies are rare. Although the line-formation based approach provides no definite answers at the current level of
accuracy, it could contribute to the understanding of clump formation in supernova ejecta in the future.

The two-dimensional model of GRB-supernova 1998bw derived in Section 5 allows to test predictions about the
interaction of GRBs with their associated supernovae. Although this model is certainly not unique, it demonstrates
that a ’jet + disc’ ejecta structure, which is expected in GRB scenarios, can explain the nebular observations well,
while spherical symmetric models most likely cannot. Therefore, the nebular modelling supports the poorly tested
theoretical foundations of GRB physics and gives some insights into the connection of GRBs and supernovae.
Three-dimensional nebular modelling will provide one of the few criteria to decide about the physical relevance of
hydrodynamical GRB-supernova models, which may be available in the near future.

In Section 6 we analyse the nebular phase of all the supernovae IIb with good nebular data available in the literature
(five in total). Since sometimes the literature seems confused about the temporal evolution of hydrogen lines in
supernovae IIb, we study their formation using a toy model. It is not very surprising that the large amount of helium
expected in supernovae IIb can ionise small amounts of hydrogen completely by photo-ionisation processes, which
can mimic the absence of hydrogen. The model describes the temporal evolution of hydrogen lines in supernovae
IIb qualitatively and has been used to justify the need to correct the miss-classification of supernova 2007Y. Further
improvements to this toy model are necessary to make quantitative predictions about the hydrogen to helium ratio
from the temporal evolution of hydrogen lines. A numerical treatment (with the nebular code) is desirable, but needs
an exact treatment of UV transport which is currently not implemented.

The idea that shock-interaction is responsible for the formation of strong, box-shaped Hα observed in some
supernovae IIb was commonly accepted for more than one decade. However, there are good reasons to mistrust this
interpretation. It was believed that the deposition of nuclear energy is not sufficient to power late Hα in supernovae
IIb, making shock interaction an attractive source of energy. However, as it is shown in Section 6 the nuclear energy
deposited in the helium shell would well be sufficient if it could be converted to Hα with an efficiency of ∼ 10%.
Further, it is shown that very small fractions of hydrogen can emit most of the energy deposited in a helium shell if
no other neutral elements are present. The mechanism to achieve the required Hα efficiency proposed in Section 6 is
based on strong clumping of the ejecta. Since it is doubtful whether such high clumping factors are realistic, again,
UV transport could be important, since it may supersede the need for strong clumping under certain conditions.
However, unless one can treat the nebular UV transport explicitly, this remains a speculation.

Independently from these problems it seems likely that the energy emitted in Hα is initially deposited in the
massive helium shell. Modelling the line profiles of all the relevant supernovae IIb (1993J, 2007Y, 2008ax) we
demonstrate the consistency of this approach with the observations. Showing that small fractions of hydrogen in
massive helium shells are sufficient to cause strong Hα emission together with the toy model studies of the temporal
evolution of hydrogen lines combined to a consistent picture of the helium rich ejecta of supernovae IIb. Although
this model needs further refinement, it improves our understanding of the chaining Type II→ IIb→ Ib and allows
us to understand basic properties of SNe IIb.

More insights in the ejecta of supernovae IIb are provided by the nebular model of supernova 2008ax derived in
Section 6. It is the only three-dimensional nebular model of a supernova available in the literature and can be used to
obtain information about the core geometry of core-collapse supernovae with unprecedented richness of detail. We
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found evidence for the separation of helium and the heavier elements in the core and a deformation of the innermost
ejecta in the polar direction. These findings can be compared to hydrodynamical core-collapse models directly.
For the first time the helium mass of a supernova IIb is derived from nebular observations. In addition the mass
fractions of several elements like oxygen are derived, which can hardly be obtained from other methods. Since the
nebular modelling becomes increasingly uncertain in the outer regions a complementary study of supernova 2008ax
by means of early time modelling would be useful. Still, since there seems to be a sharp density break at the outer
boundary of the helium rich layer, the nebular model obtained in Section 6 likely captures most of the mass and
kinetic energy of supernova 2008ax. This makes nebular modelling an important tool to study the total mass and
kinetic energy of this supernova, independent from the various light-curve based approaches found in the literature.
Good agreement between the two methods is achieved.

Finally, we propose an alternative model for generating double-peaked O [] λλ 6300, 6364 in supernovae IIb.
Although, geometry is certainly important for line-profile formation it is shown in Section 6 that Hα absorption
can split the O [] doublet under certain conditions. From this split a hydrogen velocity can be derived, which
perfectly correlates with the hydrogen velocity obtained from early time observations. Besides geometry, this is the
only serious explanation for double peaked O [] doublets in supernovae IIb. Both effects can in principle exist in
parallel. However, in supernovae IIb Hα splitting seems to be the dominant effect, which is important if one tries to
infer the ejecta geometry of SNe IIb from their nebular line profiles.

Summarising, we have studied a large number of aspects of stripped-envelope core-collapse supernovae by neb-
ular modelling in this thesis. Beside obtaining physical parameters in great number and detail, we also addressed
several theoretical issues of nebular line formation. Along with some deeper understanding, also the necessity for
further investigation has emerged (see Section 6 & 7). Further improvements to the nebular code seem desirable.

Most importantly, the UV transport should be treated more carefully in the future. To this point, only the recycling
of UV recombination radiation and photo-ionisation of hydrogen by helium TPE are treated in an approximate way.
A detailed treatment of photo-ionisation and excitation (fluorescence) is however needed, especially for SNe Type
II (see Section 7). Less urgent improvements include a detailed treatment of recombination for elements other than
H, He and O, the inclusion of more elements and higher ionisation states or charge exchange reactions. All these
modifications could probably be implemented on a time scale of one year. If this can be done all the physics that
are likely to be important in the nebular phase of all types of SNe would be treated by the nebular code.

Because of their great importance for cosmology, GRB physics and other areas of astronomy, and a rapidly
growing number of new observations, it seems highly desirable to amend our understanding of supernovae by all
means. Although this point is obvious, this thesis demonstrates how much can be learnt from the interpretation of
nebular observations, providing the link between theory and experiments. The three-dimensional code developed
in this thesis can be used in the future to further study nebular physics and supernova ejecta geometry. Another
application is the calculation of nebular spectra from hydrodynamical supernova models, which allows to compare
theory and observations from the explosion model perspective. Therefore, the theoretical understanding of the
details of nebular line formation is a key to compare physical models with reality. Although the nebular phase has
been neglected during the last decades as compared to the early phase, more attention should be paid to this field in
the future.
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